MARKOV TRACE ON THE ALGEBRA OF BRAIDS AND TIES

FRANCESCA AICARDI AND JESUS JUYUMAYA

ABSTRACT. We prove that the so—called algebra of braids and ties supports a Markov trace.
Further, by using this trace in the Jones recipe we define invariant polynomials for classical
knots and singular knots. Our invariants have three parameters. The invariant for classical
knots is an extension of the Homflypt polynomial and the invariant for singular knots is an
extension of an invariant of singular knots defined by the second author and S. Lambropoulou.

1. INTRODUCTION

The algebra of braids and ties (defined by generators and relations) firstly appeared in [13],
having the purpose of constructing new representations of the Braid group. The first author
observed that the definition had a redundant relation and provided a graphical interpretation of
the generators and relations in terms of braids and ties. In [2] we have investigated this algebra,
showing in particular that it is finite dimensional and discussing the representation theory in
low dimension.

Let n be a positive integer. The algebra of braids and ties with parameter u is denoted &, (u).
Its generators can be regarded as elements of the Yokonuma-Hecke algebra Y, (u)[14]. Indeed,
the defining relations of &,(u) come out by imposing the commutation relations of the braid
generators of Yg,(u) with certain idempotents in Y4, (u) appearing in the square of the braid
generators, see subsection 3.2.

The algebra &, (u) was studied by S. Ryom-Hansen in [21]. He constructs a faithful tensorial
representation (Jimbo-type) of this algebra which is used to classify the irreducible representa-
tions of £, (u). Notably he constructed a basis, showing that the dimension of the algebra is b,n!,
where b,, denotes the n—th Bell number. This basis plays a crucial role here to prove that &, (u)
supports a Markov trace. Also, the algebra was considered by E. Banjo in her Ph. D. thesis,
see [3]. She has related &,(u) to the ramified partition algebra [19]. More precisely, E. Banjo
has shown an explicit isomorphism among the specialized algebra &,(1) and a small ramified
partition algebra; by using this isomorphism she determines the complex generic representation
of &,(u).

Looking at the graphical interpretation of the generators &,(u) ([2]) it is natural trying to
define an invariant of knots through the same mechanism (Jones recipe) defining the famous
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Homflypt polynomial [12]. To do that it is necessary to have a Markov trace on &, (u). Since the
algebra &, (u) was provided with a basis by Ryom—Hansen, a first attempt was to define a trace
by the same inductive method used to define the Ocneanu trace on the Hecke algebras, that is,
by constructing an isomorphism between the algebra at level n and a direct sum of algebras at
lower levels, for details see the proof [12, Theorem 5.1]. Unfortunately, we cannot reproduce this
method in our situation because the Ryom—Hansen basis cannot be defined - at least in a simple
way - inductively. We have then adopted successfully the method of relative traces [6, 20], using
as main reference the work of M. Chlouveraki and L. Poulain d’Andecy [6, Section 5], where it
is proved that certain affine and cyclotomic Yokonuma—Hecke algebras support a Markov trace.
Others works where the method of relative traces appears are [20, 9, 10, 11], but we don’t know
who was the creator of this method.

In this paper we prove that &, (u) supports a Markov trace p, that depends on two parameters
A and B. Then, by using as ingredient p in the Jones recipe [12] and a representation of the braid
group (respectively, of the braid monoid) in &, (u), we have defined an invariant, A, for classical
knots (respectively, I', for singular knots), with parameters u, A and B. Since the definitions
of these invariants essentially uses the same formula given by Jones to define the Homflypt
polynomial, we can see that the specialization A(u,A,1) is in fact the Homflypt polynomial.
Also, for the same reason it is clear that A(u,A,1/m) (respectively I'(u, A, 1/m)), where m is
a positive integer, coincides with the invariant of classical knots (respectively singular knots),

defined by the second author and S. Lambropoulou in [16] (respectively [15].)

An immediate question is how strong are the invariants here defined. At this point we want
to cite the work in progress [5], where the specialization A(u,A,1/m) of A is studied. The
computations show that this invariant have several topological meaning on some families of
knots, as the Homflypt polynomial; however, up to now we have no general proof for that.
Unfortunately, how much the invariants for singular knots I' are useful is an open question.

Finally, we shall note that the invariants defined here can be recovered from an invariant for
tied knots, see [1]. The tied knots constitute in fact a new class of knots in the Euclidian space
whose definition is motivated by the graphical interpretation of &,(u) by braid and ties, given
in Section 6.

The structure of the paper is as follows. In Section 2 we give the necessary notations and
background. Section 3 is devoted to recall the origin and the definition of the algebra of braids
and ties. This section starts with a brief recall of the relations of the algebra of braids and ties
with the Yokonuma—-Hecke algebra; then, in subsection 3.1 and 3.2 we collect some algebraic
properties of the new basis for the algebra &,(u), mostly coming from [21]. The Section 4
has two subsections. The first one is devoted to the construction of a family of relative traces
(Theorem 2) which are used for the construction of the Markov trace on &,(u) (Theorem 3). In
Section 5 we construct an invariant of classical links (Theorem 4) and an invariant of singular
knots (Theorem 5). These invariants can be interpreted, respectively, as a generalization of the
Homplypt polynomial and as a generalization of the invariant defined by the second author and
S. Lambropoulou, see Subsection 5.3 for details. Section 6 is devoted to recall the diagrammatic
interpretation of the defining generators of &, (u) given in [2]. We show that writing the defining
monomials relations of the generators in terms of diagrams allows to find out new relations.
Furthermore, we show that the computations in terms of diagrams, using the elements of the
basis by Ryom—-Hansen, become more efficient.
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2. NOTATIONS AND BACKGROUND

2.1. Let u be an indeterminate. We denote by K the field of the rational functions C(u).

As usual we denote by B,, the braid group on n strands. Thus, B, has the Artin presentation
by generators o1, ...,0n,—1 and the braid relations: o;0; = oj0;, for [i — j| > 1 and 00,4105 =
041030541, for i € {1,...,n — 2}. We assume the braid generators o; have positive crossing,
represented by the following diagram:

Let S, be the symmetric group on symbols and s; the transposition (i, i + 1). Recall that
every element w € S,, can be written (uniquely) in the form

W= WiWsy -+ - Wp—1 (1)

where w; € {1,s;,8iSi-1,...,8iSi—1-*-S1}

2.2. We denote by n the set {1,...,n} and by P(n) the set formed by the set—partitions of n.
The cardinality of P(n) is called the n—th Bell number.
The pair (P(n), <) is a poset, setting, for any [ := (I,...,1I,.), J := (J1,...,Js) € P(n)

I < J if and only if each Jj is a union of some I,,’s.

If I < J we shall say that J contains I.

For short we shall omit the subsets of cardinality 1 in the partition. For example, the partition
I = ({1,3},{2},{4},{5},{6}) in P(6), will be simply written as I = ({1,3}). So, by writing
6 ¢ I, we will mean that I contains the subset {6}.

The symmetric group S, acts naturally on P(n). More precisely, set I = (I1,...,I,) € P(n).
The action w(I) of w € S, on I is given by

w(l) == (w(l), ..., w(lnm)) (2)

where w(I},) is the subset of n obtained by applying w to the set Ij.

If I and J are two set—partitions in P(n), we denote I *.J the minimal set—partition containing
I and J. Let Ji be a subset of n. During the work we will use for short I ~ Ji to indicate
I % (Jg). So, I ~ {j,m} coincides with I if j and m already belong to the same subset of n in
I, otherwise, I ~ {j,m} coincides with I except for the two subsets containing j and m, that
merge in a sole set. For short, we shall denote by I ~ j the set—partition I ~ {j,j + 1}. For
instance, for the set—partition I = ({1,2,4},{3,5,6}) :

I~{1,4} =T and I~2=({1,2,3,4,56}).

Finally, for I € P(n), we denote I/n the element in P(n — 1) that is obtained by removing n
from I. For example, for the set—partition I of the example above, I/6 = ({1,2,4},{3,5}).

