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Jones
äaë�Æ°¬¯ ì/º±à>ÐÈÅ­³­¹îí¿Ç�ÐÚà>Àµ³­¹Ì°H°É°É°É°H°É°É°É°H°É°É°H°É°É°H°É°É°É°H°É°É°É°H°É°É°H°É°É°É°H° �ªã�Æ°»� ï ÔØ¶±·�ÏðÁ­Ç�ÏÖÒ

Hecke
°H°É°É°É°H°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É°H° �±Ê�Æ°»�Æ°r¯ ñò¼¿ºªÕÑº±à�ÅÆÏÖó±ôõÕÑÂÄÃHÔØ¶±·�ÏðÁ­Ç×ßÄÃ

Hecke
°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É° �ªö�Æ°»�Æ°�� ¼¿º±Ã�³±Ã�ÐÞÅÆô÷ìøÍ±àaù\Õ�ù±ÒØï ÔØ¶±·�ÏðÁ­Ç�º±Ò

Hecke
°É°É°H°É°É°É°H°É°É°H°É°É°H°É° ã1¯�Æ°Èã ñûú/ó±Ã�Í±Ç×Õ�ù±àaùNï ü�ýjÃ�³¨ó±Ò¿ÕÙ³¨ó

Ocneanu
°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É°H°É°É°É° ã±��Æ°Þâ ²^³JËØ³¸¶µóªßÄÃ�ó±Àµ³

Jones
�×þÆÀµÏLÕÙº�Á¨¶±ùªÕ×ßÄÃÿ°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É°H°É°É°É° ã¸â

ë �^¢������ð� Weyl
ë��ã1°¬¯ Ô:Ã�ºªÅ¨¶µÍ±àaÏÑÐÓÒ¿àaÏ:ÛÄóªÅ¨¶µÏÑ¹»Ü�ÐÓ³¨ó±Ò
	:ßÄÇ�³¨ó±Ò °É°H°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É°É° ã±öã1°»� í¿Ðîí_ÀµÍ±Ü�ÏÖÒ_ÕÖÂÄÃHÔ:Ã�ºªÅ¨¶µÍ±àaÏLÂÄÃ °É°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É° â��ã1°»�Æ°r¯ ú/ó±à�Õ�ô±Àµº¸ÕÙº
�XÐ��×ßÄÃ&°H°É°É°É°H°É°É°H°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É°É° â¨�ã1°»�Æ°�� ì/Íªà>ÏÑÐÓÒ:ÕÑÂÄÃõú/ó±à�Õ�ù±ÀµÍªÕÖÂÄÃ��XÐ��×ßÄÃv°H°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É°É° â��ã1°Èã í_À¨ÍªÜ�ÏÑÒ Weyl

°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É°É°H°É°É°H°É°É°H°É°É°É°H°É°É°É° ���ã1°Èã1°r¯ ú/ó±Ã�ÍªÇ�Õ�ùªà>ù��vôªÅ­³¨ó±Ò�°É°É°H°É°É°H°É°É°H°É°É°É°H°É°É°É°H°É°É°H°É°É°É°H° �±�ã1°Èã1°�� ú/ó±Ã��îôªÅ­ÏÖÒ_ÔÌ¶±¶µº¸·�ô±Ò:Å­ºµÐ��OÐ»ºª·jÇ�º��îô±ÒJ°H°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É° �ªãã1°Èã1°»ã í_ÀµÍ±Ü�ÏÖÒ
Coxeter

°É°É°H°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É°É°H°É°É°H°É°É° ���ã1°Èã1°Èâ ú/ýjÝÖàaùÿÕÑÂÄÃõí_ÀµÍ±Ü×ÂÄÃ Weyl
ÅÆº±Ð

Coxeter
°É°H°É°É°É°H°É°É°H°É°É°É°H° ���ã1°Þâ Ô:Ã�Íª·jÂ`·jº÷ú/ó±à�Õ�ô±ÀµºªÕÙº��lÐ���ßÄÃ °H°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É° �ªöã1°�� ²^º±Î�Ð Ã�¾¨À¨ÐÓàaùÿÕÑÂÄÃõí_ÀµÍ±Ü×ÂÄÃ Weyl

°É°H°É°É°É°H°É°É°É°H°É°É°H°É°É°H°É°É°É°H°É°É° �1¯ã1°��Æ°r¯ �êÇ�º��>ô±ÀµºªÕÙº
Coxeter

Å­ºµÐ��OÐ»º¸·�Ç�Í±ÀµÀµºªÕÙº
Dynkin

°É°É°É°H°É°É°H°É°É° �Æ¯ã1°��Æ°�� ÔÌÃ�Í¸·jÂ`·�ÏÖÒHú/ó±Ã�ÐÚàaÕ×ßÄàaÏÖÒ °H°É°É°H°É°É°H°É°É°É°H°É°É°É°H°É°É°H°É°É°É°H° �±ãã1°��Æ°»ã ²^³��_ÏÖßÄÇ�ù±Àµº\²^ºªÎ¸Ð Ã�¾¨Àµù±àaù±Ò °É°É°H°É°É°H°É°É°É°H°É°É°H°É°É°É°H°É°É°É° �±ã
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ý1ÂÄÇ�¹���ÏLÕÙºµÐµà>ÏÜ�E±³÷ÀµÝÑÇ�ù1°`²^³÷´¨Ç×ß`ÕÙ³½ÀµÝÖÇ�³¨Ò:´¨Ç�º¸·�ÀµºªÕ�ÏLE±ÏÖÕÑºµÐ1Õ�ù±ÃÉ´¨ºªÇ�³¨ó±à>¹»ºªà>ùõÕÑ³­ó\´¨³¸¶±óªÂÄÃ�E±Àµ³¨ó J ones Ü�E±³ÀµÏLÕÙº�Áµ¶µùªÕ×ßÄÃ\Å­ºµÐ'ÕÙ³hÜ�ÏME¸Õ�ÏÑÇ�³=Õ�ùªÃÿÕÙº±Î�Ð Ã�¾¨Àµù±àaù½ÕÑÂÄÃO³­ÀµÍªÜ�ÂÄÃ Weyl
°É²^ºJÜNEª³hº±óªÕ�Í ÀµÝÖÇ�ù Ü�ÏÖÃÝÖýj³¨ó±ÃÌÍªÀµÏÑàaù:à>ý1ÝÑàaù_ÀµÏLÕÙº±Î�EÌÕÙ³¨ó±ÒPO ÝÖýj³¨ó±ÃÌÀµ¾ªÃ�³õÝÖÃ�º±ÃØàaó±Ã�Ü�ÏÖÕ�ÐÈÅ­¾ÉÅÆÇ�¹ÈÅ­³QG­ÕÙ³É·�Ç�Í��>ù±Àµº

CoxeterÕ�E¸´¨³­óÉÔRI¤Á¨¶µÝL´¨Ï«Å­ºµÐ1àaýj¾¸¶µÐÓ³ÿà�ÕÙ³õÕ�ÝL¶µ³¨Ò Õ�ù±ÒØÏÖÇ×·�º±à>¹»ºªÒ�SLG­ÂÄà�Õ�¾¨à>³õÏÙ¹ Ã�ºµÐ1ÏÖÎ�¹Óàa³¨óNÏÑÃ�Ü�Ð»º��>ÝÖÇ�³ªÃ×ÕÙº1°�¤Ð»ºhÕ�ù±Ã ´¨ºªÇ�³¨ó±à>¹»ºªà>ù+ÕÙ³¨óh´¨³¸¶µóªÂÄÃ�E±Àµ³¨ó J ones Å­Ç�¹ Ã�ÏLÕÙºµÐ?º¸´¨º±Ç�ºµ¹ÚÕ�ù¸ÕÙ³�Ã�ºh·�¹ Ã�ÏÑÐ?À¨Ð»ºvÏÑÐÓàaºNI·1Â`·�ôÿà�Õ�ù±ÃT�_ÏÖÂÄÇ�¹»º\¼¿¾­À¸ÁµÂÄÃUO ÏL�>¾­àa³ªÃÉÅÆº±ÐjÕÙ³O´¨³¸¶µóªßÄÃ�ó±Àµ³ J ones ºª´¨³ªÕ�ÏL¶µÏÑ¹�À¨Ð»º\º±Ã�ºª¶ª¶µ³­¹ÈÂ`Õ�ùÅ­¾¨À¸Á¨ÂÄÃNSÖ° ï Û`Õ�àîÐVGøà�ÕÙ³ ¼¿ÏM�>Íª¶µº±ÐÓ³ ¯=´¨ÏÖÇ�ÐÚ·�Ç�Í��>³±Ã×ÕÙº±ÐÄÅ­Íª´¨³­Ð»ÏÑÒ Á­º±à>ÐÈÅ­ÝÖÒ+ÝÑÃ�Ã�³­Ð»ÏÑÒ+Õ�ù±Ò*�_ÏÖÂÄÇ�¹»ºªÒ¼¿¾¨À¸Á¨ÂÄÃõÅ­ºµÐ>´¨º±Ç�³¨ó±à>Ð»Í���ÏLÕÙºµÐ>à�ÕÙº±Ü�Ð»ºªÅ­ÍOÕÙ³JºªÃ�³­ÐÈÅ¨Õ�¾QG'ÀµÝÑýjÇ�Ðîàaô±ÀµÏÖÇ�ºWGa´¨Ç�¾ªÁ¨¶µùªÀµºOÕ�ù±Ò¿ÕÙº±Î�Ð Ã�¾¨ÀµùNIàaù±Ò:ÕÑÂÄÃÉÅÆ¾¨À¸Á¨ÂÄÃµ°úøÕÙ³N¼¿ÏM�>Íª¶µºµÐÚ³õ�_ºªÇ�ýjÐÈÅ­Í
�'º:·a¹ Ã�ÏÙÐ¨À¨Ð»º¿ÏÑÐÓàaºª·jÂ`·�ô¿à�Õ�ÐÚÒ �Ö���W� £±�X�ð�
Hecke

G­À¨ÐÈºÉÝÖÃ�Ã�³­Ð»º¿ÅÆºN�'³�IÇ�ÐÚàaÕ�ÐÞÅÆôªÒ_à>ùªÀµº±à>¹»º±ÒØ·aÐÈº\Õ�ù±ÃÉÜ�ù±À¨ÐÓ³¨ó±Ç×·a¹ÈºÿÕÑ³­óõ´¨³¸¶µó¸ÂÄÃNEªÀµ³­ó
Jones

Ü�E±³÷ÀµÏLÕÙº�Áµ¶µùªÕ×ßÄÃHGÆÕÑ³÷³¨´¨³­¹Ú³Å­ºµÐa´¨º±Ç�³¨ó±à>Ð»Í���ÏLÕÙºµÐaàaÕ�ùÿàaó±Ã�ÝÖýjÏÙÐÈº1°l²^³ ´¨³¸¶µóªßÄÃ�ó±Àµ³ J ones Ü�E±³ ÀµÏÖÕÙº�Á¨¶µùªÕ×ßÄÃUO ô÷º¸¶±¶¨ÐÈßÄÒ_´¨³�I¶±óªßÄÃ�ó±Àµ³
HOMFLY PT

SØÏÑ¹ Ã�º±Ð�À¨Ð»º½ºª´¨¾+Õ�ÐÚÒ¿Á­ÝL¶±Õ�ÐÓà�Õ�ÏÖÒHó¸´­ÍªÇ�ýj³¨ó±àaÏÑÒHº±Ã�ºª¶±¶µ³­¹ÈÂ`Õ�ÏÖÒHÅ­¾¨À¸Á¨ÂÄÃµ°ñ�º±Ã�ºª¶ª¶µ³­¹ÈÂ`Õ�ù�º±óªÕ�ôR´¨ô±Ç�Ï½ÕÑ³ ¾±Ã�³¨ÀµÍVÕ�ùªÒJºª´¨¾ ÕÙ³±Ã
V.F.R.J ones Gl³ ³¨´¨³­¹Ú³­Ò+ÅÆº±ÐÄÕ�ÐÈÀµôY�îùªÅ­ÏÕÑ³ ¯×ö�ZH�vÀµÏ÷ÕÙ³�Á­Ç�º�Á­ÏÙ¹Ú³