3. THE ALGEBRA OF BRAIDS AND TIES

3.1. We recall here the definition of the algebra of braids and ties &,(u); by algebra we mean a
unital associative algebra over K. For short we shall omit u in &, (u).
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Definition 1. We set & = K and for every natural n > 1 we define &, as the algebra generated
by T1,...,Th—1, E1,. .., Ey_1 satisfying the following relations:

T, = T,T; for all 4, j such that |i — j| > 1 (3)
LT, = T,TT; for all 7, j such that [i — j| =1 (4)
T2 = 1+ @u-1DE(1+T) for all i (5)
E;E; = E;E; for all 4, j (6)
E? = E for all i (7)
ET, = TE; for all 4 (8)
ET;, = TjE; for all 4, j such that |i — j| > 1 9)
E,E;T; = T,E;E; = E;T,E; for all i, j such that |i — j| =1 (10)
EI;T;, = T;T;E;  for all i, such that |i — j| = 1. (11)

Remark 1. The above definition coincides with the original definition of &, under the substi-
tution of w with 1/u and of T; with —T;, see [13].

3.2. Behind the definition of the algebra of braids and ties &, there is the Yokonuma—Hecke
algebra Y, = Yq,(u), where d denotes a positive integer. We refer to [18] for the role of this
algebra in knot theory and to [7] for its combinatorial representation theory. The algebra Y,
can be regarded as a u—deformation of the wreath product the symmetric group S,, and the
cyclic group Cy of order d, in an analogous way as the Hecke algebra is a deformation of S,,.
More precisely, the algebra Y, is the algebra generated by the braid generators gi,...,g,—1

together with the framing generators t1,...,t, which satisfy the following relations: the braids
relation (said of type A) among the g;’s, tit; = t;t;, git; = t,(j)9is t4 =1 and
g =1+ (u—Dei(1+ gi) (12)

where ¢; is defined as
€= tht;l

Remark 2. Denote by H,, the Hecke algebra of parameter u, that is, the associative K—algebra
defined by generators hq, ..., hy,—1 subject to the braid relations (of type A) among the h;’s and
the Hecke quadratic relations h? =u+ (u — 1)h;, for all i. We note that for d = 1, the algebra
Y4, is the Hecke algebra, since the elements ¢; are trivial, so e; = 1 for all 4, and thus (12)
becomes the quadratic Hecke relation. It is now clear that the mappings ¢g; — h; and ¢; — 1
define an epimorphism from Y, onto H,,. We denote this epimorphism by ¢,.

The definition of the bt—algebra is obtained by considering abstractly the K— algebra gener-
ated by the g;’s and the e;’s. Then g; becomes T;, e; becomes E; and the set of the defining
relations of the bt—algebra corresponds to the complete minimal set of relations derived from
the commuting relation among the g;’s and the e;’s. Thus, in particular, we have the following
proposition.

Proposition 1. There is a natural algebra morphism 1, : £, — Yq, defined through the
mappings T; — g; and E; — e;.
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The proof of this proposition follows from the fact that the defining relations of &, are satisfied
in Yy, by the images of the above mappings (cf. Lemma 2.1[15]).

Remark 3. Notice that the composition ¢, := ¢, o ¥, sending T; — h; and E; — 1, is an
epimorphism from &, onto H,.

3.3. In the present subsection we outline some useful relations among the defining relations and
some algebraic properties of the bt—algebra that we will use in the sequel.

In the following proposition we list some relations arising directly from the defining relations
of £,. We shall use these relations along the paper mentioning only this proposition.

Proposition 2. For all i,j, we have:
(i) The elements T;’s are invertible. Moreover,
T =T+ W= 1)E + @ - 1)ET (13)
(if) LT =T "I, for |i— j =1
(iil) TP —uT? = T; + u = 0.

Now, we extract some useful results from [21]. For i < j, we define Ej; as

E; for j=i4+1
Bij = { T -Tj_QEj_lTj_}Q x -Ti_1 otherwise. (14)

For any nonempty subset J of n we define E; = 1if |J| = 1 and
EJ = H Ez i
(4,5)eIxJi<j

Note that Ey; j1 = Ejj. Also note that in Lemma 4[21] it is proved that E; can be computed

as
Ey= H Ei,; where ig=mind. (15)
J€J, j#io
In a similar way one proves that E; can be computed, writing J = {jo, j1,- - -, jm }, With j; < ji+1,
as .
By = HEji—lji' (16)
i=1
Moreover, for I = {Iy,...,I,} € P(n), we define E; as
Er=]]Ew. (17)
k

The action of S,, on P(n), transferred to the elements Ej, is given by the following formulae
T E/T,; ' = Ey(n) (see [21, Corollary 1]) (18)

where w € S, and I € P(n).
If w=s; ---s;, €95y is areduced form for w, we define T, :=Tj, - - - T5, .

Theorem 1 (Corollary 3[21]). The set B, = {TwEr; w € Sy, I € P(n)} is a linear basis of &,.
Hence the dimension of &, is byn!.
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3.4. Since the T;’s satisfy the braid relations and because of (1), we have that for every w € S,
the element T;, € B,, can be written uniquely as

Tw = Tw1Tw2 o 'Twn—l
where
T’wi € {177’7:77;:1—‘7;—17 ceey Eﬂ—l te TI}
Set T; o =1 and for k € {1,...,:}, define
Tip =TT Tk

Thus the element of the basis B,, can be rewritten as

Tig Toky - Tn1k, 1 Er1 (19)
where kj € {0,...,5},j€{l,...,n—1} and I € P(n).
Notation 1. It is convenient to denote Ti,k the element obtained by removing T; from Ty, that
18, ']VI‘“€ =T;_1---Ty. Consequently, ']VI‘“€ =T 9Ty

Using the defining relations of the algebra &, we obtain the following useful relations

Ti,k’-i—l —|— (u — 1)Tz,k5+1Ek‘(1 + Tk-) fOI' ] = k‘
) T for j=k-1
T Ty = TyT; for je{l,....,k—2} (20)
Tj 1Tk for jef{k+1,...,i}

Moreover, we will use also the following relations, that are obtained using only the braid relations:

Tl M= { 3T ST 1)
Notice that:
Tio1,TiyTr- Ty = Tic1,;Tipp1Tro1s + (= 1)Ti—1, T pp1 BTy (22)
+(u—=1)Ti—1,Tipp1 BTy s
Also, from (18) we get
TijBr = Eg, Tiy and  ErTij =TiiEpr, (23)

where 91'7]‘ = S8iSi—1" "85
Let I € P(n), and k£ < n. We shall denote

Tni(l) = H;EQVk(Hn,Lk(I)/n). (24)
By a direct computation we get:
Tnk(l) = (I~ {k,n})/n (25)

Observe that:

o if n &I, then 7, (1) = I.
e If k is an element of the same set of the partition I containing n, then 7, (1) = I/n.
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Examples 1. Let I = ({1,2,4,6},{3,5}) € P(n), then
161(1) = ({1,2,4},{3,5}) and  763(I) = ({1,2,3,4,5}).
If I = ({3,5,6}) then
T63(I) = ({3,5})  and  762(1) = ({2,3,5}).

4. MARKOV TRACE

In this section we prove that &, supports a Markov trace. To do this, we use the method of
relative traces taking as main reference [6], (cf. also [9, 10, 11]). Roughly, the method consists
in to defining certain linear maps o, called relative traces, from &, in &,_1, associated to the
tower of the algebras

EiCcé& T

Then we prove that the composition of these linear maps is indeed the Markov trace desired,
see Theorem 3.

4.1. From now on we fix two parameters A and B in K.

Definition 2. Let g, be the linear map from &, to £,_1 defined on the basis B, as follows:

TikiToky - T2k, LT for kn_1=0 n¢gl
0n(T1 g Toky - Trm1 ey 1 Br) = BTk Toky - T2k, Erym for kn1=0 nel
ATl,hT?,kQ .. 'Tn—l,knflETn,kn,l(l) for kn,1 75 0

Notice that g,, acts as the identity on &,_1, hence g,(1) = 1, for all n. Note also that, from
the definition of the g,’s, it follows that they satisfy the following:

on(Tn-1) = 0n(Bn-1Tn-1) = A (26)
Qn(En—l) = B. (27)

Moreover, we have the following theorem.

Theorem 2. The family {on}n>1 satisfies, for all X, Z € E,—1 and Y € Ey:

on(XYZ) = Xon(Y)Z (28)
on(THXT) = on-1(X) (29)
Qn—l(gn(Tn—ly)) = Qn—l(@n(YTn—l)) (30)

Proof. The theorem is proved verifying separately each statement in the Lemmas 1-3 below. [

Lemma 1. Forall X,Z € £,_1 and Y € &, we have:
(i) Qn(YZ) = Qn(Y)Z
(ii) Qn(XY) = XQn(Y)
(ii}) on(XYZ) = Xoa(Y)Z.
Proof. From the linearity of o, it follows that it is enough to prove the lemma when Y € B,, and
X, Z are the generators T1,...,T,—2 and F1,..., E, 5. We set along the proof of the lemma:

Y =T, Tog, - Tn-1k,_,Er
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We start with the case in which Z is one of the generators Tj, with j € {1,...,n —2}. We have
YZ =Tk Tomks Tn-2kpoTn—1k0 TiEs; (1) (31)

We shall distinguish now three cases, labeled below as Cases I, II and III.

Case I: k,_1 = 0.

In the case n ¢ I, the claim follows since g,, acts as the identity. For the case n € I, we have:

0n(Y)Z =BT1 4, Toky +* Trn—2k, 5 Er/nT; = BT1k Toky - T2k, o Tj Es;(1/n)

On the other hand, the expression (31) of Y'Z can be written as a linear combination of elements
of the form WE, ;) with W € B,,_1. Then, on(YZ) =BTk, Top, - Tr—2k, T Es, (1)/n- Since
s; does not touch n, it follows that s;(I/n) = s;(I)/n, hence 0,(Y)Z = 0,(Y Z).

Case II: k,—1 #0and n & 1.

Now, according to the commutation rules given in (20), we shall distinguish four subcases.
x Subcase j = k,—1 — 1. We have

YZ =Tk, Toks - Tn-2k, 2 Tn—1,Es,(1)- (32)
Since n ¢ s;(I), according to the definition 2

on(YZ) = AT1 5, Toky - T2k, 2 Tn—1,iEs; (1)
which is equal to g,(Y)Z. Indeed,
on(Y)Z = (ATy 3, Toky -+ To1 gy EDTj = AT1 g Togy - - Tt B (1)

* Subcases j < kp,—1—1and k,—1+1 < j <n—1 are totally analogous to the subcase above.
* Subcase j = k,—1. We have 0,(Y)Z = 0n(T1k, T2k, - - Trn—1k,_, E£1)Tj. Then

on(Y)Z = AT1kTok,  Ton1k, TiE, 1)
= ATy, Tok, - Tn-l,jﬂTjQEsj([)
By splitting T7, we obtain 0,(Y)Z = Wy + Wy + W3, where

Wi = AT, Tog, - Tnfl,jJrlEs]-(I)
Wa = (u—1)ATyk,Tok, - "]Tnfl,j+1EjE5j(I)
W3 = (u—1)ATy4, Top, - Tn—l,jﬂTjEjESj(I)
On the other hand:
YZ = TigToks To2k, o(Ta—1j+1 + (= 1)Tno1;11E5(1 + T5)) Es (1)

= Wi+ Wy+ Wy

where
Wi = TimTok - Tu2k, o Tn1+1Es, (1)
Wy = (u— )Ty Tog - Toop s Tu 151155 By (1
W4 = (=T Tog - T ok s To 150175 By (1

Now we observe that W; = p,(W/). Therefore 0,(Y)Z = 0, (Y Z).
Case IIl: k,_1 #0and n € 1.
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Again, we will prove the claim using formulae (20). Suppose j = k;,—1 —1. Using the definition
2, we get 5
Qn(YZ) = ATl,k‘lT?,kg - Tn—Q,k‘n_2Tn*17jETn,j(Sj(I))
where 7,,(s;(1)) = (s;(I) ~ {j,n})/n, and

on(Y) =AT1k,Togy  Trn—2k, s Tn-141E7, (D)

where
Tnj+1(1) = (I ~{j+ L,n})/n. (33)
Observe that, since j <n —1, 7, j11(I) = sp—17n,(s;(I)). Therefore we have

on(YZ) = A(T1kTok,  Tn-2k, s Tn-15Er, ;(s;1))

= A(Tyx,Top, - Tn72,kn72Tn—l,j""lj—ijTn,j(Sj(I)))
= A(Typ, Tk, To2k, s Tn1j41Er, )T
= on(Y)Z
The cases j < kp—1 — 1 and k,,—1 +1 < j < n —1 are verified in analogous way.
Suppose now j = k,_1. We have
YZ =Tip Toks - Tn1,;T5Es; (1)
and
on(YZ) = on(T1jyTogy - T i1 TP By, () = Vi+ Va+ V3
being
Vi = ATy Top, - Tn—l,j+1ETn,j+l(5j(1))
Vo = (u - 1)AT1,R1T2J€2 o 'Tn—1,j+1ETn,j+1(Sj(I))Ej

Vi = (u—1DAT1 5, Tog, - Tno1 DB (s, E)
On the other hand, we have
0n(Y)Z = A(TipTop - Tuo1,Er, 1)1
= AT Toks - Tao1j1 T} Ba e (1)

Splitting 77, we obtain ¢,(Y)Z = V{ + V5 + VJ

Vll — A’]I‘Lkl’I[‘QJ€2 .. 'Tn—l,j—&—lEsj-(Tn,j(I))
Vo = (u—1)ATy s, Top, - Tn—1,j+1EjEsj(Tn,j(I))

Vi = (u—1DAT 4, Top, - Too1 j1 T Ej By r,, (1))

J
We have therefore to verify that V; = V/, 1 =1,2,3. V/ =V; and Vj = V5 since
$j(Tn,j (1)) = Tnj1(s5(1))-
As for VJ, we have
Ei sy (rs(D) = Eisj(ras (1)~ {541}

and
$j(Tn(1)) ~{7,J + 1} = 5;((I ~ {j,n})/n) ~ {j,j + 1}.
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This partition is the same as that in the expression of V3, namely

Tng(85 (1)) ~ {47 + 1} = ((s;(1) ~ {5, n})/n) ~ {4, + 1},

since j < n — 1. Thus we have also V3 = Vj.
To finish the proof of (i) it remains only to consider the case when Z = E;. We have

YE; =TikTok,  Tn—2k, o Tn—1k, 1 Er~j- (34)

Observe that (I/n) ~ j = (I ~ j)/n, because j < n. Applying the Definition 2, we get in all
cases 0n(Y)Z = 0n(Y Z) since at the end of the left and right sides we have respectively E(;.;)/»
and E(I/n)fvj'

Now we prove the claim (ii) of the lemma. In the case k,—1 = 0 and n ¢ I the claim is
evident, since Y € &,_1 and g, acts as the identity on &,_1.
In the case k,,—1 =0and n € I, we have Y =Ty 1, Top, ---Tp_24, ,Er. Then

XQn(Y) = XTl,leQ,kg tet T'I’L—Q,kn72EI/7L

Now, to compute g,(XY), we need to express XY as linear combination of elements of the
basis B, but in the case we are it is enough to express X’ := XT1 5, Toky - T2k, , as linear
combination of elements of 3,1, and then to put the element Ej on the right of each terms
of this linear combination. Thus, g,(XY") is the linear combination obtained from the linear
combination expressing X', by putting on the right of each term the factor E; /n- Hence, we
deduce that X 0,(Y) = 0,(XY).

Suppose now that k,_1 # 0. We check firstly the claim for X = T,,,, where m € {1,...,n—2}.

We have X0, (Y) = AT, Tk, - Tn—l,k’n—lETn,kn,l(I)' We rewrite it as
Xon(Y) =AA(T,Tr—1,Thns)B (35)
where
A = TipTok T2k, »
B = Trgikme - Tn—Q,kn_z’]Tn—l,kn_lETnﬂknil(I)
On the other hand, we have
XY = ATy Tr-1,Tms)B (36)
where 0 <r<m—1,0< s <m and
B' = Tot1kmsr - T2k o Tn—1kn_1 E1.