Fields
G`¶µ¾¸·jÂûÕ�ù±Ò½Å­ºªÕÙº±à�Å­ÏÖó±ô±Ò½ÕÙ³¨ó�³¨À±ßÄÃ�ó±Àµ³¨ó�´¨³¸¶µóªÂÄÃ�E±Àµ³¨ó�À¨Ð»º±ÒÀµÏLÕÙº�Áµ¶µùªÕ�ô±Ò�°²^³vÕ�Ç�¹ÚÕÑ³hÅÆº±Ð-Õ�ÏÖ¶±ÏÑóªÕÑºµ¹Ó³=Å­ÏL�îÍª¶±ºµÐÓ³vÝÖýjÏÑÐ-ÂÄÒÿà�Õ�¾ªýj³hÕ�ùªÃ÷ÕÑº±Î�Ð Ã�¾¨Àµù±àaù ÕÑÂÄÃ÷³­ÀµÍªÜ×ÂXÃ Weyl

°ï Û`Õ�à>Ð[Gªà�Õ�ù±Ãøº±Ç�ýjô ÕÑ³­ó ¼¿ÏM�>ºª¶µºµ¹Ú³¨óØã^´¨º±Ç�ºªÕ�¹\�îÏÑÃ×ÕÙº±Ð�³ÆÐEÁ­º±à>ÐÈÅ­ÝÑÒXÝÖÃ�Ã�³ÆÐÈÏÑÒNGµ¾µ´µÂÄÒY]¤Õ�ù±ÒÄº±Ã�ÍªÅ¨¶µºªà>ùªÒYGÕÖÂÄÃõàaó±à�Õ�ù±ÀµÍ¸ÕÑÂÄÃÉÇ�Ð��×ßÄÃõÅa°È¶1°È´�°/úøÕ�ùOàaó±Ã�ÝÖýjÏÙÐÈºÿ´¨º±Ç�³­óªàîÐÈÍ���³±Ã×ÕÙºµÐa³ÆÐ>³¨ÀµÍ±Ü�ÏÑÒ Weyl
ÀµÏÌÅÆÍ¸´¨³ÆÐÈÏÑÒàaù±ÀµºªÃ�Õ�ÐÞÅÆÝÖÒlÐ»Ü�Ð»¾¸Õ�ùªÕ�ÝÖÒlÕÑ³­óªÒYGªÅ­ºµÐ¸à�ÕÙ³ÌÕ�ÝL¶µ³¨Òlº±Ã�ºª¶�E±ÏÖÕÑºµÐ×ÕÙ³P�_ÏÖßÄÇ�ù±Àµº^²^º±Î�Ð Ã�¾¨Àµùªà>ù ÕÑÂÄÃ«í¿ÀµÍªÜ�ÂÄÃ

Weyl
G�ÕÙ³½³µ´¨³Æ¹Ú³ ÅÆº±Ð>ºª´¨³¨Ü�ÏÙÐÈÅ­Ã�E±ÏLÕÙºµÐ¬°ËÌÇ�³¨ºª´¨ºµÐ ÕÙ³�E±ÀµÏÖÃ�ÏÖÒ«·�Ã×ßÄàaÏÙÐÚÒ«·aÐÈº¿Õ�ù±ÃØº±Ã�Íª·jÃ�ÂÄàaù:ÕÑÂÄÃØ¼¿ÏM�>ºª¶µº±¹ÈÂÄÃÉ¯^Å­ºµÐ¨ã¿Ü�ÏÑÃØÏÙ¹ Ã�ºµÐ¨ºª´¨º±Ç�ºµ¹\IÕ�ù¸Õ�ÏÑÒ�°&^«àaÕ�¾¨àa³QGj³ÿº±Ã�ºª·�Ã×ßÄà�Õ�ù±Ò_�îºNôªÕÙº±Ã:Å­ºª¶µ¾OÃ�ºõÏÑ¹Óý1Ï ÅÆÍ¸´¨³ÆÐÈÏÑÒ Á­º±à>ÐÈÅ­ÝÑÒØ·jÃ�ßÄàaÏÑÐÓÒØÔÌ¶ª·�Ï Á¨Ç�ºªÒ·�Ð»ºÿÕ�ù±ÃHÅ­ºª¶HE¸Õ�ÏÑÇ�ù\Å­ºªÕÙºªÃ�¾¨ù±àaù\ÕÙ³¨óO¼¿ÏL�îº¸¶µºµ¹Ú³­óO�Æ°
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f(t) = (x(t), y(t), z(t)),
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6= (0, 0, 0).
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Reidemeister
O Ü�ÏÑÒøàaý'°r¯ª° ��SL°

:S;�<U	@?A�CB  #�rä ®UV �Lèa���¨¢'§
Reidemeister

± + Ð±�-��¥�§E�E�X�Ö¢6¢î§NÒL§V¦¨� ¢j£"'ÄéR§ªéYÒÙ¥�Ï¥ÒL��¥ �Ø��ÐªéÏW�O¥ÑÏ1��ÒL��Óª¥¬¦¨�NÐª�J¦¨� ¢j£¤�Ùç±� Á «XW Á Ç"¢.Y�«�¬ Á « Ò �Z��éL§v¢�Ó������Ö©øéÖ§ÚÓ�����¦�ÐN[��Ñ¥`§�Ó�� ÒL���Ö�ª�>�=§YÓ��Ó���Ó�� �a§�Ïj¢\�×é,� §±¦¨���>�Ùç ]ª©�§O¦¨¥ éYÕ�ÏW�^'Xé
Reidemeister

¦¨§±¥î¥�Ï1��ÒL��Óª¥»èXéK��Óª¥VÓ������Eç $ñòºª´¨¾¨Ü�ÏÙÐÈÎ�ùO´¨º±Ç�ºª¶µÏÑ¹È´¨ÏLÕÙºµÐªO Ü�ÏÑÒ_Q
PS R SÖ°O ��S÷Ô:Ãø¶µÍ�Á­³¨ó±ÀµÏBóª´ªïÑ¾�­îÐ Ã«Àµº±ÒÄÕ�ùªÃ/ÝÑÃ�Ã�³­Ð»ºØÕÑÂÄÃøÅÆÐ Ã�ô±àaÏÖÂÄÃ^ÐÚàa³ªÕÙ³µ´­¹»ºªÒøà�ÕÙ³:ÏL´­¹È´¨ÏÖÜ�³¿¾µ´µÂÄÒlÝÑý1ÏÙÐ³¨Ç�ÐÓà�Õ�ÏÑ¹ÆàaÏ«ºªóªÕ�ÝÑÒ«Õ�ÐÚÒ à>ùªÀµÏÙÐÈßÄàaÏÑÐÓÒTO ¾ªýjÐÆº±óªÕ�ÝÖÒ^Õ�ùªÒ^´¨º±Ç�º¸Õ�ô±Ç�ù±àaù±ÒPO ¯�S$S²GÆÏLEªÅ­³¸¶µºHàaó±À±´¨ÏÑÇ�ºµ¹ Ã�³¨ó±ÀµÏ¾¸Õ�Ð«Å­ºª¶HE¸´¨ÕÑ³¨ó±Ã ´µ¶±ô±Ç×ÂÄÒRÕ�ÐÓÒRÕ�Ç�ÏÑÐÓÒRÅÆÐ Ã�ôªà>ÏÑÐÓÒ

Reidemeister
Å­ºµÐ«Õ�ÐÚÒ�´¨ÏÖÇ�ÐÈ´µÕ×ßÄàaÏÙÐÚÒVÐÚà>³¸ÕÙ³µ´­¹»º±ÒÏL´­ÐÈ´¨ÝÖÜ�³­ó�Gµ¾µ´µÂÄÒøº±óªÕ�ÝÖÒlÝÖýj³¨ó±Ã^³¨Ç�ÐÓà�Õ�ÏÑ¹ªà�Õ�ù±Ãø´¨º±Ç�ºªÕ�ô±Ç�ù±àaù�O�¯�SÖ°Bú/óªÃ�ÏL´µßÄÒYGª´¨ÏÑÇ�Ð ·�Ç�Í��î³¨ó±Ã«´µ¶µôªÇ�ÂÄÒÕ�ÐÚÒ_ÅÆÐ Ã�ô±àaÏÑÐÓÒHÐÚàa³ªÕÙ³µ´­¹»º±Ò¿ÕÖÂÄÃHÅ­¾­À¸ÁµÂXÃNàaÕÑ³±ÃNý1ßÄÇ�³�°

`ba öLîóà"û�ïfê�ùMàMò�â"ïMö²î�à�÷��óé�òeïLðfïLíNâ�á�é�cLéËî�ïMêYëNî�ê ã¡ëNøMùMé�ê ÿ ëNé�ê ã$ïMö²î�ü'ã$ùMé&î�âMòlî�á�àfðfâdð�â�ö_ü þ â�öLùfé&ú-��ø_â�á×ô ëYé�êî�ê ãJû�ê ò�úMëNé�ê ã�ê ëYâ²î�âfð�ô�ïLãJéËð�ê ðfüd�óâ�ö%�
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ú/ýjôªÀµº+¯±°���]Ä¼ÉÐ Ã�ô±àaÏÑÐÓÒ
Reidemeister

°
���(e f ��g_h�ikjml � ���y�*�{� �-�Sjon �T�����U� �×�Cp@iql � �*�y�*�{�
úøÕ�ù±Ã_ÏÖÃ�¾ªÕ�ùªÕÙºHºªóªÕ�ôWG­º±Ç�ý�ÐÈÅ­ÍT�îºÉ·a¹ Ã�ÏÙÐ1ºªÃ�º��î³¨Ç�ÍÉ·aÐ»ºHÅ­Íª´¨³­Ð»ÏÖÒÌ´¨Ç�Í±Î�ÏÑÐÓÒ ´¨³¨óNÀ±´¨³­Ç�³�E±Ã¿Ã�ºÉ·a¹ Ã�³¨ó±ÃÀµÏÖÕÑº±Î�EsÜ�E±³ Å­¾­À¸ÁµÂXÃµ° �vÏ�º±óªÕ�¾ ÕÙ³±Ã Õ�Ç�¾µ´¨³ ÏÑÀ±´µ¶µ³¨óªÕ�¹���³¨ó±ÀµÏvÕ�ù±Ã Ü�³¨Àµô8ÕÙ³¨ó àaó±Ã�¾¸¶µ³¨ósÕÖÂÄÃÅ­¾­À¸ÁµÂÄÃ�G¤¾¨À±ÂÄÒÿÜ�óªàaÕ�óªý1ßÄÒ*O ¾µ´µÂÄÒ��îº+Ü�³FEªÀµÏ\à�Õ�ùJà>óªÃ�ÝÖýjÏÑÐ»ºHS:º±ó¸Õ�ô+ù+Ü�³­Àµô+Ü�ÏÖÃ½ºª´¨³ªÕ�ÏL¶µÏÑ¹-Å­º±ÃÜ�³­Àµôh³¨ÀµÍ±Ü�º±Ò O À¨Ð»ºªÒÿÅÆº±Ð6Ü�ÏÑÃJó¸´¨Í±Ç�ýjÏÙÐêÕÙ³�ºªÃ�Õ�¹Úà�Õ�Ç�³��>³�à�ÕÙ³­ÐÚýjÏÙ¹Ú³FSÖ°J²^ÝL¶µ³¨Ò��'º=Ü�³��îÏÙ¹¤ùhÝÑÃ�Ã�³­Ð»ºÕ�ù±ÒHº±Ã�ºª¶ª¶µ³­¹ÈÂ`Õ�ù±ÒÉÅ­ºµÐîÕ�ù±ÒÉ´µ¶µô±Ç�³¨ó±ÒNºªÃ�º¸¶±¶µ³­¹ÈÂ`Õ�ù±ÒÉÅ­¾¨À¸Á¨ÂÄÃH��ÝÑÃ�Ã�³­Ð»ÏÑÒHÅÆºN�'³¨Ç�ÐÓà�Õ�ÐÈÅ­ô±ÒNàaù±Àµº±à>¹»º±Ò·aÐ»ºÿÕÙ³÷´¨Ç�¾±Áµ¶µù±Àµº\Õ�ù±Ò:ÕÙº±Î�Ð Ã�¾­Àµùªà>ùªÒ_ÕÖÂXÃÉÅÆ¾¨À¸Á¨ÂÄÃ O ÕÙ³½³µ´¨³Æ¹Ú³J´¨ºªÇ�ºªÀµÝÑÃ�ÏÑÐaº±Ã�³­ÐÓý1Õ�¾FSL°
rtsmuvs(r wyx{z}|\~"���D�y�v�}�k���C�F�}�������&�����"��w�~"x&�����&����~3�������v���v���
ï ÛXà�ÕÖÂ ¾ªÕ�Ð¤ÝÖýj³¨ó±ÀµÏõàaÕ�ùªÃ½Ü�Ð»ÍN�'ÏÖàaô+Àµº±Ò\ÜNEª³vÕ�ó±ý1ºµ¹Ó³¨ó±Ò\Å­¾¨À¸Á­³¨ó±Ò K1