We will compare now g, (XY') with X g, (Y), distinguishing the cases r = 0 and r # 0.
Case r # 0. By using (21) and later (22) we deduce:

Xon(Y) = AARB for 0<r<s
ot = 0 AASIB + (u — 1)AAS,B + (u — 1)AAS3B for s<r

where
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R = Tp_1s-1Tm,

S1 = Tm1,Tmr+1Tr—1s = Tr—1,s Tmr+1

Sy = Tp1,Tmr1 BrTros = Tmfl,sTm,HlE{a,b}
S3 = Tm1,Trmr1 T ErTro1s = Tine1, T s Eqa )

being {a,b} =01 s{rr+1}).
Now, by using again (21) and later (22), we get:

Xy — ARB’ for 0<r<s
| ASIB + (u— 1)ASB + (u — 1)AS3B’ for s<r
Then
(XY) = AARB for O0<r<s
&n T\ 0n(ASIB) + (u— 1)0n(ASoB’) + (u — 1)0n(AS3B') for s<r

Clearly AAS|B = p,,(AS1B’). Now, using (23), we obtain
ASB = A(Tm-15Tmr+1) Tt bmes - Tne2kn—s Tn1 ks Erar ) BT

where {a’,b'} := 0;_11’1%71 . m+1 km“({a b}). Now, we have,

Qn(ASQIB/) = AA(Tm—l,sTm,r—i-l)Tm+1,km+1 o Tn—Q,kn,QTn—l,kn,1Ernykn_l(I~{a’b’})7
that is equal to AASB if
E{a,b}B = Tm+1,km+1 .. 'Tn—Q,knngn—l,knflETn,kn_l(IN{a'b’})'

But
E{a,b}B = BE{a”,b”} = Tm+1,km+1 s Tn*27kn—2r]vrn*1,kn—lE(Tn,kn71(I))N{a",b”}7

where {a”,b"} =01, ko m+1 ks ({@,0}). Therefore we have to check that
(Taenr (1)) ~ {a" 0"} = T, (T~ {d’ V'}).
Observe that {a”,b"} = 7,4, ,{da’,b'} since
{al/’ bl/} — inz o 1‘9; L 1{(1/, b/}
Therefore we can rewrite the set—partition
(Ta ot (1)) ~ {a” 0"} = (I ~ {n, kn-1}) /) ~ (({d", 6"} ~ {n, kn-1})/n)
that is clearly the same set—partition as
Tognor (L~ {a’ 0'}) = (I~ {d',V'}) ~ {n, kn1})/n.

In a similar way we check that g,(AS3B’) = AAS3B. Therefore, X 0,(Y) = o(XY) whenever
r # 0.
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Case r = 0. We have that (35) becomes AAT,,T), ;B = AAT%’]I‘m,LSIB%. So,
Trnon(Y) = AAT_ 1B + (4 — DAAE,Tim1.sB + (u — 1)AAE, T, B
Now, (36) becomes A(T}, Ty s)B' = A(T2Tp,—1,5)B’. Then
T.Y = ATy 1B + (u— DA(EnTro1.5)B + (u — 1)A(E,T,, s)B’

The equality 0, (7,Y) = T1n0,(Y) is thus obtained as in the previous case comparing the three
terms in both members of the equality.

Finally we check the case (ii) when X = FE,,,, with 1 <m <n — 2. Let

Y =T, Topy - Trnet1k, LT
First case: kp—1 = 0. Since Y € &,, I/n # I. We have
XY =T, Togy T2k, o Er1Eap

where {a, b} = (017k192,k2 e 0n—2,kn_2)71({m7 m + 1}) Moreover EIE{a,b} = EIN{a,b}'
Therefore,
0n(XY) =BTk, Toky - Tr2 ks Er~fab}) /n
On the other hand, we have

XQn(Y) = EmBTl,kq T2,]€2 o 'Tn—Q,k:n,2EI/n

= BTk Tok,  Tn-2kn 1 E(1/n)~{ab}

Since m < n—2, a and b cannot be higher than n — 1, therefore (I ~ {a,b})/n = (I/n) ~ {a,b},
so that we get 0,(XY) = X, (Y).
Second case: k,_1 # 0. We have

XY =Tk Toky Ttk 1 Erefan)

where {a’ b} = (91,k192,k2 . en—l,kn,l)_l({m’ m + 1}) and EIN{a,b} = EIE{a,b}'
Therefore, §
on(XY) = ATk, Topy -+ Tno1 ke Br,y | (1nfab})-
On the other hand, we have
Xou(Y) = EnATipTog,  Totke s Bry ()

= ATLleQ,kQ e Tn_lvkn—lETn,kn,1(I)N{cvd}

where {c,d} = (014,024, On—2k, o) *({m,m + 1}). Now, 0,(XY) = X0,(Y) if the two
partitions 7, 1, (I ~ {a,b}) and 7,, 1, ,(I) ~ {c,d} are equal, i.e., if

(I ~A{a,b}) ~ {kn-1,n})/n = ((I ~ {kn-1,n})/n) ~ {c,d}. (37)
But we have

{Cv d} = eqzil,kn,Q (enfl,kn—l {a7 b})
Then {c,d} = 7,1, ,({a,b}), ie.,
{¢,d} = ({a,0} ~ {kn1,n})/n.

and therefore the two partitions in (37) coincide.

The proof of (iii) follows immediately after that we have proved (i) and (ii). O
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Lemma 2. For all X € &, 1, we have:
(1) on(T, 4 X Tn1) = 0n-1(X)
(it) on(Tn-1XT, ;) = 0n-1(X)
Proof. From the linearity of g,,, it is enough to consider X in the basis B, _1. Let
X =T Tor,  Trnok, .Fs € Br1

where k,_o # 0 otherwise the statements are trivial.
We prove now (i). To simplify the calculations, let’s write X as

X = (T1syToks - Tosky o) Tn2Tnok, 2Es=XTnoTn ok, ,E;

where X’ := Ty 4, Tok, - Tn_34, 5. Then we write the set—partition J as J ~ {m,n -1}, so
that E; = Eyn—1E5. Then we rewrite

X =X'Ty 2k, »Emn1Ej
so that, by Lemma 1,
0n-1(X) = X' on-1(Tn—2k, o Emn-1)E;
We have to compare it with
on(T N XT 1) = X 0n(T, ook, s Emn—1Tn—1)Ej.
Therefore, we have to prove the equality
0n-1(Tn—2t s Emin—1) = 0n(Ty 1 Tn2 ey Emin1Tn-1) (38)
The left member of (38) is equal to
AT ok, 2B 1y mm1} = ATn2p B,
The right member of (38) can be calculated, using Lemma 1. Firstly, we write
T 8T ok, 2 Bmn-1Tn-1 =T, Tn—2Tn—1Tn 2k, »Fmn,
then we have:
on(T 5 To-2 ks Bmn1Tn-1) = 0n(T, 2 TomoTn1) Tao ko B
= on(ThoTn 1T, S Em )T ok, ,
= Tno0n(Tpn-1Emn) T, 5T0 ok, »
= TwoAEu,aT, 5T ok ,
= ABmn—oTnok, »=ATn-ok 2Emk, »-

since 01, ko ({m,n —2}) = {m, ky,_o.}. The proof is concluded
The proof of (ii) is essentially the same.

Lemma 3. For all X € &,, we have:

(i) on—1(0n(En-1X)) = on—1(0n(XEn_1)).
(11) Qn—l(@n(Tn—lX)) = Qn—l(@n(XTn—l))
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Proof. Without loss of generality, we can suppose X € B,. Set
X =T Tog,  Trn-2k, o Tn-1k, Es
We prove first the claim (i). Invoking Lemma 1, we get

anl(Qn(Enle)) = Tl,leQ,kg ce Tn—3,lcn,3 anl(Qn(EnflTn—2,kn72Tn—1,kn,1EJ))
Oon—1(on(XEn-1)) = TixToks - Tn-sk, s0n-1(0n(Trn-2k, oTn—1k, En-1E))
Thus, it is enough to prove that £ = F', where

E = Qn—l(Qn(En—lTn—Q,knngn—l,k:nflEJ))
F o= on-1(0n(Tn—2k, o Tn1k,_ s En-1E7)).
To do that, we consider four cases, distinguishing if k,_1 and k,_s vanish or not. In the case
kpn—1 = kp—o = 0 it is evident that E = F.
Case k,_1 =0 and k,_s # 0. We have
F= Qn—l(Qn(Tn—Q,kn,QEn—lEJ)) = BQn—l(Tn—2,kn,2E(J~(nfl))/n))
On the other part

E:Qn—l(Qn(En—lTn—Z,kn_gEJ)) - QTL—I(QTL(TTL—Q,]C”_QEQ*I

n—2,ky_

L ({n-1ap 1))
= 0On-1 (Tn—Q,k:n_g Qn(Eg—l

n—2,kp_

,{n—1apE))
Now, we have 9;}27,%_2({11 —1,n}) = {kp_2,n}. So, we get

on(Efr,_smyE1) = BE(jfin_sm})/n
In the case in which none of the sets of the partition J contain n, evidently:
(] ~{n = 1L,n})/n = (J ~ (ks n})/n = J,
so that £ = F. In the case in which J contains a set {a,...,n}, ie. J = (J,{a,...,n}),
(J~{n—1,n})/n={J~{a,...,n—1}}:=J;

(J ~{kpo,n}))/n={J ~{a,...,kno}}:=Js
Now:

F= B(anl(Tn—Q,kn_th)
and

E = B(on-1(Tn—2k, »E1)-
We have, for i = 1, 2.

on—1(Tn-2k, ., E75) = ATan,kn,zEJp

where J! = Tk, ,(Ji) = (Ji ~ {n—1,k,—2})/(n—1). Evidently J{ = Jj, since J; and J are
identical up to the transposition of (n — 1) with k,_;. Therefore F' = E.
Case k,_1 #0 and k,_5 = 0. We have

F= anl(Qn(Tn—l,kn,1En71EJ)) and FE = anl(Qn(EnflTn—l,knflEJ))
But, En—lTnfl,kn_lEJ = Tn*Lkn—lE{k’n_l,n}EJv since HT:iLkn—l({n - 1,77,}) = {kn—h TL} Then

E= anl(Qn(Tn—l,knflEJN{kn,l,n})) = anl(ATn—l,knflEJl)
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and -
F= Qn—l(Qn(Tn—l,knflEJN{(n—l),n})) = anl(ATn—l,kn,1EJ2)a
where J; = (J ~ {kn—1,n})/n and Jo = ((J ~ {(n — 1),n}) ~ {kn—1,n})/n.
Thus E and F' can be written as follows (for ¢ = 1 and ¢ = 2 respectively)

Aon-1(To1p, 1 Es) =ATp 14, . Ej,

where J! = (J; ~ {kn—1,(n —1)})/(n —1).

Thus the equality E = F follows, as in the preceding case, from the fact that J| = Jj.
Case k,,—1 # 0 and k2 # 0. From Lemma 1, we get F' = 0,—1(Tp—2k, o0n(Tn—1k, En-1E7)).
Then §

F=A0n1(Tp—24, sTrn-1k, . En)

where J1 =7, ,(J ~(n—1)) = (J ~ {kn_1,(n —1),n}))/n.

On the other side, En—lTn—Z,kn,ng—l,kn,lEJ = Tn—2,kn,2E{kn,g,n}Tn—l,kn,lEJ‘

Call {a,b} = Qﬁil,kn_l({kn—% n}). Observe that {a,b} = {kn—2,kn_1} if kn_o < kn—1,
whereas {a,b} = {kp—1,kn—o + 1} if kp_o > ky—1.

Using Lemma 1, we obtain

E = on-1(To-2k, 200(Ep, oy Tk, Er)) =
= Qn—l(Tn—Q,kn,QQn(Tn—l,knflE{a,b}EJ)) =

= Aon1(Tn2k, > Tn-1k, -, En),
where Jo = Tk, ,(J ~ {a,b}) = (J ~ {a,kn—1,n})/n, where a = kyp_2 if kp,—2 < kp—1 and
a = k,—2 + 1 otherwise.
Now, J; # Jo, so, we have to compare ¢p—1(Tp—2k, »Tn—2k, L), for i =1,2. To calculate
On—1, it is convenient to write T,,_o %, ,Tp_2k, , as

Tn72,k7L72Tn727kn71 = Tn—QTn—BTn—QTan,kn,QTnf2,kn,1-
Then, using the relation T}, 9T}, 3T, o = T),_3T,,_2T,,_3, and Lemma 1, we get

on—1(Tn—2k 2 Tn—2k, 1 Es;) = Tn-3 0n—1(Th—2E ) To—3Tn—2k, sTn-2k, 1,

where J! = ©(J]), being © = 6,,_3 1, ,0n—3%, ,- Let {m,...,n} be the set of the partition .J
containing n, and denote J the set—partition obtained from J by removing the set {m,...,n}.
Then

Ji=J~{kp1,n—1,n})/n=J~{m,...,kn_1,n—1},
/

We can write therefore

O() = O(J) ~O({m, ... kn_1,n —1}),

() = O(J) ~ O({m. .., a,ky1.})
Now, we obtain O(k,—1) =n — 3, and ©(a) = n — 2 in both cases. Therefore, since © does not

touch n — 1,
) ~{O(m),...,n—3,n—1},
) ~{©(m),....,n—3,n—2.}
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Now, we have
on-1(Tn—2Ey) =AE. )

where, for both i = 1 and i = 2, we have
Tn-1n-2(J;) = (O(J;) ~ {(n=1), (n=2)})/(n=1) = (O(J) ~ {O(m),...,n=3,n—2,n—1})/(n—1).
Therefore, Qn_l(Tn_QEJi) = Qn_l(Tn_QEJé).

We will prove now (ii). We study firstly the cases when k,_1 = 0 or k,_2 = 0. In the case
kn—1 = 0, we have:

ToaX =Tk Toky - Tono1k, £y and XTh 1 =T Tok,  Tn2k, sIn-1Es, ()
Then

on(Tn-1X) = AT 1, To gy -+ Trmi g, o F

7—'n,fl,k.nfg (J)

and
on(XTn-1) = AT1 5, Toky - T2k, 5 By 1 (1)
Now
on—1(0n(Th-1X)) = A? T Ty - Tn_kan—QETn—l,knfg(Tn,knfg(J))

and

on-1(0n(XTp—1)) = A>Ty, To, - - "]Tn—Q,kn_zE’rn_lﬁkn72(Tn_17kn72(J))'
But

T ka2 (T2 (J)) = ((J ~ {kn—2,n})/n) ~ {kn_2,n —1})/(n — 1)
and

Tn—1kn—2(Tnn—1(J)) = ((J ~ {n = 1,n})/n) ~ {kn—2,n —1})/(n - 1).
The right members of the preceding two equalities are both equal to
((J ~ {k‘n*% n—1, n})/n)/(n - 1)’

so that the proof is completed.
For the case k,_o = 0, we have:

T 1 X =T g Togy Tn-szk, sTn-1Tn-1k,_,Es
and
XTh-1=TrkTok,  Tn-3ky sTn-1kn 1 In—1Es, (1)
By using Lemma 1 we get that 0,—1(0n(Th-1X)) and 0,—1(0n(XT,—1)) are different, respec-
tively, in
R = on-1(on(Tn-1Tn-1k,_,£s)) and S := on-1(0n(Tn-14,_1Tn-1Es,_,(1))-

It is a routine to check that these two last expression are equal for k,_1 = 0,n — 1. Thus, we
need to check only that R = S for 0 < k,—1 <n — 1. Now,

ToaTo1p, By = To TnoTn 3k, Es
= (Tn72 + (U - 1)En71Tn72 + (U - 1)En71Tn71Tn72)Tn—3,kn,1EJ
= (Th2+ (u—1)En T2+ (u—1DEn1ThaTh2)Ey, o, (1) Tn-3k.

Let’s us call © := 0,,_3, , Then, by using again Lemma 1, we obtain

n—1

R = (Rl + (u — 1)R2 + (u — 1)R3)Tn—3,k;n,1
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where
Ri = on-1(on(Th—2Ee()))
Ry = Qn—l(@n(En—lTn—QE@(J)))
Ry = anl(Qn(EnflTnflTanEG(J)))
ie.,
Rl == BQn—l(Tn—QE@(J)/n) = ABEjfz
Ry = Bon1(Th-2E({n-2n}~0(1)/m) = ABEr
R3 = Aog,- (Tn QETnn 2({n—2,n}~®(]))) = AZEJ§
where

I = (©()/n) ~{n—2,n-1})/(n - 1),
I = (({n=2,n} ~O())/n) ~ {n—2,n=1})/(n - 1)
I = 1 ino(Tano({n—2,n} ~0(J)) = JE.
On the other part,
Tonkp s Tn1Es, () = TaaTn-2Tn-1Tn-3k,Es, (1)
= Tholn1Th—2Fe(s, 1 1)Tn-3k, 1
Then, again from Lemma 1, we get
S = anl(gn(Tn 2Tn-1Tn—2E0(s,_1.7)))Tn—3k,_1
= Ao 1(Th 2Er, , y©(sn1)) Tn-3kn 1
= Si+w—-1)8 4+ (u—-1)S3)Ty 34, ,

where
S1 = Aon-1(Eys) = ABEs
Sy = Aon-1(En—2E;s) = ABE s
S3 = Aon-1(Ty—2Bn—2E;s) = A’E s
being
J¥ = Tpn0(O(s,_1J)) = (O(sp_1J) ~ {n—2,n})/n,
o= J%/(n—1) = ((O(sn-1J) ~{n—2,n})/n)/(n—1),