G K2 ÅÆº±Ð¤ÝÖàaÕÖÂ�¾ªÕ�Ðê´¨Ç�³�IÁ­Íª¶ª¶µ³±Ã×ÕÙº±Ð¨´¨Í±Ã×Â àjï�ÝÖÃ�ºÉÏÖ´­¹È´¨ÏÖÜ�³ P Å­º±Ð K1, K2
³ÆÐÆº±Ã×Õ�¹ÚàaÕÑ³ÆÐÚýjÏÖÒ ´¨Ç�³ªÁ­³¸¶µÝÖÒØº±óªÕ×ßÄÃµ°&�h´¨³¨Ç�³FEªÀµÏÕ×ßÄÇ�º÷Ã�º÷³¨Ç�¹Óàa³¨ó±ÀµÏ¿À¨Ð»ºO´¨Ç�Í±Î�ùOÀµÏÖÕÙºªÎ�EÿÕÑÂÄÃNÅ­¾­À¸ÁµÂÄÃ K1 G K2 ¾µ´¨³¨óy�îºÿÕÙ³¨ó±Ò¿Å­¾ªÁ­³¨ó±ÀµÏÉà1ï­ÝÖÃ�ºàaù±ÀµÏÙ¹Ú³yO ¾ªý�Ð±àaù±ÀµÏÑ¹Ó³_Ü�Ð»º±à�ÕÙº�EªÇ�ÂÄàaù±Ò`ÕÑÂÄÃ«º±Ã×Õ�¹Óà�ÕÙ³­ÐÓýÆÂÄÃ«´¨Ç�³ªÁ­³�¶±ßÄÃ^ÕÙ³¨ó±ÒfS¤Å­ºµÐN�îºØÏÑÃ×ßÄÃ�³¨ó±ÀµÏÄÕÙºÌº�IÃ×Õ�¹Óà�ÕÙ³­ÐÓý1º¿ÍªÅ­Ç�º_ÕÑ³­óªÒ«Ü�Ð»ºªÕ�ù±Ç×ßÄÃ×ÕÙºªÒ/à>ó¸·�ýjÇ�¾±Ã×ÂÄÒ/Õ�ÐÓÒ/ô±Ü�ù_óª´¨Í±Ç�ýj³¨ó±àaÏÖÒ«Ü�Ð»ºªàaÕÑº±ó±Ç×ßÄàaÏÙÐÚÒøÕÙ³¨óªÒ/Å­ºµÐÀµùÉÜ�ù±À¨ÐÓ³¨ó±Ç×·jßÄÃ×ÕÙº±Ò^Å­º±À¨¹ÈºÉÅ­ºµÐ Ã�³�E±Ç×·aÐÈºWG1Ü�ùª¶µº±Ü�ôÉÜ�Ð»ºªÕ�ùªÇ×ßÄÃ�ÕÑº±Ò^ÏÖ´¨ºªÅ­Ç�ÐÓÁµßÄÒ Õ�ÐÓÒ

K1
ÅÆº±Ð

K2
ÏLÅ¨Õ�¾­Òºª´¨¾½Å­Íª´¨³­ÐÓ³ªÃNÁ­Ç�º±ý�¹Ú³±Ã�ÍOÕÙ³¨ó±ÒyO Ü�ÝÖÒÉàaý'°¬¯±°��HSÖ°Bï Û`Õ�à>Ð>³¨Ç�¹���ÏLÕÙºµÐ>À¨Ð»ºÿ´¨Ç�Í±Î�ùOÀµÏÖÕÙºªÎ�EÿÕÖÂÄÃNÅ­¾¨À¸Á¨ÂÄÃõù³µ´¨³Æ¹Èºõ³±Ã�³¨ÀµÍ���ÏÖÕÑºµÐÆà�EªÃ��îÏÖàaùÉôHàaó±Ã�Ü�ÏÖÕ�ÐÞÅÆ¾\ÍY�îÇ�³ÆÐÚàaÀµºÉÕÑÂÄÃ K1 Å­ºµÐ K2 G­Å­ºµÐÆàaó±À¸Á­³¸¶µ¹���ÏÖÕÙº±Ð­ºª´¨¾ÕÙ³

#
°

ú/ý1ô±Àµº+¯±°��W]Xú/ó±Ã�Ü�ÏÖÕ�ÐÞÅÆ¾JÍN�'Ç�³­ÐÚà>Àµº\ÕÖÂÄÃ K1 Å­ºµÐ K2 °
À 	>�_��BZ
U?  #�  �)Î�Ø¥>¦­� ¢j£¤��¥ K1 # K2

¦¨§±¥ K2 # K1
�Ö© éÖ§±¥î¥�Ï1��ÒL��Óª¥¬¦­��© $

À 	>�_��BZ
U?  #�räy)R¹Oé\�\¦­� ¢j£¤��� K1 ����é
�Ö© éÖ§ª¥ªÒ²�fÒ ��¥Þ¢6¢{��éÑ��� 1 ÒÙ��Ò²�TÒL�õ© ��¥Þ�
]±§÷¥�Ï��0Ð��Ö¥'¦¨§ª¥�j¥»§ ÒL�KÏ�çªé��N�fÒÙ¥¬¦¨��� ]ð�'��¥ÑÏj¢'§ K1 # K2
�1¥�§O��Ó���¥Þ���YÕXÓ���Ò²�_¦¨� ¢j£¤� K2 $



µ�i��Wi  d#l/=��!&%d�R`*),+ ÌdÍ¡.Î`
/d%e/".d/dcecP)q%�ÍPÉª!t�3`�),+-ÌdÍ¡. ¯×ã
úl	_íbrøü í ]�²^³

({K | Å­¾­À¸Á¨³ÆÐ } , #)
G�Ü�ÏÖÃNºª´¨³ªÕ�ÏL¶µÏÑ¹a³­ÀµÍªÜ�ºÆ°ËØÇ�Íª·�ÀµºªÕ�Ð[G�ÝÖýj³¨ó±ÀµÏ_¾¸Õ�Ð[]

¯ª° ñ
#
ÏÑ¹ Ã�ºµÐa´¨Ç�³¨àaÏÖÕÙº±Ð»Ç�ÐÓà�Õ�ÐÈÅ­ô O ´¨Ç�³��îºªÃ�ÝÖÒ�S²G

�­° ñ
#
ÏÑ¹ Ã�ºµÐ>º±Ã×Õ�Ð»ÀµÏLÕÙºN�'ÏLÕ�ÐÈÅ­ô�O ËÌÇ�¾ªÕÑº±àaù+¯ª°r¯�SLG

ãÆ°dÙ:´­ÍªÇ�ýjÏÙÐ�ÕÙ³½³¨ó±Ü�ÝÖÕ�ÏÖÇ�³ à�ÕÙ³­ÐÓýjÏÑ¹Ó³�O ³÷Õ�ÏÖÕ�Ç�Ð»ÀµÀµÝÖÃ�³­Ò_Å­¾¨À¸Á­³¨Ò�S²G
â1° Ü�ÏÑÃNóª´¨Í±Ç�ýjÏÑÐaº±Ã×Õ�¹\�îÏÖÕÙ³÷à�ÕÙ³­ÐÓýjÏÑ¹Ó³�O ËØÇ�¾¸ÕÙº±àaùO�Æ°¬¯�SÖ°

ï Û`Õ�à>Ð[Gø´¨ºªÇ�¾¸¶±³ ´¨³¨ó ºª´¨¾ O ¯�S²G O ��SõÅ­ºµÐdO ãHS\àaó±À±´¨ÏÑÇ�º±¹ Ã�³¨ó±ÀµÏ ¾ªÕ�ÐÄÕÙ³
({K | Å­¾¨À¸Á­³­Ð } , #)

GøÏÙ¹ Ã�ºµÐÀµ³ªÃ�³­ÏÑÐ»Ü�ÝÖÒYG>ºª´¨¾�O â�S/ÝÑýj³¨ó±ÀµÏ:¾ªÕ�Ð�ÕÙ³
({K | ÅÆ¾¨À¸Á­³­Ð } #)

Ü�ÏÖÃõºª´¨³¸Õ�ÏÖ¶±ÏÙ¹a³¨ÀµÍ±Ü�º1°
ËÌ³¸¶±¶±ÝÑÒb�>³¨Ç�ÝÖÒ_ÏL�>³­Ü�Ð»Í���³¨óªÀ¨ÏØÕÙ³ªÃÉÅ­¾¨À¸Á­³÷ÀµÏ ´¨Ç�³¨àaº±Ã�ºªÕÑ³¸¶¨ÐÓàaÀµ¾�°?ï Û`Õ�àîÐjÀ±´¨³¨Ç�³�E±ÀµÏÌÃ�º\À¨ÐÈ¶±Í±ÀµÏ·�Ð»ºh´¨Ç�³¨à>ºªÃ�º¸ÕÙ³¸¶¨ÐÚà>ÀµÝÖÃ�³¨ó±ÒOÅ­ºµÐ6Àµù=´¨Ç�³¨àaº±Ã�ºªÕÙ³¸¶¨ÐÚàaÀµÝÑÃ�³¨ó±ÒÿÅÆ¾¨À¸Á­³¨ó±Ò�° ï ÛÄàaÕÖÂ Õ×ßÄÇ�ºh¾ªÕ�Ð6ÝÖýj³¨ó±ÀµÏÝÖÃ�º±ÃvÅÆ¾¨À¸Á­³ K GøÕ�¾¸Õ�Ï+ÝÖýj³¨ó±ÀµÏJÕ�ù±ÃRÜ�ó±Ã�ºªÕ�¾ªÕ�ù¸ÕÙºVÃ�ºV´¨Í±Ç�³¨ó±ÀµÏJÅ­Íª´¨³­Ð»ÏÖÒvÏÑÐ»Ü�ÐÈÅ­ÝÑÒh´¨ÏÖÇ�ÐÈ´µÕ×ßÄàaÏÙÐÚÒÅ­¾¨À¸Á¨ÂÄÃN´¨³¨óÿ´¨Ç�³­ÝÖÇ�ýj³ªÃ�ÕÑºµÐîº¸´¨¾ º±óªÕ�¾ªÃµ°ÄÔÌóªÕÙ³­¹a³ÆÐaÃ�ÝÖ³­ÐaÅ­¾¨ÀªÁ¨³­ÐîÏÑ¹ Ã�ºµÐa³­Ð>ºªÅ­¾¸¶µ³¨óY�î³­Ð[]
• Ô:ÃH³÷Å­¾¨À¸Á­³¨Ò K ÏÙ¹ Ã�ºµÐj´¨Ç�³¨à>ºªÃ�º¸ÕÙ³¸¶¨ÐÚà>ÀµÝÖÃ�³¨Ò:Å­ºµÐjÕÙ³¨óÿºª¶ª¶µÍ±Î�³¨ó±ÀµÏ ÕÙ³±ÃÉ´¨Ç�³¨à>ºªÃ�º¸ÕÙ³¸¶¨ÐÚà>Àµ¾QGÕ�¾ªÕ�ÏÌ´¨Ç�³µÅ�E¸´µÕ�ÏÙÐ>ÝÖÃ�ºªÒ¿Ã�ÝÑ³¨Ò�O ´¨Ç�³F�>º±Ã×ßÄÒ_´­Ç�³¨àaº±Ã�ºªÕÙ³¸¶µÐÓàaÀµÝÑÃ�³¨ÒfS/ÅÆ¾¨À¸Á­³¨Ò K′ °
• �vÏ¿ÝÑÃ�º±ÃNÅÆºN�'Ç�ÝL�>Õ�ùOÀ±´¨³¨Ç�³FEªÀµÏÉÃ�ºO´¨Í±Ç�³¨ó±ÀµÏ_ÕÙ³JÏÑ¹»Ü×Â`¶µ³ ÕÙ³¨ó½ºªÇ�ýjÐÈÅ­³FE÷Å­¾­À¸Á¨³­ó K °«ÛÄÜ×ß¾­À±ÂÄÒ_À±´¨³¨Ç�³�E±ÃNÃ�º\´¨Ç�³µÅFE�­î³¨óªÃõÜ�E±³÷Ü¸ÐÈº��î³¨Ç�ÏLÕ�ÐÈÅ­ÍOÏÙ¹ÈÜ�Â`¶±ºÿº±Ã�Íª¶µ³�·�ºÿÀµÏØÕÙ³O´¨³�E��îºõÕÙ³µ´¨³�I�'ÏLÕ�ùY�îÏÑ¹�³¿Å­ºY�îÇ�ÝM�aÕ�ù±ÒNGªÅ­ÍªÕÑÂ�ºª´¨¾_ÕÙ³ªÃ^Å­¾¨À¸Á­³ÉôÌÜ�¹È´µ¶µºÌà�ÕÙ³±Ã/ÅÆ¾¨À¸Á­³�O Ü�ÏÖÒ/àaý'°¬¯±°»Ê�SÖ°¤Ô:óªÕÑ³FEªÒ�'º¿ÕÙ³¨ó±ÒØ³±Ã�³¨ÀµÍ±àa³¨ó±ÀµÏ ÏÑ¹»Ü×Â`¶µºHÕÑ³­ó K Å­ºµÐ��'ºHàaó±À¸Á¨³¸¶¨¹���³±Ã×ÕÙº±Ð K∗ ÅÆº±Ð K̃ ºªÃ�Õ�¹Úà�ÕÙ³­ÐÓýjºÆ°