J5 = (JP~{n=2,n—1})/(n=1) = ((B(sn-1J) ~ {n = 2,n})/n) ~ {n - 2,n = 1})/(n - 1),
B = Tutna(TS ~ {n =2 —13) = (O(su-1J) ~ {n — 2,n})/n) ~ {n — 2,0 = 1})/(n — 1) = J5.
Now, observe that
(©(sn-1J) ~{n—=2,n})/n=((0(J)/n) ~{n—2,n—1}),

since © does not touch n — 1,n. Thus, we have that for i =1,2,3, J; R — = J; S , and therefore also
R; = S;. The proof is concluded
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In order to finish the proof of (ii), we have to check the claim in the cases k,—1 and k,_2 both
different from 0. We will compute first 0,—1(0n(T-1X)):
TnaX =Tk Toskn o(Tn-1Tn-2k, sTn—1k, sE71)
Then, from Lemma 1:
anl(Qn(Tnle)) = TLkl T r]I‘n—3,l~cn_3G
where G := Qn—l(Qn(Tn—lTnflkn_QTnfl,kn_gEJ))-
We compute now g,—1(0n(X7T,—1)). From (23) we have
XTon1=T1k  Tn-1ky 1 In-1Es, (1)
Lemma 1 implies that
Qn—l(@n(XTn—l>) - Tl,kl te Tnfi},k,L,gH
where H := 05—1(0n(Tn—2k, _»Trn—1k,_, Tn-1Es,_, (1)) Thus, it is enough to prove that G = H.
We will do this by distinguishing four cases, according to the values of k,_1 and k,_s2.
* Case kp—1 = n —1 and k,—o = n — 2. In this case we have: T, o, , = T,—2 and
Tr-1k, . = Th—1. We have then

G = on-1(on(Tn-1Th—2Tn-1E;)) and H = on-1(0n(Tn—2Tn-1Tn-1E,, (1))
For G we have
G = on1(on(Th2Tn1Th2Ey))
= Aon1(T;_5Ej)
AQn—l((l + (u - 1)En—2 + (u - 1)En—2Tn—2)EJ’)
= G+ (u—1)Gy+ (u—1)G3
where J' = (J ~ {n,n —2})/n and

Gl = Agnfl(EL]/) == ABEJ//(n_l)
GQ = Agn_l(En_QEJ) = ABEJ’N{n—Zn—l}/(n—l)
Gs = Aon1(Th—2En—2E)) =AEp(n-2n-1}1/n-1)

In order to compute H, we firstly note that we have

Tn—QTn—lTn—lEsn_l(J) = Tn_g(l + (u - 1)En—1 + ('LL — l)Tn—lEn—l)Esn_l(J)

Then
H:HlJr(U*l)HQjL(U*l)Hg
where
Hy = Qn—l(@n(Tn—QEsn,l(J))) = BQn—l(Tn—ZEsn,l(J)/n) = ABEsnfl(J)/n
Hy = anl(Qn(Tnf2EnflEsn71(J))) = Banl(Tn*QESnfl(J)N{”_L”}/”)

= ABE((Jofn—1n})/n)~fn—2,0—1})/(n—1)
Hy = on-1(on(Tn-2Th-1En1Es, (1) = Aon-1(Th—2E(jfn—1,n})/n)
2
= A E(Jfn—1n}) /n)~{n—2,0—1})/(n—1)

Thus the equality G = H is a consequence of the equalities G; = H;, i = 1,2, 3.
We will analyze now the remaining cases 0 < k,,_1 <n—1and 0 < k,,_o <n — 2.
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Observe that

To1Tn ok 2Ttk = Tno1(TnoTp1Tn-3-Th, )T 14,

= Tn—QTn—lTn—2Tn—3 T Tkn_ng—l,kn_l
Therefore

Tn1Ton ok, s Tntk, o By =Tn 2T 1EyTn 2k, sTn 1k, 4
where J' := 0;i27k o1 (J). Thus, by using Lemma 1, we get

n—1 n_27kn72

G = Qn—l(Tn—29n(Tn—1EJ’)Tan,kn_ngfl,kn_l) = AG/
where G’ := Qn,l(Tn,QETmHl(J/)']I‘n_gkn_;]vl‘n_l,kn_l). Now, we have

Tookbr, () Th—2k, s Tn-1k, = EpnTon—o2Tn ok, »Tn 1k, ,
where J” := s,_2(Tnn—1(J’)). Then

EpnTynoTn ok, 2Tk, s = EpToo(ThoTn-3Tn-2 T ) Tu 1k

sRn—1

= EpTyoTy3Tno2Tn3 - Th 2 Tn 14,
= EpTns3TnoTnsTn3- T, ,Ton 14

yRn—1

= Tps(Th2Eym)Tn_3Tn—3 Thy s Tn1k 1
where J" = s,_9sp,_3J" = (n—3,n — 1)(Tnn-1(J")). Therefore
G = ATn—3ETn_l,n_z(J’”)Tn—3Tn—3Tn—4,kn_2’]Tn—l,kn_l-
In H, we have
H = on-1(on(Tn—24, 2Tn—2Tn-1k, 1 Es,_,(7)) (from (20))
= on-1(Tn-2k, s Tn—-200(Tn-1k,_,Fs, () (from Lemma 1)
= AH'
where H' := Qn_l(Tn_Q’kni2Tn_2Tn_1’knilETn’kn_l(snilj)). Observe now that
To-2k, sTn—2Tn 14, . = Tn-oTn-3Tn-2Tn-2Tn sk, 2T 1k, ,

- Tn—STn—3Tn—2Tn—3Tnf4,kn_2’]Tnfl,kn_1
Then,

Trn2knoTn2Tn 1k, 1 Er, ) (sno1d) = Tn3Tn3Tn2ErTn3Tn gk, s Tn1k,

1
Where I = 9’(1,—3,]{3”_2071—3,]6"_1(Tn,k‘n_l (sn_l‘])) Thus
H = Ty 3Tn-300-1(Tn—2E)Tn—3T, ap, T 1k,

= AT, 3Th3E, |, »()Tn-3Tn—1k, »

=«

n—1,kn_1

Therefore, to have G’ = H' and then G = H, it is enough to prove that

To-sEr, |, s Th-8Tn-3="Th3Tn-3E: ,, ,)In-3

19
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i.e. that
Tn—l,n—2<J”/) = 3n—3Tn—1,n—2(I)-
The left member is equal to

Tntm—2((n —3,n — )7y ne1(0, 1, FwOnton () (40)
while the right member is equal to

Sn—3Tn—1,n-2(0n—3 k2003 k1 (T k1 (8n-1T)))- (41)
Observe that (40)=(41) in the extreme cases when J = () = ({1},{2},...,{n}}) and J =
({1,2,...,n}). In these cases (40) and (41) are given by (J/n)/(n — 1). In the general case we
have to distinguish the cases k,_o < k,—1 and k,,_s > k,_1, and the proof is done by comparing
the set—partitions as for the point (i). We prefer to avoid two further boring pages of calculations,

without any new idea. Let’s give a non trivial example. Let n =7, k,—1 = 3 and k,,_2 = 1. Let
= ({1,2},{3},{5,7},{4,6}). We calculate (40):

J = ({1,2},{3},{5, 7}, {4,6})

J'=0530:1(1) = ({2,4},{5},{3,7},{6,1})
J"'=m6(J) = ({2,4},{5},{3,6,1})
J"=(4,6)(J") = ({2,6},{5},{3,4,1})
65(J") = ({2,5},{3,4,1}).

As for the (41):
({1,2},{3},{5,7},{4,6})
= s6(J) ({1,2},{3},{5,6},{4,7})
J"=T113(J) ({12}, {5,6},{3,4})
J" =013001(J") = ({5,1},{3,6},{2,4})
J =765(J") ({5,1,3},{2,4})
sa(J) ({4,1,3},{2,5})

4.2. For all n > 1 define p,, the linear map from &, to C(u, A, B) by
Pn =1010020 " 0n—1°0n
Notice that for £ <n and X € &, we have
pn(X) = pr(X) (42)
Also, from the definition of g,, it follows that p,(1) = 1. Moreover we have the following

theorem.

Theorem 3. The family {pn}nen is a Markov trace. Le. for alln € N, p, is a linear map
uniquely defined (inductively) by the following rules:

(i) pn(1) =1
(ii) pn(XY) = pn(Y X)
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(.}ii) Pr1(XTn) = ppi1 (X ERTy) = App(X)
(iv) pn41(XEn) = Bpn(X)
where X, Y € &,.

Proof. We will prove (ii). Due to the linearity of p,, it is enough to prove for X € B,, and when
Y is one of the generators T; and F; of &,. We prove it by induction on n. For n = 2 clearly
the claim is true since & is commutative. Suppose now the claim is true for all k less than n.
We are going to prove the claim for n. Let X € B, and Y = E; or T}, with j € {T1,...,T,—2}.
We have

pn(XY) =

( )
( ) ((i) Lemma 1)
= (019...00,-1)(Yonr(X)) (induction hypothesis)
( . ))  ((ii) Lemma 1)
= pm(YX)
For Y =T,_1, E,—1 , we have p,(XY) =p10...0(0n-1(0n(XY))), then by using respectively
part (i) and (ii) of Lemma 3, we obtain p,(XY) =p10...0 (gh-1(0n (Y X))) = p(Y X).

The proof of the statements (iii) and (iv) are analogous. We shall prove only that p,1(XT,,) =
App(X). We have:

prt1(XT,) = (010...00n)(0n+1(XTy))
= (p10...000)(X0n1(T,)) ((ii) Lemma 1)
= (010...00,)(XA)
= A(gr10...000)(X) = App(X).
]

Remark 4. Observe that rule (iv) in the above theorem is the condition on the Markov trace of
the Yokonuma—Hecke algebra requested to have the invariant defined by S. Lambropoulou and
the second author, see [17, 15, 16]. More precisely, this properties allows to factorize the factor
pn(X) in the computation of p,1(XT, 1), where X € &,, see (48).

5. APPLICATIONS TO KNOT INVARIANTS

In this section we will construct an invariant for classical knots and another invariant for
singular knots. The constructions follow the Jones recipe, that is, they are obtained from
normalization and rescaling of the composition of a representation of a braid group/singular
braid monoid in &, with the trace p,.

In both invariants we will use the element of normalization L = L(u, A, B), defined as follows

A+ (1-u)B
N uA

5.1. In order to define our invariant for classical knots, we shall recall some classical facts
and standard notations. Firstly, remember that from the classical theorems of Alexander and
Markov, the set of isotopy classes of links in the Euclidian space is in bijection with the set of
equivalence classes obtained from the inductive limit of the tower of braid groups B; C By C
-+ C B, C---, under the Markov equivalence relation ~. That is, for all a, 8 € B,,, we have:

L . (43)
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(i) aB ~ Ba

(ii) a ~ ao, and a ~ ao;; L.
Secondly, let us denote 7 the representation of By, in £,, namely o; VLT;. Then, for o € By,
we define A(«)

~ 1—Lu n-l
Al@) = [———— o7 )(a) e K(VL,B 44
@)= (~fg)  (eeme) < KL ) (44
It is useful to have an alternative expression for A(a), in terms of the exponent e(o) of a, where
e(a) is the algebraic sum of the exponents of the elementary braids o; used for writing o. Then,
we have:

. B 1—Lu nt e(a) _
Ala) = (_M> (VL)) (p, 0 7) () (45)

where 7 is defined as the mapping o; — h;. Now, by simplicity, let us define
1—Lu

D:_\E(l—u)B

(46)
Then, notice that
1—u

VLDA=1 or equivalently A = —
1—Lu

(47)
and A(a) can be rewritten as follows:
A(a) = D" N (VL) (py 0 1) (@)

Theorem 4. Let L be a link obtained by closing the braid o € By,. Then the map L — A(«)
defines an isotopy invariant of links.

Proof. It is enough to prove that A respects the Markov equivalence relations. Due to Theorem
3 (ii) it is evident that A respects the first Markov equivalence. We are going now to prove the
second Markov equivalence. Again, it is easy to check that A(a) = A(aoy,). In fact, up to now
we have only used the properties of the trace p, in which the elements E;’s do not play any role.
But now, to prove that A(a) = A(ao;,!), the defining conditions of p, involving the elements
E;’s are crucial (see Remark 4).

For every a € B,, we have

Aag,") = D"(VU 7 )(p,(7(ac, ")
= D"(VL)* O pu(R(a)T, ).
By using the formulae of 7);! (see Proposition 2) and the defining rule of p,, we deduce:
pr(T(@)T, ) = pu(F(@))(A+ (u! = 1)B+ (u™! = 1)A). (48)
Then
Alao, ') = D*(VL* (w ' A+ (u™ = 1)B)pa(i(a))
(D/VD @A+ (u™ — 1)B) D" (VL)@ p, (7(a))

(D/VDALD (VL)) p, (7(a))
Afa)  (by (47)).
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0

Example 1. Let « be the simplest oriented link, formed by two oriented circles with two positive
crossings. We obtain

pn(T(@)) =1+ (A+B)(u—1)

Aa) = /A+EZ(/1U)1+(A+§)(@L1)'

Example 2. Let v be the trefoil knot. We obtain
B(1—u+u?—u)+ Al —u+u?)
3
u

and

pn(T(7)) =
and
A(—u?B + u?B — uB + B + u?A — uA + A)
u(A+ B —uB)? '
5.2. For the singular links in the Euclidian space, the singular braid monoid plays an analogous
role as that of the braid group for the classical links. The singular braid monoid was introduced

independently by three authors, namely J. Baez, J. Birman and L. Smolin (see [14] and the
references therein.

A(y) =

Definition 3. The singular braid monoid SB,, is defined as the monoid generated by the usual
braid generators o1,...,0n—1 (invertible) subject to the following relations: the braid relations
among the o;’s together with the following relations:

TT; =TT for |i—j]>1
o0iTj = Tj0; for Ji—j]>1
0;T; = T:0; for all 1
00Ty, = T;0i04 fO’f’ ‘Z —j’ =1.

Now, in an analogous way to the classical links, we define the isotopy of the singular links in
the euclidian space in purely algebraic terms. More precisely, for the singular links we have the
analogous of the classical Alexander theorem which is due to J. Birman [4]. We have also the
analogous of the classical Markov theorem which is due to B. Gemein [8]. Thus, the set of the
isotopy classes of singular knots is in bijection with the set of equivalence classes defined on the
inductive limit associated to the tower of monoids: SBy; C SBy C --- C SB,, C --- respect to
the equivalence relation ~g:

(i) af ~s fa
(i) o ~s aoy, and a ~4 ao,;
for all o, 8 € SB,,.

Now we have to define a representation of SB,, in the algebra &,. This representation uses
the same expression as in [15] for its definition. More precisely, we define the representation &
by mapping:

1

o; — 15 and Ti'—>Ei(1+Ti).
Proposition 3. ¢ is a representation.

Proof. 1t is straightforward to verify that the images of the defining generators of SB,, satisfy
the defining relations of SB,. U
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In order to define our invariant for singular knots we need to introduce the exponent for the
elements of SB,,. From the definition of SB,, it follows that every element w € SB,, can be
written in the form

w=wi" - wm
where w; are taken from the defining generators of SB,, and ¢; = 1 or —1, and assuming moreover
that in the case w; is a singular braid, its exponent ¢; is by definition equal to 1. Then we have

the following
Definition 4. [15, Definition 2] The ezponent e(w) of w is defined as the sum €1 + - - + €.

For w € SB,,, we define I as follows

_ B 1-—Lu n-t e(w) -
Pw) = (—M) (VD (9 0 5) ).

We have then the following theorem.

Theorem 5. Let L be a singular link obtained by closing w € SB,,; then the mapping L — T'(w)
defines an invariant of singular links.

Proof. The proof is totally analogous to the proof of [15, Theorem 5]. Cf. proof of Theorem
4. O

5.3. Comparisons. In this subsection we shall show as to obtain known invariant polynomial
for classical knots from the three—variable invariant A defined in this paper.

In [12, Section 6] V. Jones constructed a Homflypt polynomial, denoted X, invariant for
classical links, through the composition of the Ocneanu trace 7, of parameter z, on H,, and the
representation my : B,, — H,, 0, — ﬁhi, where
z4+(1—u)

uz
More precisely, for a € By, such Homflypt polynomial is defined by

1—)Au
Xa)=|——— | (tom)(«
@)= (~gs ) rome)
Thus, setting A = z and B =1 in (43), we obtain L = A. Then, for ¢,, of Proposition 3, we have
n o = my. Also, for these values of A and B we have ¢, o 7, = p,,. Then

A:

Tnoﬂ-A :TnO(SDnOTrL) :pnoﬂ-L-

Therefore it follows that the Hompflypt polynomial X can be obtained from by taking A = z
and specializing B = 1.