ú/ý1ô±Àµº+¯±°»Ê�]`²^ºOÏÙ¹ÈÜ�Â`¶±ºÿÕÙ³¨ó K ] K∗ ÅÆº±Ð K̃ °
À B�	�B��@?L	@?�
�?  ��Ø¥>¦­� ¢j£¤��¥ K∗ ¦¨§±¥ K̃ �Ö© éÖ§±¥î¥�Ï1��Ò ��Óª¥¬¦­��© $
�>	@��
��y�S
  ��� C¡:éL§±�X¦¨�L¢1£6���X�×éÙ�L¢J���ó��Ò §±¥YÏ�çÑ¢6¢J��Ò �'¥¬¦¨�,�Ñ© ��''�>� ®

amphicheiral
Õ
mirror

symmetric
± §¸éK�Ñ© éÖ§±¥î¥�Ï1��Ò �HÓª¥¬¦¨���_¢J�PÒL�K�Ö© ��''�>��Ò �Eç $

�>	@��
��y�S
  ��r�¢¡:éL§±�,Óæ����Ï­§ªéL§NÒ ���>¥ÑÏj¢{��éÑ���`¦¨� ¢j£¤��� K ��éÑ�L¢J�����fÒL§±¥�§¸éYÒÙ¥ÑÏ¥Ò �#�-[î¥È¢ê��� ® reversibleÕ
invertible

± §ªéK�Ö© éÖ§ª¥î¥ÑÏ1��ÒL��Óª¥¬¦¨���:¢��PÒL�×é K′ $´�°»ýî°ÄÕÙ³½Õ�Ç�Ð���Eª¶±¶µÐaÏÑ¹ Ã�º±Ð>º±Ã×Õ�ÐÓà�Õ�Ç�ÝL­'Ð»Àµ³¨Ò_ºª¶±¶µÍÿ¾¸ý�Ð>à>óªÀµÀµÏÖÕ�Ç�ÐÈÅ­¾½ÏÙ¹ÈÜ×ÂÄ¶±³�°
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§ ÏÖÅÆÐ Ã�Í±ÀµÏ_Õ�ùªÃõó¸´¨³­ÏÖÃ�¾ªÕ�ùªÕÑº÷ºªóªÕ�ô\´¨º±Ç�³­óªàîÐÈÍ���³±Ã×ÕÙº±Ò_Å­ºªÕ�ÏÑóN�'ÏÑ¹»º±ÃHÕÙ³ªÃõ³¨Ç¸ÐÚàaÀµ¾ Õ�ù±Ò¿º±Ã�ºª¶ª¶µ³­¹ÈÂ`Õ�ù±ÒÅ­¾­À¸ÁµÂÄÃ¨°
�
	���
�����
  ��9¨Î¶ ¥�§¿Ï-ç¸é��ð�¥Ò���Ï���¸^) { ¦¨�L¢1£¤��¥} → L ® ��Ó��Ùç L ¢�Ó����X�Ö©^éÖ§¿�Ö© éÖ§ª¥eÏXÐÙ¢1£¤���¨§ 1§ð�'¥/]¸¢ê��© 1 Ó����jçªèÄé±çÑ¢'§UÕ-Ó����jç¸èXé±çÑ¢'§ Laurent ± 1 �#���W��Ò §±¥ Á « Á ¤X¤§¬ª©¬« ÃHÄ W.Ys¢"­"«
« 1 �L�ªé%)
• K1 ∼ K2 ⇒ I(K1) = I(K2)

$ +Z�E�­§��YÕ 1 §ªéy�NÐª�÷¦­� ¢j£¤��¥ª�Ñ© éÖ§±¥ê¥ÑÏ1��ÒL��Óª¥¬¦­��© 1 ÒÙ��Ò²�H��¥§¸éÖ§Ö�ª�>��©�'lÒ��ð��ÒL�Ùç±��]ª§UÒL§±çHÒÙ©��ð�×éYÒL§±¥ ® ]±§
��� �Eçªé
Ò��ÆéN© ��¥�§
“
ÒL§Ö¢�Ó��æ�¨§

”
±%$

® £ ¬ ÆªÄ ¢ª¦ ©¬« Æ Ä�¯ +°�×�¨§��YÕ 1 ¢ê¥�§R§ªéL§Ö�±�>��©�'lÒ�� ¦¨�L¢1£"'Xé��Ö© éÖ§±¥`¦¨§Ö���R����¥�Ï�¢{�×é,� Ó��ªé-'�ÏW�¦Ù����ÏW�Ö¥Ó�¿¥ÑÏ1��ÒL��Ó�©�§±�_¦¨�L¢1£"'Xé $
¸×Ï1����ÐªéÖ§Ö¢'§ �j¥�§UÒ��1é"¸±��� �EçÑ¢J��)
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µ�i�º�i `U)�É��_%d»
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ú/ýjô±Àµº+¯ª°r¯×��]Äñc´¨Ç�Í±Î�ù
“ · ” Õ�ù±Ò_³¨ÀµÍ±Ü�º±Ò Bn

°
í�³¨Ç�ÐÓàaÀµ¾¨Ò8¯±°�ZWGØÏL´¨Íª·�ÏÑÐ«ÀµÏh´¨Ç�³F�>º±Ã�ô8Õ�Ç�¾µ´¨³ Õ�ù±ÃVÏÑÀH��EªÕ�ÏÖó±àaù Õ�ùªÒ

Bn

à�Õ�ù±Ã
Bn+1

O Ü�ÏÑÒàaý'°¬¯±°¬¯×ãHSL°

ú/ýjô±ÀµºJ¯±°r¯EãW]ÄÛÄÀH�¥E¸Õ�ÏÑó±àaùõÕ�ù±Ò
Bn

àaÕ�ùªÃ
Bn+1

°
À 	
�
��BL
�?  ���  ¡
� ]��÷¦¨��ÒfÏa© �Ù§

σ 1 ¢�Ó����X�Ñ©øéÖ§���¥�§Ö¢J� �'¥ÑÏ¥Ò²�Ö©&ÏW�÷����¥����×éYÒÙ¥ �ð�N��'a�>©��N�ð� 1 ��ÒfÏa¥è$Ï¥Ò²�=�J¦�� ]��Ø¢B©»§+éL§�Ó�� ��¥����,�Ñ¥�¢?��éÙ�É¢B©�§y��¥�§�Ï§Ò §�Ðð��'$Ï�� $
¹Ì����+>¡&¸d¶ 4 ) �¤Ð»º+Õ�Ç�ÏÙÐÚÒ\·�ÏÙÐ ÕÙ³ªÃ¸ÐÞÅÆÝÖÒOÅ¨¶±ÂÄà�Õ�ÝÑÒõÕÙ³Ràaó±À±´¨ÝÖÇ�º±àaÀµº+ÐÚà>ýWE±ÏÙÐ-¶µ¾¸·1Â ³¨Ç�ÐÓàaÀµ³�E=ÕÑÂÄÃÅ­³¸Õ�àî¹ÈÜ�ÂÄÃµ°��¤Ð»º+ÀµùJ·�ÏÙÐ ÕÙ³ªÃ¸ÐÞÅÆÝÖÒOÅ¨¶±ÂÄà�Õ�ÝÖÒ\Ü�Ð»ºªÕÙºªÇ�Íªà>àa³¨ó±ÀµÏ
IØº±Ã÷ýjÇ�ÏÙÐÈº±à�Õ�ÏÙ¹¥IKO àaÕ�ùªÃO´¨ÏÖÇ¸¹Þ´µÕÑÂÄàaù´¨³¨óRÜ�E±³�Ü�Ð»º±à�ÕÙºªó±Ç×ßÄà>ÏÑÐÓÒOÏÑ¹ Ã�ºµÐ?ºªÅ­Ç�ÐÓÁ¨ßÄÒ½à�ÕÙ³�¹»Ü�ÐÓ³¿E�­>³­ÒfSHÀ¨¹»ºvºª´¨¾�Õ�ÐÓÒ÷Õ�ÝÖàaà>ÏÖÇ�ÐÓÒÿÅ­¶ªÂÄàaÕ�ÝÖÒYGBÀµÏÕ�ÝLÕÙ³­ÐÓ³ªÃNÕ�Ç�¾µ´¨³½ßÄà�Õ�ÏÌÃ�ºOý1º±Àµùª¶±ßÄàa³¨ó±ÀµÏÌôÿÃ�ºÿó�­aßÄà>³¨ó±ÀµÏØÕ�ùªÃNÀ¨¹ÈºOº¸´¨¾½Õ�ÐÚÒ¿Ü�E±³½Ü�Ð»º±à�ÕÙº±óªÇ�ßÄàaÏÑÐÓÒàaÏÌàaýjÝÖàaùõÀ¨ÏØÕ�ùªÃHÍª¶ª¶µù1°`¼¿Í±Ã�³±Ã×ÕÙºªÒ_º±ó¸Õ�ôõÕ�ù±ÃÉÜ�Ð»º±Ü�ÐÈÅ­º±à>¹»ºÿ¾¨à>ÏÖÒ
�>³¨Ç�ÝÖÒ_ýjÇ�ÏÙÐ»ºªàaÕ�ÏÑ¹[GjÎ�ÏLÅÆÐ Ã×ßÄÃ×ÕÙºªÒýî°ÓÁa°ÞÕµ°Þ·�°Xºª´¨¾÷Õ�ù±ÃÉÕ�ÝÖÕÑº±Ç×Õ�ùõÅ¨¶±ÂÄà�Õ�ô\Å­ºµÐ�´¨Ç�³ªýÆÂÄÇ�ßÄÃ×ÕÙºªÒÉÜ�Ð»ºªÜ�³ªýjÐÈÅ­ÍWG>Ü¸¹Úý1ÂÄÒ¿Ã�ºÿýjºª¶±Í±ÀµÏØÕ�ÐÓÒ_´¨Ç�³�Iù¸·�³�E±ÀµÏÑÃ�ÏÖÒ¿Ü�Ð»º±à�ÕÙº±ó±Ç×ßÄàaÏÑÐÓÒNGj´¨Ç�³­Ò_Õ�ù±Ã

n
I ÂÄàaÕ�ôõÅ¨¶±ÂÄà�Õ�ôWGjºª´¨³¨Ü�ÏÙÐÈÅ­Ã�E±ÏLÕÙºµÐaÕÑ³ ��ùªÕÙ³�EªÀ¨ÏÖÃ�³�°

À-ÁXÂWÁ�ÃHÅsÂHÄsÆªÄË¯ ì/Í±àaÏÑÐ'ÕÑÂÄÃÿ´¨ºªÇ�º¸´¨Í±Ã×ÂqG-À¨Ð»º �îóªàîÐÚ³¸¶µ³¸·aÐÈÅ­ô+ÏL´­ÐÈ¶µ³¸·�ô ·�ÏÑÃ�Ã�ùªÕ�¾¨Ç×ÂÄÃOÕ�ù±ÒN³¨ÀµÍ±Ü�º±Ò
Bn

G�ÏÙ¹ Ã�ºµÐ>ºªóªÕ�ô\ÕÑÂÄÃNà�ÕÙ³­ÐÚýjÏÑ¹ÈÂÄÃ
σ1, . . . , σn−1 ,¾µ´¨³¨ó

σi
ÏÙ¹ Ã�ºµÐ­À¨Ð»ºÉÅ­³ªÕ�à>¹»Ü�ºHÀµÏ

n
Å¨¶±ÂÄà�Õ�ÝÑÒNGÆ¾µ´¨³¨óNù

i
IæÅ¨¶±ÂÄà�Õ�ô_ÅÆº¸ÕÙºª¶µô¸·�ÏÙÐ¨à�ÕÙ³

i+1
àaù±ÀµÏÑ¹Ó³NÕÙ³¨óÅ­ÍªÕÖÂ8ÏL´­ÐÈ´¨ÝÑÜ�³¨óWGÆÅ­ºµÐÆù

i+1
IæÅ¨¶±ÂÄà�Õ�ôÉà�ÕÙ³

i
àaù±ÀµÏÑ¹Ó³NÕÙ³¨óHÅ­ÍªÕÖÂ8ÏL´­ÐÈ´¨ÝÑÜ�³¨óWGÆ´¨ÏÖÇ�Ã�ßÄÃ×ÕÙºªÒ ´¨ÍªÃ�Â ºª´¨¾Õ�ùªÃ

i
IæÅ¨¶±ÂÄà�Õ�ô1°`ËÌºªÇ�Í¸¶±¶µùª¶±ºÿ³­Ð>óª´¨¾¸¶±³ÆÐÞ´¨ÏÑÒ¿Å¨¶±ÂÄà�Õ�ÝÑÒ

σj
G�Î�ÏLÅÆÐ Ã�³�E±Ãõºª´¨¾½ÕÙ³

j
Iæ³¨àaÕ�¾÷à>ùªÀ¨ÏÑ¹Ú³½ÕÑ³­ó´¨ÍªÃ�Â�ÏL´­ÐÈ´¨ÝÖÜ�³¨óÌÅ­ºµÐ�ÅÆº¸ÕÙºª¶µôª·j³­óªÃ«àaÕÑ³

j
Iæ³¨àaÕ�¾_àaù±ÀµÏÑ¹Ó³:ÕÙ³¨óØÅ­ÍªÕÖÂ�ÏL´­ÐÈ´¨ÝÖÜ�³­óÆ°6ï Û`Õ�à>Ð¸³_·�ÏÑÃ�Ã�ôªÕÑ³­Ç�º±Ò

σi
ÝÖýjÏÙÐ�Õ�ù±ÃHºªÅ­¾¸¶µ³¨óY�îùOÀµ³¨ÇN�>ôW]



¯�Z `P!
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¹
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ú/ý1ô±Àµº+¯±°¬¯Eâ�]Xíû·jÏÑÃ�Ã�ôªÕÙ³¨Ç�º±Ò
σi
°

Û$EªÅ­³¸¶µº:ÅÆºªÃ�ÏÑ¹ÚÒ«À±´¨³¨Ç�ÏÑ¹±Ã�ºÌ´¨ÏÑÐÓà��îÏÙ¹ª¾ªÕ�ÐªÕÙº
σi
·aÐ»º

i = 1, . . . , n−1
ÐÈÅ­º±Ã�³¨´¨³­ÐÓ³�E±ÃØÕ�ÐÓÒ/º¸ÅÆ¾¸¶±³­óN�'ÏÖÒàaýjÝÑàaÏÑÐÓÒN]

σiσi+1σi = σi+1σiσi+1,
O ¯±°¬¯�S

σiσj = σjσi , |i− j| ≥ 2.
O�¯±°»��S

ÔÌ´¨³¨Ü�ÏÑÐÈÅ­ÃNEªÏÖÕÙº±Ð/Ìø¾¸Õ�Ðµ³ÆÐµàaýjÝÖà>ÏÑÐÓÒ
O�¯±°¬¯�S6Å­ºµÐXO�¯±°���S?Ü�¹ Ã�³¨ó±Ã Õ�ù±Ã^´¨º±Ç�Í±à�ÕÙº±àaùØÕ�ù±Ò/³¨ÀµÍ±Ü�º±Ò
Bn

°¤ï Û`Õ�à>ÐÜ�E±³ Å­³ªÕ�à>¹»Ü�ÏÑÒ+àaó±Ã�Ü�ÝÑ³ªÃ�ÕÑºµÐ`ÀµÏÖÕÙºªÎ�E�ÕÙ³¨ó±ÒJÀµÏ À¨Ð»º�àaýjÝÖà>ù�GXº±ÃhÅ­ºµÐÄÀµ¾ªÃ�³ º±ÃHGlÏÙ¹ Ã�ºµÐXÐÓàa³¸ÕÙ³µ´­ÐÈÅ­ÝÑÒNGÐÓàa³¨Ü�E±Ã�º±Àµº�º±ÃhÅ­ºµÐÄÀµ¾±Ã�³ ºªÃ�Glù�À¨¹»º�´¨Ç�³¨ÅFE¸´¨Õ�ÏÑÐXºª´¨¾ Õ�ù±ÃhÍª¶±¶±ù�ÀµÏ½Õ�ù±ÃhÜ�Ð»º±Ü�³ªý�ÐÞÅÆô ÏL�îº±Ç�Àµ³¸·�ôÕÑÂÄÃõàaýjÝÖà>ÏLÂÄÃ�O �Æ°¬¯�S/Å­ºµÐJO �­°���S²G O ´¨Ç�³��îº±Ã×ßÄÒ¿ÅÆº±Ð>ÕÑÂÄÃõàaýjÝÖà>ÏLÂÄÃ
σiσ

−1
i = 1

SL°Xï Ô:Ç�º÷ÝÑý1³­óªÀµÏ_Õ�ù±Ã´¨º±Ç�ºªÅ­ÍªÕÑÂ ´¨Ç�¾¸ÕÙº±àaù\Õ�ù±ÃH³¨´¨³­¹»º��îº��îÏÖÂÄÇ�³�E±ÀµÏÌÂÄÒ_ÕÙ³ªÃõº¸¶±·�ÏðÁ­Ç�ÐÈÅ­¾J³¨Ç�ÐÓàaÀµ¾½·aÐ»ºÿÕ�ùªÃN³¨ÀµÍ±Ü�º
Bn

°
À 	>�_��BZ
U?  #�r� 4 �L¢J���Ù§ Ò('Xé÷¦­��ÒfÏa© ��'XéO¢��

n
¦E��'$Ï§Ò��ð�

(Bn, · ) 1 �³�,�Ñ¥JÒ��ÆéU�-0�Õ­��Ó×§ð�X��ÖÏ¥ÒL§�Ï��6)
Bn =

〈
σ1, . . . , σn−1

∣∣∣∣∣
σiσi+1σi = σi+1σiσi+1,
σiσj = σjσi , ∀|i− j| ≥ 2.

〉 O ¯±°ÈãHS
��Ó��Eç

“ · ” � ® ��¥È¢�� �§Õ­� ± Ó��X��0��AÒ��­�J�L¢J���Ù§±� 1 Ó��Eç����a©��ó��ÒL§ª¥ ® ¢���Óæ�����>§ªéYÕAÒ �a��Ó�� ± 'Ä��ÏXÐªé�]��óÖÏ�� ¦¨��ÒfÏa© ��'Xé ® ���^'¤¢J��Ò �'¥¬¦�� 1 £s��� ��éNÒL§±��ÒL�×é-���^0�¥��R���'��Ò��Æ����¥È¢�� �>��Ð±�-Ó��X��0��Æ�J¦F��Ò('[§�Ó��oÒL�×é§ð�'¥ÑÏ¥Ò²� �a� ±�$
ÀoÁXÂWÁ�ÃHÄ§Â�Å§Æ ¦�Ç�ÈO ¯�S ËÌÇ�³��>º±Ã×ßÄÒÉùÿ³¨ÀµÍ±Ü�º\ÕÑÂÄÃHÅ­³¸Õ�àî¹ÈÜ�ÂÄÃ O

Bn , ∀ n ∈ IN − {0, 1}
S«ÏÑ¹ Ã�º±Ð>Í¸´¨ÏÙÐ»Ç�ù1°ÄËÌÇ�Íª·jÀµºªÕ�Ð[Gº±Ç×Å­ÏÙ¹jÅÆºªÃ�ÏÑ¹ÓÒ_Ã�º\àaÅ­ÏL�>Õ�ÏÑ¹�¾¸Õ�Ð�´¨ºµ¹»Ç�Ã�³ªÃ�ÕÑº±Ò¿Àµ¾ªÃ�³½ÝÖÃ�º\Õ�ù±Ò:àaÕÑ³ÆÐÚýjÏÑ¹Ó³QGaÝÑà�ÕÑÂ ý'°ÚÁa°ÞÕµ°Þ·�°ÄÕÑ³

σ1
G1Õ�¾ªÕ�Ïº±óªÕ�¾÷´¨ºªÇ�Í¸·�ÏÙÐ�ÕÑ³ àXE±Ã�³¸¶µ³Q] {σ ν

1 | ν ∈ IN ∗} G�ÕÑ³ ³µ´¨³­¹Ó³JÏÙ¹ Ã�ºµÐ>Í¸´¨ÏÙÐ»Ç�³ óª´¨³¨àXE±Ã�³¸¶µ³½Õ�ùªÒ Bn

°
O ��S�ú/º±Ã ·�ÏÑÃ�Ã�ôªÕÙ³¨Ç�ÏÖÒ«Õ�ù±Ò/³¨À¨ÍªÜ�º±Ò

Bn

³¨Ç�¹Óàaº±ÀµÏøÃ�º¿ÏÙ¹ Ã�ºµÐµÕÑº¿à�ÕÙ³­ÐÚýjÏÙ¹Èº
σ1, . . . , σn−1

°¤ï í_À±ÂÄÒ«ºª´¨¾º±óªÕ�¾NÜ�ÏÖÃ:ÏÙ¹ Ã�ºµÐ¨´¨³¸Õ�Ý«Ü�ó±Ã�ºªÕ�¾±ÃÌÃ�º¿´¨º±Ç�º±ý��î³�E±ÃØÕÙºÉºªÃ×Õ�¹Óà�Õ�Ç�³F�>º¿àaÕÑ³ÆÐÚýjÏÑ¹»º
σ−1i , i = 1, . . . , n−1

°ÔÌÅ­¾¨Àµº÷´­ÐÚ³+ºª´µ¶±ÍWGaÜ�ÏÑÃõÀ±´¨³­Ç�ÏÑ¹>´¨³ªÕ�Ý_Ã�ºÿ´¨º±Ç�º±ý��îÏÑ¹aÕÙ³ ³¨ó±Ü�ÝÖÕ�ÏÖÇ�³JàaÕÑ³­ÐÓýjÏÑ¹Ó³*Í_º¸´¨¾ ÕÙº
σi
°,�êÏÖÂÄÀµÏ�IÕ�Ç�ÐÈÅ­Í\ÕÙ³÷à�ÕÙ³­ÐÓýjÏÑ¹Ó³

σ−1i
³­Ç�¹���ÏLÕÙºµÐ�Ã�ºÿÏÑ¹ Ã�º±Ðaù\Ü�Ð»ºªàaÕÑº�E±Ç×ÂÄàaùõÀµÏLÕÙº±Î�E

i
Å­ºµÐ

i+ 1
Å¨¶±ÂÄà�Õ�ô±ÒNGj¾¨´¨³¨ó¾¨À±ÂÄÒÉùÿº±Ç�ÐÓà�Õ�ÏÖÇ�ô\Å¨¶ªÂXà�Õ�ô\´¨ÏÖÇ�Ã�Í±ÏÙÐ�´¨Í±Ã×Âáºª´¨¾÷Õ�ù±ÃNÜ�ÏÖÎ�Ð»ÍWG O Ü�ÏÖÒ¿àaý'°r¯ª°r¯���SÖ°

Îda ðfâÏ��é�ô þ À�øLû�é½ïLðfàqî�âMò E.Artin �Ðda½ö²î�à&à�ùÁ�Xã3��é'òªëNöMù²ý�ïMô ò�é�ê�ð�ìLòóî�ï��6Ñ�ê\ï½ðfïMá�ì-��é�ê íYùMïN÷×ïLò ð�ìLá�â�öLùféQî�øLò û�öLûfõ�ê û�ú âfùfì-��ï
(G = 〈α〉 , ·)

îóìÁÒóøMã
k Ó |G| = k Ô ùfé e î'â0â�ö-��üËî�é'á�â_ë�î�â�ê þ é�ô â�÷�î�à²î�é α−1 = αk−1

û�ïMê
e = αk
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ú/ýjô±ÀµºJ¯±°r¯���]`²^³ àaÕÑ³ÆÐÚýjÏÑ¹Ó³yIX·�ÏÑÃ�Ã�ôªÕÑ³­Ç�º±Ò"I
σ−1i

°

ú/ýjô±Àµº+¯ª°r¯���]`²^³J³¨ó±Ü�ÝLÕ�ÏÑÇ�³ à�ÕÙ³­ÐÚýjÏÙ¹Ú³
e
°

ï Ô:Ç�ºWGaº±ÃT�îÝL¶µ³¨ó±ÀµÏ:Ã�ºÿÏÙ¹»ÀµºªàaÕ�ÏÌÀµºY�îù±ÀµºªÕ�ÐÞÅÆÍ\º±óªàaÕ�ùªÇ�³­¹W�îº\´¨Ç�ÝÖ´¨ÏÑÐ>Ã�ºÿ·jÇ�Í�­î³¨ó±ÀµÏ�]
Bn =

〈
σ1, . . . , σn−1
σ−11 , . . . , σ−1n−1

∣∣∣∣∣
σiσi+1σi = σi+1σiσi+1,
σiσj = σjσi , ∀|i− j| ≥ 2.