Now we show how to obtain from A the two-parameters invariants of classical links defined
in [16].

The Yokonuma-Hecke algebra Y,,, also supports a Markov trace, denoted tr, of parameters
z and 1, ...,T4-1, see [14, Theorem 12]. In [17] it is proved that for certain specific values
of the parameters trace z;’s it is possible to construct an invariant of classical links A. More
precisely, these specific values, which are solutions of the so—called E—system, are parametrized
by non—empty subsets of the group of integer modulo d. Now, given such a subset S, we shall
denote trg the trace tr, whenever the parameters x;’s are taken as the solutions of the F—system,
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parametrized by S. Now, the mapping o; — /Agg; defines a representation 7, from B, to
Yy, where

z4+ (1 —u)/|S|
As = uz

The two—variable polynomial invariant of classical knots A is defined as follows

1—Asu

Ala) = ———— ) (trgo 7@ Q a € By);

@ = (- ) trsomole) (o By

for details see [16]. By taking the parameter z = A and specializing B to 1/|S|, we get that
Ag = L. Then, we have 9, o 1. = 7) and trg o ¥, = p,. Thus,

trg o Myg = trg o (¢ 0 M) = pp oL

Therefore also theitwofvariable invariant of classical links A can be obtained from the three-
variable invariant A.

6. A DIAGRAMMATICAL INTERPRETATION

In this section we recall a diagrammatical interpretation of the defining generators of &, (u),
given in [2]. Furthermore we introduce a new diagrammatic interpretation of the basis con-
structed by S. Ryom—Hansen, in which the ties are elastic, and can be extended to connect non
consecutive threads. This gives a better understanding of the properties of the basis as well
as a considerable simplification of the algebraic calculus. This geometrical interpretation also
allowed us to define, starting from the trace here defined, an invariant polynomial for tied links,
introduced in [1].

6.1. In [2] we have interpreted the generator T; as the usual braid generator and the generator
F; as a tie between the consecutive strings ¢ and ¢ + 1.

FIGURE 1. Generators T;, left, and E;, right

Indeed, this diagrammatical interpretation reflects coherently, in terms of diagrams, every
defining relation of type monomial of &, (u) with exception of the monomial relation (7). More
precisely, the braid relations (3) and (4) have the well known interpretation in term of diagrams,
while the diagrammatical interpretation of relations (6) and (8) — (10) can be seen in Figure 2.

In Figure 2 we see that Relation (11) says that a tie between two threads can move upwards
or downwards along a braid as long as such threads maintain unit distance. The monomial
relation (7) is not natural in terms of diagrams and must be imposed. This relation says that
two or more ties between two threads are equivalent to one sole tie (see Figure 3).

Finally, as in the Hecke algebra, the ‘quadratic relation’(5) takes account of the splitting of
the square of the braid generators in term of the defining generators. This relation is formally
shown, in term of diagrams, in Figure 4.
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ol el
Yala b Wil

FIGURE 2. Relations (6),and (8)—(11) in diagrams

S -
6

FIGURE 3. Relation (7) in diagrams

><f;.; b e |

\

FIGURE 4. Relation (5) in diagrams

Remark 5. From the diagrammatical interpretation it is clear that the defining relations hold
substituting the generators T; by their inverse.

Remark 6. We have already observed, in [2], that a tie is allowed to bypass a thread, according
to the relation

BT ' T = T,'T 4 E;
which follows directly from the defining relations (11), (13), (7) and (7) of the algebra. In
diagrammatical terms, we have the following picture (Figure 5).

6.2. Recall that the linear basis constructed by Ryom-Hansen (Theorem 1) for &, consists of
elements of the form F;T,,, where w € S, and I € P,,. The diagrammatic interpretations for the
elements T, is standard since the elements 7;’s are represented by usual braids. We are going now
to describe diagrammatically the elements Ej’s, according to the diagrammatic interpretation
of the defining generators. This allows to simplify several tedious algebraic computations.

The elements E;’s are defined by means of the Ej; ;’s, where i < j, see (14). We introduce
now a simple diagrammatic representation of the element E; ;, by means of an elastic tie (or
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R~ 1K

FIGURE 5

spring) connecting the threads i and j, see Figure 6. These new geometrical objects have some
properties deduced from the algebra (see [1] for more details and proofs.) For instance, the ties
are transparent for the threads, i.e., they can be drawn no matter if in front or beyond the
threads. We shall say that the spring representing Fj;; has length j — i:

FIGURE 6

Because of the elastic property of the springs, we see immediately the accordance with the
original definition of F;:

E;; = Ti_l . .Tj—_12Ej_1Tj_2 T

Moreover, in Figure 7 we show how FEj;; (here, Es7) can be written equivalently by different
elements of the algebra.

The elements E;; have another property which allows to rewrite the elements E; in another
form which result more convenient for computations.

We shall show only two particular cases for n = 7. This is enough to understand the general
case. Set

I :={{2,3,5,7},{1,4,6}}, I,:={{2,3,5,6,7},{1},{4}}

Then Ej, and Ej, have the diagrams shown in Figure 8, according to (15).
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FIGURE 8. Ej, = (Ex3E25E7)(E1,4E16) Er, = (Ey3E25E26F2 7)

These elements can be represented by the diagrams pictured in Figure 9, according to the
following rule (see formula (16)): If two springs E;; and Ej; have in common an end-point
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(namely, 7), and ¢ < j < k, then the product E;;E;, is equivalent to the product E;;Ejy, i.e.,
the common part of the springs can be eliminated from the longer spring.

AAAAAAY)
W\/\/\N\, \/\/\/\,vv.v.v‘v.v‘
YA %AV 2VAV, N T I N A Y N . T W
AAATAAAY)
1 2 3 4 5 6 7 1 2 3 4 5 6 7
FIGURE 9. B, = (Fa3E35F57)(F14Es6) Er, = (B2 3E35F56E67)

Remark 7. Observe now that the representation of the E;; as a spring allows to simplify
considerably the algebra’s relations.

For instance, the fact that the generators have the good form of a product of elements E;;
time elements of the braids group generators required an elaborated proof in [21]. This becomes
evident, having proved that all the springs can be moved upwards along the braid, simply using
the property that they can be stretched or shortened, without any operation on the threads.

Moreover, the strange Relation (10) of the algebra (see Figure 2) can be understood in terms
of springs as shown below:

Observe also that Relation (11), as well as Remark 6, have a generalization for springs of any
length, as shown in the next Figure (case of length equal to 2).

S~ SR~ e

7. SIDE COMMENTS

We finish with two comments which we think be interesting to be investigated.
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7.1. The referee has suggested the following: it would be interesting to know whether there is
an integrable model based on the bt—algebra and built with the use of relative traces.

7.2. In Subsection 3.2 was noted that behind the bt—algebra there is the Yokonuma—-Hecke alge-
bra. The Yokonuma—Hecke algebra can be regarded as the prototype example of the framization
of a knot algebra, see [18] for the concept of framization and knot algebra. More precisely the
Yokonuma—Hecke algebra can be considered as the framization of the Hecke algebra. As we men-
tioned in Section 3.2, the construction of the bt—algebra is obtained by considering abstractly
the algebra generated by the braid generators g;’s together with the idempotents e;’s of the
Yokonuma—Hecke algebra. In fact, in this new algebra the framing generators are not taken
into account. Then the bt—algebra can be considered as a deframization of the Yokonuma—
Hecke algebra. Thinking in this way one can define naturally deframizations of all algebras of
knots framized in [18]. Moreover, there is a natural deframization associated to certain algebras
Y(d, m,n) defined in [6], where d, n are positive integers and m is either a positive integer or co.
To be precise, for a positive integer, set u and v, indeterminates. Set K, := C(u,v1,...vy,) for
m positive integer and R, := K we could define a deframization of Y(d, m,n) as the associative
algebra over R,, generated by T1,...,T,—1, E1,... Ep_1, X+ subject to the relations (3) to
(11) together with the following relations:

XN XTy = ThXT'X
XT, = T;X for ie{2,....n—1}
XE, = EX for iE{l,...,n—l}
(X=v1)...(X=vp) = 0 for m < oo
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