〉
.

O ãHS�í¿ÐêàaýjÝÖà>ÏÑÐÓÒ�O �Æ°¬¯�SÌÅ­º±ÐlO �Æ°»��S:Àµº��¸¹-ÀµÏHÕ�ÐÓÒÿàaýjÝÖàaÏÙÐÚÒ
σ−1i σi = 1

GêÏÙ¹ Ã�ºµÐê³­Ð'Á­º±à>ÐÈÅ­ÝÑÒ\àaýjÝÖà>ÏÑÐÓÒÐÚàa³ªÕÙ³µ´­¹»º±ÒÉÀµÏLÕÙº±Î�EõÕÑÂÄÃHÅ­³ªÕ�à>¹»Ü×ÂÄÃ�O Å­ºµÐaÀµÍª¶¨ÐÚàaÕÑºÿÀµ³ªÃ�º±Ü�ÐÈÅ­ÝÑÒfSÖ°
O â�S�Ô:ÃØàaÕÑ³±ÃÌí_Ç¸ÐÚàaÀµ¾÷¯±°�ZWG��îÝÑàa³¨ó±ÀµÏ

ε Õ �WG±Õ�¾ªÕ�Ï
O ¾ªý�Ðµ´µ¶µÝÖ³±ÃÌÏÑÀH��EªÕ�ÏÖó±àaùHS¤´¨Ç�³µÅFEª´µÕ�ÏÙÐ¨ÀµÏLÕ�ÍY�îÏÑàaù1°rø¾¸·jÂ ÕÙ³¨óJ¾¸Õ�Ð�ùJÜ�ÏÖÜ�³­ÀµÝÖÃ�ù Å­³ªÕ�à>¹»Ü�ºU�îº ÝÖýjÏÑÐ�´¨Ç�³ªÁ¨¶µùN�'ÏÑ¹î´¨Í±Ã×Â	à�ÕÙ³=ÏL´­¹È´¨ÏÖÜ�³QG-Ü�ÏÑÃOÏÑ¹»Àµº±à�Õ�ÏÉà>Ï�îÝÖàaù�Ã�ºV·jÃ�ÂÄÇ�¹���³¨ó±ÀµÏJÕ�¹ÄºªÅ­Ç�ÐÓÁ¨ßÄÒ+·a¹ Ã�ÏÖÕÑºµÐXà�ÕÙ³ ÏÑÃ�Ü�Ð»Í±ÀµÏÖàa³ Õ�ù±Ò+Ü�Ð»º±Ü�Ç�³¨Àµô±Ò=ÏÖÎ�º¸¶µÏÑ¹��î³ªÃ×ÕÙº±Ò+ÀµÏºªóªÕ�¾vÕÙ³ªÃ Õ�Ç�¾µ´¨³�¾¸¶±ÏÑÒÿÕ�ÐÓÒOÜ�Ð»º±à�ÕÙºªó±Ç×ßÄàaÏÙÐÚÒ¸°÷²^³�Àµ¾±Ã�³R´¨³¨óvÏÑ¹»Àµº±à�Õ�Ïõà>Ï��'ÝÖàaù=Ã�º=·jÃ×ÂXÇ�¹���³¨ó±ÀµÏÏÑ¹ Ã�º±ÐÄºª´¨¾ ´¨³FE�Î�ÏLÅÆÐ Ã�ÍªÏÙÐÄÅ­ºµÐ`´¨³�E�Å­ºªÕÙº¸¶µôª·�ÏÑÐBÅ­ÍY�îÏ½Å¨¶±ÂÄà�Õ�ôWGXÜ�ùª¶µº±Ü�ô�º±óªÕ�¾ ´¨³¨ó�·jÃ�ÂÄÇ�¹���³¨ó±ÀµÏÏÑ¹ Ã�º±Ð>ùÿÀµÏÖÕ�ÍY�îÏÖàaùõÕÑÂÄÃ
n
àaÕÑ³ÆÐÚýjÏÑ¹ÈÂÄÃ�O ÍªÅ­Ç×ÂÄÃNS/Õ�ù±Ò:Å­³ªÕ�à>¹»Ü�º±Ò�O Ü�ÏÑÒ¿àaý'°¬¯±°¬¯�Ê�SL°

ú/ýjôªÀµº+¯±°¬¯�Ê�]Äñ ´¨Ç�³ªÁ­³¸¶±ôOÅ­³¸Õ�àî¹ÈÜ�ºªÒÉÏÑ¹ Ã�ºµÐaÀµÏÖÕ�ÍN�'ÏÖàaù1°
ÔÌ´¨¾RÃ×ÂÄÇ�¹ÚÒOÏÑ¹ÓýjÏN´¨º±Ç�ºªÕ�ù±Ç�ùY�îÏÑ¹-¾¸Õ�ÐêÅ¨¶µÏÑ¹ Ã�³±Ã×ÕÙº±ÒÿÀ¨Ð»º+Å­³¸Õ�àî¹ÈÜ�º+´¨Ç�³µÅFEª´µÕ�ÏÑÐ¤ÝÑÃ�ºªÒ\´¨Ç�³¨à>ºªÃ�º¸ÕÙ³�I¶µÐÓàaÀµÝÑÃ�³¨Ò_Å­¾¨À¸Á­³¨Ò¸°øú/óª·jÅ­ÏÖÅ­Ç�Ð»ÀµÝÖÃ�ºWG>Ü�ÏÖÜ�³¨ÀµÝÑÃ�³¨ó÷À¨Ð»º±Ò_Å­³¸Õ�àî¹ÈÜ�ºªÒ

α ∈ Bn

G�ÏMEªÅ­³¸¶µºOÀ±´¨³¨Ç�³�E±ÀµÏ_Ã�º
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Å­ºªÕÙº±à�Å­ÏÖó±Í±àa³¨ó±ÀµÏ«ÝÑÃ�ºªÃ:´¨Ç�³¨àaº±Ã�ºªÕÑ³¸¶¨ÐÓàaÀµÝÖÃ�³õÅ­¾¨À¸Á­³

α̂
G­´¨³­óP�'ºH³ªÃ�³¨À¨Í���ÏÖÕÙº±Ð Ã ¬�W§¤§¦ © Æ Ç ¢ ¬ Ã ¬"Ö

α
GaÀµÏÌÕ�Ç�¾µ´¨³JºªÇ×ÅÆÏLÕ�Íÿ´¨ºªÇ�ºªàaÕÑºªÕ�ÐÈÅ­¾½ºª´¨¾½Õ�ùªÃH´¨º±Ç�ºªÅ­ÍªÕÖÂáÏÙÐÞÅÆ¾ªÃ�º1°

ú/ý1ô±Àµº+¯±°¬¯�ZW]`²^³½Å¨¶µÏÑ¹Óà>Ð»Àµ³½Å­³ªÕ�à>¹»Ü�º±Ò¿ÏÙ¹ Ã�ºµÐaÅ­¾¨À¸Á­³¨Ò�°

ÔÌóªÕ�ô ù^´¨º±Ç�ºªÕ�ôªÇ�ùªà>ù/ß��îù±àaÏBÀµÏL·�Íª¶µ³¨ó±ÒÄÀµºY�îù±Àµº¸Õ�ÐÈÅ­³FEªÒÄ¾µ´µÂÄÒl³
Alexander

ÅÆº±Ð¸³
Markov

GÃ�ºhàaó±À¸Á­Íª¶±³­óªÃ÷ÅÆºN�'³¨Ç�ÐÓà�Õ�ÐÈÅ­ÍhàaÕ�ùªÃ ºªÃ�Í¸´µÕ�ó±Î�ù+Õ�ù±Ò
�îÏLÂÄÇ¸¹Èº±ÒÿÅ­¾¨ÀªÁµÂÄÃµ°÷ï Û`Õ�à>Ð¤ÝÑýj³¨ó±ÀµÏõÕÙºhº¸ÅÆ¾�I¶µ³¨óY�îº��îÏÖÂÄÇ�ô±ÀµºªÕÑº1°

:�;=<>	@?A�CB  ��rë ®
Alexander

¯,×�³FºM± ¡
� ]��_Ó��'��Ï­§ªéL§NÒL�æ�>¥ÑÏj¢{��éÑ���ø¦¨�L¢1£¤��� ® ÕN¦L�>©¬¦¨��� ± 1 ¢&Ó×�fÖ�X�Ñ©-éÖ§O¥�Ï1��Ò ��Ó,�Ø]��Ö©�Ï¥ÒL�H¦Ù�F�Ö©ÑÏa¥È¢ê�H¢ê¥�§ª�É¦¨��ÒfÏa© �Ù§±� $
¹Ì����+>¡&¸d¶ 4 ) ñ ºª´¨¾¨Ü�ÏÑÐ»Î�ù\´¨³¨ó\ÝÑÜ×ÂÄàaÏØ³

Alexander
ÏÑ¹ Ã�ºµÐjÅ­ºªÕÙºªàaÅ­ÏÖó±º±à�Õ�ÐÈÅ­ô�O ¾¨´µÂÄÒÌÅ­ºµÐ¾¸¶µÏÖÒÉ¾¨àaÏÖÒ¿óª´¨Í±Ç�ýj³¨ó±ÃNSLGjÅÆº±Ða´¨º±Ç�ºª¶µÏÑ¹È´¨ÏLÕÙºµÐ¬°

ú/ý1ô±Àµº+¯±°¬¯×öW]Bü�à>³¸ÕÙ³µ´­ÐÓàaÀµ¾¨Ò¿ÕÙ³¨óÿÕ�Ç�Ð��>óª¶±¶µÐÓ³�EOàaÏÌÅ¨¶µÏÑ¹Óà>Ð»Àµ³½Å­³ªÕ�à>¹»Ü�º±Ò�°
ï í¿À±ÂÄÒ¿¾¸¶µÏÖÒÉ³­Ð>ºª´¨¾µ´¨ÏÑÐ»Ç�ÏÑÒ¿´¨³­óOÝL·aÐ Ã�º±ÃHGaÃ�ºOýjÇ�ù±à>Ð»Àµ³µ´¨³ÆÐÓùY�î³FEªÃ\³­ÐaÅ­³ªÕ�à>¹»Ü�ÏÑÒ¿·aÐÈºOÕ�ù±ÃNÀµÏL¶µÝLÕ�ùÕÑÂÄÃ\Å­¾¨À¸Á¨ÂÄÃO³¨Ü�ôª·�ù±àaº±Ã\àaÕÑ³+ºªÅ­¾¸¶µ³¨óY�î³=àa³±Á¨º±Ç�¾+´¨Ç�¾ªÁ¨¶µù±Àµº�] 4 §ªéL§�Ó×§ð�X��Ï¥ÒL§�Ï��*�×é����õ¦¨� ¢j£¤�Eç

L 'Ä�UÒ � ¦E���Ö©ÑÏa¥È¢ê�½¢ê¥�§±�O¦¨��ÒfÏa© �Ñ§±�y�N�×é �Ñ© éL§±¥¤¢ê��éL§���¥¬¦�Õ °+ÛÄóªÕ�óªý1ßÄÒYG6ÀµÏÖÕ�Í=º¸´¨¾R¶¨¹Ú·jºhýjÇ�¾±Ã�Ð»ºv³
A.A.Markov

Á¨Ç�ô¸ÅÆÏÄÐÈÅ­º±Ã�ÝÑÒXÅ­ºµÐ¸º±Ã�ºª·1ÅÆº±¹»ÏÑÒlàaó±Ã��îôªÅ­ÏÖÒÄ·aÐÈºÌÜ�E±³:Å­³ªÕ�à>¹»Ü�ÏÖÒ
α ∈ Bn

Å­ºµÐ
β ∈ Bm

GßÄà�Õ�ÏHÃ�ºJÝÑýj³¨ó±Ã½ÐÚà>³¸ÕÙ³µ´­ÐÈÅ­Í+Å¨¶µÏÑÐÓà>¹»ÀµºªÕÙºÆ°ÉÔÌóªÕ�ÝÖÒõ³ÆÐ-àaó±Ã��îôªÅ­ÏÑÒ O Ü�E±³+ÕÙ³=´µ¶µôY�î³¨Ò�SÌÝÖýj³¨ó±Ã÷ÀµÏÑ¹ Ã�ÏÑÐÀµÏÌÕÙ³±ÃN¾¨Ç�³
“
Å1Ð Ã�ô±àaÏÑÐÓÒ

Markov”
ÅÆº±Ð>ÏÑ¹ Ã�ºµÐa³­Ð>ºªÅ­¾¸¶µ³¨óY�îÏÖÒY]

• Õ�Eª´¨³¨ó � ¯
Bn 3 α ∼ σiασ

−1
i ∈ Bn , ∀σi ∈ Bn

G
• Õ�Eª´¨³¨ó �-� ¯

Bn 3 α ∼ ασ±1n ∈ Bn+1
°



µ�i�º�i `U)�É��_%d»
!5� �Æ¯

ú/ýjô±Àµº+¯ª°��Y�W]Ä¼ÉÐ Ã�ô±àaÏÑÐÓÒ
Markov

°
:S;�<U	@?A�CB  #��  ®

Markov
¯,×�º*ÙL± ¹Oé

α ∈ Bn

¦¨§±¥
β ∈ Bm 1 ��� �Eç¸é^¥ÑÏ1��ÒL��Óª¥¬¦��:¦Ù���Ö¥ÑÏa©È¢'§NÒ § 1ÒÙ��Ò²�:çFÓ��ð�^�,�Ñ¥­¢ê¥�§yÓ���Ó�� �a§�Ïj¢\�×é,�O§ª¦¨���>�Eç�]±©�§N§�Ó×�¿¦¨¥ éNÕ�ÏW�Ñ¥Ó�
Markov

ÒfÐ�Ó��Eçd¸/¦¨§±¥XÒfÐ�Ó×�Eçd¸Ë¸ 1 Ó��Eç���,�µ�j��Ðªé�ÒL�
α
Ï¥ÒL�

β
$

ñcºª´¨¾¨Ü�ÏÑÐ»Î�ùO´¨ºªÇ�ºª¶µÏÑ¹È´¨ÏÖÕÑºµÐr°
úl	_íbrøü í ] O�¯�S ²^³Jº±Ã×Õ�¹ÚàaÕ�Ç�³��>³½ÕÑ³­óy�_ÏÖÂÄÇ�ô±ÀµºªÕÑ³­Ò

Markov
G�ÏÙ¹ Ã�ºµÐa´¨Ç�³��>º±Ã�ÝÑÒ�°O ��S	ñòÜ�Ð»ÀµÏL¶µô±Ò¿àaýjÝÖàaù

“ ∼ ”
ÏÙ¹ Ã�ºµÐaà>ý1ÝÑàaùOÐÚàa³­Ü�ó±Ã�ºªÀ­¹Èº±Ò¿à�ÕÙ³ ∪∞n=1Bn

°O ãHS �OóªàaÕ�óªý1ßÄÒYGÆÕÙ³U�_ÏLßÄÇ�ù±Àµº
Markov

GjÜ�ÏÑÃÉÏÙ¹ Ã�ºµÐjÏMEªÅ­³¸¶µ³÷Ã�º\ÏL�îº±Ç�Àµ³¨à�Õ�ÏÙ¹1ºª´ªï±ÏÑóN�'ÏÑ¹»º±ÒNGjÜ�Ð»¾ªÕ�Ð³­ÐîºªÅ­³¸¶±³­óN��¹ÈÏÑÒÉÕÖÂXÃHÅ1Ð Ã�ô±àaÏÖÂÄÃõÀ±´¨³¨Ç�ÏÑ¹îÃ�º÷ÏÑ¹ Ã�º±ÐîÀµÏL·�Íª¶µÏÖÒ¿Å­ºµÐ>Ã�ºO´¨ùª·�º±¹ Ã�³¨ó±Ã\àaÏ:´¨³¸¶±¶µÝÖÒÉÜ�Ð»º��>³�IÇ�ÏLÕ�ÐÈÅ­ÝÑÒ¿³­ÀµÍªÜ�ÏÖÒ_Å­³ªÕ�à>¹»Ü×ÂÄÃµ°
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1 �32 465
����7 Ú

Û > 9 >d=ÝÜXÞ ßàÜ�x >
Jones

ú/Ï^ºªóªÕ�¾NÕÙ³NÅ­ÏM�>Íª¶µº±ÐÓ³\à�Õ�¾ªýj³¨Ò Àµº±Ò ÏÑ¹ Ã�º±ÐÆÃ�ºÉ´¨ºªÇ�³¨ó±à>Ð»Íªà>³¨ó±ÀµÏøÕÙ³ Ó����jçªèXéªçÙ¢ê�
Jones

Ü�E±³\ÀµÏLÕÙºNIÁµ¶µùªÕ×ßÄÃµ°¤Ô:Ç�ý�ÐÞÅÆÍ0�'º Ü×ßÄà>³¨ó±ÀµÏBÅÆÍ¸´¨³ÆÐÚ³¨ó±ÒÄÁ­º±à>ÐÈÅ­³�E±Òl³¨Ç¸ÐÚàaÀµ³FEªÒø¾µ´µÂÄÒXÕÙ³±Ã«³¨Ç�ÐÓàaÀµ¾_Õ�ùªÒlÍ¸¶±·�ÏðÁ­Ç�º±ÒYGÕÑ³­ó R− ´¨Ç�¾ªÕ�óª´¨³¨ó¿O R −module
S²G-ÕÙ³¨ó ÕÙº±Ã�ó±à�Õ�ÐÈÅ­³�E ·aÐ Ã�³¨ÀµÝÖÃ�³­ó+Å­ºµÐ-Íª¶ª¶µ³¨ó±ÒYG-³­Ðê³µ´¨³­¹Ó³­Ð¤ÏÙ¹ Ã�ºµÐº¸´¨º±Ç�ºµ¹ÚÕ�ù¸ÕÙ³­Ða·�Ð»ºOÕ�ùªÃNº±Ã�Íª´µÕ�ó±Î�ù\Õ�ù±Òb�îÏLÂÄÇ¸¹Èº±Ò¿º±óªÕÑ³FE\ÕÙ³¨óÿÅÆÏL�>ºª¶µºµ¹Ú³¨ó1°øúøÕ�ù±Ãõàaó±Ã�ÝÖýjÏÑÐ»º
�îº\´¨ºNIÇ�³¨ó±à>Ð»Í±àa³¨ó±ÀµÏÌÕ�ù±ÃNàaó±Ã�Í±Ç×Õ�ù±àaùÿ¹ÚýjÃ�³¨ó±ÒÉÕÑ³­ó

Ocneanu
Å­ºµÐ>ÝL´¨ÏÙÐ ÕÙºÿÕ�ù±ÃNÜ�ù±À¨ÐÚ³­óªÇ×·a¹»ºOÕÙ³¨óÿ´¨³¸¶µóªÂJIÃ�E±Àµ³¨ó

Jones
Ü�E±³NÀµÏLÕÙº�Á¨¶µù¸Õ×ßÄÃHGµºª´ªï�º±ó¸Õ�ô±Ãµ°?²^ÝL¶µ³¨Ò,�'º:´¨º±Ç�³¨ó±à>Ð»º±à�ÕÙ³�E±Ã Å­Íª´¨³­Ð»ºÉ´¨º±Ç�ºªÜ�ÏÑ¹Ú·jÀµºªÕÙºÅ­ºµÐ��îº\·a¹ Ã�³¨ó±Ãõ³¨Ç�ÐÓàaÀµÝÖÃ�ÏÖÒ¿à>ùªÀµº±Ã×Õ�ÐÈÅ­ÝÑÒ:´¨º±Ç�ºªÕ�ù±Ç�ô±àaÏÑÐÓÒ�°

e*��� á �
¸âj��o� �âã ��jm¸��*� �
�_ÏLÂÄÇ�³FEªÀµÏ ¾¸Õ�Ð1³ÿºªÃ�º¸·�Ã×ßÄàaÕ�ùªÒ ÏÑ¹ Ã�ºµÐÆÏÑÎ�³­ÐÈÅ­ÏÑÐÈÂÄÀµÝÑÃ�³¨Ò_ÀµÏøÁ¨º±à>ÐÈÅ­ÝÑÒØÝÖÃ�Ã�³ÆÐÈÏÑÒÌ¾µ´µÂÄÒØÕ�ù±Ã:ÝÑÃ�Ã�³­Ð»ºNÕ�ù±Ò³¨ÀµÍ±Ü�º±ÒNGøÕÙ³¨ó Ü�ºªÅ¨Õ�óª¶¨¹Ú³­ó�GøÕÙ³¨ó à�ßÄÀµºªÕÙ³¨ÒJÅ>°Þ¶j°Þ´�° úøÕÙº ÀµºY�îù±ÀµºªÕ�ÐÞÅÆÍ�´¨³¸¶±¶±ÝÑÒ��î³¨Ç�ÝÖÒhÀ±´¨³¨Ç�³FEªÀµÏº¸´¨¾�àaóª·jÅ­ÏLÅ­Ç¸ÐÈÀµÝÑÃ�ÏÖÒ÷Ü�³­ÀµÝÖÒOÃ�ºhÜ�ù±À¨ÐÚ³­óªÇ�·jô±àa³­óªÀµÏõÅÆÍ¸´¨³ÆÐÈÏÑÒOÅ­ºµÐ Ã�³�E±Ç×·�Ð»ÏÑÒO´­Ð»¾R´µ¶µ³�E±à>Ð»ÏÑÒÿÅ­ºµÐê´­Ð»¾ý1Ç�ôªàîÐÈÀµÏÑÒNGÄ¾µ´µÂÄÒU�îºvÜ�³�E±ÀµÏ÷à�Õ�ùvàaó±Ã�ÝÑýjÏÑÐ»º1°RÔÌÒ Ü�³�E±ÀµÏO¶µ³­ÐÈ´¨¾±Ã=Å­Íª´¨³­Ð»ÏÖÒ Õ�ÝÖÕÙ³­Ð»ÏÖÒ ÏL´¨ÏÖÅ¨Õ�Í±àaÏÑÐÓÒNGº��î³�Eÿ´¨Ç×ß`ÕÙº\´¨º±Ç�³¨ó±à>Ð»Í±àa³¨ó±ÀµÏÌÕÑ³±Ãõ³¨Ç�ÐÓàaÀµ¾½ÕÙ³¨ó÷ÐÈÜ�ÏLßÄÜ�³¨ó±Ò¸°
�>	@��
��y�S
 ä3�   ® ¸×�N�Lè$���ð� ± 8 ¡ÌéÖ§±��çFÓ����Ù§±¦�ÒfÐÖ�>¥Ó���

N
��é������Ù§ª¦WÒ�çL�>©Ó�Eç ®

R,+, ·± Ó��Eç¥¬¦¨§¸éÙ��Ó���¥ �Ö© ÒÙ¥Þ�¿¥ ��¥���Ò���Ò×� �
aN ⊆ N

¦­§ª¥
Nb ⊆ N , ∀a, b ∈ R�#���W��Ò §±¥äJ�å6æ�ç=åØæ�è $

ï ÛXà�ÕÑÂ
G = {gi|i ∈ I} À¨Ð»º ´¨³¸¶±¶±ºª´µ¶µº±à>Ð»ºªàaÕ�ÐÈÅ­ô½³­ÀµÍªÜ�º½Å­ºµÐ R ÝÑÃ�º±ÒNº±Ã×Õ�Ð»ÀµÏLÕÙºY�îÏÖÕ�ÐÞÅÆ¾¨ÒNÜ�º�IÅ¨Õ�Eª¶µÐÓ³¨ÒÌÀµÏ Àµ³ªÃ�ºªÜ¸ÐÈºµ¹Ó³Oà�ÕÙ³­ÐÓý1ÏÙ¹Ú³a°?ï ÛÄàaÕÖÂ

R(G)
ÕÙ³ÿàXE±Ã�³¸¶µ³ÿ¾¸¶ªÂÄÃ_ÕÑÂÄÃ:Õ�óª´­ÐÈÅ¨ßÄÃ�ØXºN�'Ç�³­ÐÚà>ÀµÍ¸ÕÑÂÄÃ

∑

i∈I

aigi

Ý�é â�îóöLð�ê\û�à�ì(À�áóâ�ê ëNùfïË��é'òªê ëYâÏc²î�ïMê×ùféXû�ì²ð�â�ê âJúÁ��ø öLðfìMá þ âLòsëNî�â�ê þ é�ô âY÷²é�ô ò�ïMê×ïLðfà�ùfàMòóâ�î�â�ö½ü'ò�ï½ò�ü'â&ë�î�â�ê þ é�ô â
Ó ð�áóâ�ñ�ïLò ÿ ã�î�øLã�éËð�üËû�î'ïMëNøMã Ô �

�ªã
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JONES

ÀµÏ
ai ∈ R

Å­ºµÐ
gi ∈ G

G¤¾µ´¨³¨óh¾�¶µº+ÕÙº
ai
GêÏÖÅ¨Õ�¾¨ÒOº¸´­¾h´¨ÏL´¨ÏÑÇ�º±àaÀµÝÖÃ�³h´µ¶µôY�î³¨ÒYGêÏÙ¹ Ã�ºµÐª�1°í_Ç�¹���³­óªÀµÏ:ÕÙ³ ÍN�'Ç�³­ÐÚà>ÀµºÿÜ�E±³½à�ÕÙ³­ÐÓýjÏÑ¹ÈÂÄÃNÕÙ³¨ó

R(G)
ßÄÒY]

(∑

i∈I

aigi

)
+

(∑

i∈I

bigi

)
=
∑

i∈I

(ai + bi)gi.

ÛX¹ Ã�ºµÐ��>º±Ã�ÏÑÇ�¾O¾¸Õ�Ð
(ai+ bi) = 0

º±Ã¿ÏÖÎ�º±Ð»Ç�ÝÑàa³¨ó±ÀµÏ ´¨ÏL´¨ÏÑÇ�º±àaÀµÝÖÃ�³ÿ´µ¶µôN�'³¨ÒÌÜ�ÏÑÐÈÅ¨Õ×ßÄÃ
i
GjÏL´¨³¨ÀµÝÑÃ×ÂÄÒÕÙ³ ∑

i∈I(ai+bi)gi
ÏÙ¹ Ã�ºµÐ¸ÏL´­¹Óàaù±ÒXà�ÕÙ³­ÐÓý1ÏÙ¹Ú³_ÕÙ³¨ó

R(G)
°?Û`´¨ºª¶±ùY�îÏME±³¨óªÀ¨ÏBº±ÀµÝÖàaÂÄÒÄ¾ªÕ�Ð�ù 〈R(G),+〉ÏÙ¹ Ã�ºµÐaº�Á­ÏL¶¨Ð»º±Ã�ôÿ³¨ÀµÍ±Ü�ºOÀµÏÌ´¨Ç�³¨àQ�îÏLÕ�ÐÈÅ­¾ ³¨ó±Ü�ÝÖÕ�ÏÖÇ�³ à�ÕÙ³­ÐÓýjÏÑ¹Ó³½ÕÙ³ ∑

i∈I 0gi
°í ´¨³¸¶±¶µºª´µ¶±º±à>Ð»º±àaÀµ¾¨ÒHÜNEª³=à�ÕÙ³­ÐÓýjÏÑ¹ÈÂÄÃÿÕÙ³¨ó

R(G)
³¨Ç¸¹���ÏLÕÙºµÐ�ÀµÏ¿Õ�ùÿÁ­³¨ôY�îÏÑÐ»º½ÕÑÂÄÃ\´¨³¸¶ª¶µºª´µ¶µº±à>Ð»º�IàaÀ±ßÄÃ�G1ÕÑÂÄÃNÜ�³¨À±ßXÃ

R
Å­ºµÐ

G
G�ÂÄÒ¿ÏÖÎ�ô±ÒY]

(∑

i∈I

aigi

)(∑

i∈I

bigi

)
=
∑

i∈I


 ∑

gjgk=gi

ajbk


 gi.

²^óª´­ÐÈÅ­Í ÏL´­Ð»ÀµÏÖÇ�¹���³­óªÀµÏ¿ÕÙ³ ·aÐ Ã�¾¨ÀµÏÖÃ�³+ÕÑÂÄÃ\ºN�'Ç�³­ÐÚà>ÀµÍ¸ÕÑÂÄÃ ∑
i∈I aigi

Å­ºµÐ ∑
i∈I bigi

Å­ºµÐîº±Ã×Õ�ÐÈÅ­ºY�'Ð�Ià�ÕÙ³�E±ÀµÏ^Å­ÍN�'Ï ¾¨Ç�³OÕ�ùªÒÌÀµ³¨Ç��îôªÒ
ajgjbkgk

ÀµÏ^ÕÑ³
ajbkgi

G1¾µ´¨³¨ó
gjgk = gi

àaÕ�ùªÃ
G
°BÔb�>³�ENÕÙº

ai
Å­ºµÐ

bi
ÏÙ¹ Ã�ºµÐ �+ÏÖÅ¨Õ�¾¨Òÿºª´¨³h´¨ÏL´¨ÏÖÇ�ºªà>ÀµÝÖÃ�³=´µ¶µôY�î³¨Ò\Ü�ÏÙÐÈÅ¨Õ×ßÄÃ

i
G-ÕÙ³hÍY�îÇ�³­ÐÚà>Àµº ∑

gjgk=gi
ajbk´¨ÏÑÇ�Ð»ÝÖýjÏÑÐ1´¨ÏL´¨ÏÑÇ�º±àaÀµÝÖÃ�³õ´µ¶µôY�î³¨ÒÌÀµùNÀµùªÜ�ÏÖÃ�ÐÈÅ¨ßÄÃ¿´¨Ç�³¨à��'ÏLÕ�ÝÖÂÄÃ

ajbk ∈ R
°$�h´¨³¨Ç�³FEªÀµÏÌÏL´¨³¨ÀµÝÑÃ×ÂÄÒÃ�ºNÕÑ³õÁµ¶µÝÖ´¨³¨ó±ÀµÏ«ÂÄÒÌà�ÕÙ³­ÐÓýjÏÑ¹Ó³ÿÕÙ³¨ó

R
°ÄÛX¹ Ã�ºµÐ1´¨Íª¶µÐW�>º±Ã�ÏÑÇ�¾QG1¾ªÕ�ÐÆÕÙ³\´¨³¸¶HEN´¨ÏL´¨ÏÖÇ�ºªà>ÀµÝÖÃ�³\´µ¶µôY�î³¨ÒÕ�ÝÖÕÑ³­ÐÈÂÄÃ÷ºN�'Ç�³­ÐÓàaÀµÍªÕÖÂÄÃ ∑

gjgk=gi
ajbk

ÏÑ¹ Ã�ºµÐ�Àµù Àµù±Ü�ÏÖÃ�ÐÈÅ­Í1°Ìï Û`Õ�à>Ð[G�³=´¨³¸¶±¶±ºª´µ¶µº±à>Ð»º±àaÀµ¾¨ÒNÏÑ¹ Ã�º±ÐÅ¨¶µÏÑÐÓà�Õ�ôÿ´¨Ç�Í±Î�ùÿàaÕÑ³
R(G)

°í¿ÐÄÏÖ´­Ð»ÀµÏÖÇ�ÐÓà�Õ�ÐÈÅ­³­¹lÃ�¾¨Àµ³ÆÐXÝL´¨³±Ã×ÕÙºµÐÄº±ÀµÝÖàaÂÄÒJº¸´¨¾ ÕÙ³ªÃR³¨Ç�ÐÓàaÀµ¾ Õ�ù±Ò ´¨Ç�¾­à��îÏÖà>ùªÒ Å­ºµÐÄÕÙ³ªÃvÕ�óª´­ÐÞÅÆ¾Õ�Ç�¾µ´­³RÀµÏõÕÙ³±Ã ³µ´¨³­¹Ó³�ýjÇ�ù±à>Ð»Àµ³µ´¨³­Ð»ô±àaº±ÀµÏõÕ�ùªÃ ÏL´­Ð»ÀµÏÖÇ¸ÐÚà�Õ�ÐÈÅ­¾ªÕ�ùªÕÙº+·aÐ»ºhÃ�º=³¨Ç�¹Óàa³¨ó±ÀµÏ\ÕÙ³ªÃ½´¨³¸¶±¶µºNI´µ¶µº±à>Ð»ºªà>Àµ¾�°X²^ÝÖ¶±³­ÒNGîÏME¸ÅÆ³�¶µºOÅÆºªÃ�ÏÙ¹ÚÒHÀ±´¨³­Ç�ÏÑ¹îÃ�º\Á¨Ï Á¨ºµÐÈÂ��îÏÙ¹�·aÐ»ºOÕ�ù±ÃH´¨Ç�³­àaÏLÕÙºµÐ»Ç�ÐÚà�Õ�ÐÈÅ­ô ÐÈÜ¸ÐÈ¾ªÕ�ùªÕÑºÕÙ³¨óÿ´¨³¸¶±¶±ºª´µ¶µº±à>Ð»ºªà>Àµ³�E1°/�í îNïÏð�ñóò�ôÁõ�ðkö2îø÷³í ù2ú�û�î�ô�ü�ù�ö6î#ýÏþ7î�þ2ð-ÿ�����õ7ô��
:�;=<>	@?A�CB ä3�   ¹Oé

G
�Ö© éÖ§±¥"Ó����±�¨§�Ó �­§�Ï>¥»§�Ï¥ÒÙ¥¬¦�Õ �L¢J���Ù§ 1 ÒÙ��Ò×�h� 〈R(G),+, · 〉 �Ö© éÖ§ª¥�Ù§±¦�ÒfÐÖ�>¥Ó��� $

ÔÌÃOÀµÏÖÕÙ³ªÃ�³­ÀµÍªà>³¨ó±ÀµÏÉà>Ï
gj
ÕÑ³hà�ÕÙ³­ÐÚýjÏÙ¹Ú³ ∑

i∈I aigi
ÕÑ³­ó

R(G)
G'·aÐ»º ÕÙ³=³µ´¨³Æ¹Ú³

ai = 0
º±Ã

i 6= j
Å­ºµÐ

aj = 1
G>Áµ¶µÝL´­³¨óªÀ¨Ï¿¾ªÕ�Ð'ù 〈R(G),+ 〉 ´¨ÏÑÇ�Ð»ÝÖýjÏÑÐ�ÀµÏT�îó±à>ÐÈÅ­¾JÕ�Ç�¾µ´¨³+Õ�ù±Ã

G
ÂÄÒ´¨³¸¶±¶µº¸´µ¶µº±à>Ð»º±à�Õ�ÐÈÅ­¾½óª´¨³¨àXE±à�Õ�ù±Àµº1°¤ï Û`Õ�à>Ð[GaºªÃNù

G
Ü�ÏÖÃNÏÙ¹ Ã�ºµÐ>º�Á­ÏÖ¶µÐ»º±Ã�ôWG�³

R(G)
Ü�ÏÑÃNÀ±´¨³¨Ç�ÏÙ¹Ã�ºOÏÑ¹ Ã�ºµÐaº±Ã×Õ�Ð»ÀµÏLÕÙºY�îÏLÕ�ÐÈÅ­¾­Ò_Ü�º¸Å¨Õ�Eª¶¨ÐÓ³¨Ò�°

�
	���
�����
 ä3�rä�R�Ù§±¦�ÒfÐÖ�>¥Ó���
R(G)

Ó×�EçÉ���>©�Ï­§Ö¢��"Óª¥Þ��Ó��¸éÁ' 1 �7���W�fÒL§±¥6O�å*E#H��	�	
ËJ¬OØè��
�3èSOøK��#å*E#è
G � �2G��� ��OØG R �¹Oé

F
�Ñ© éÖ§±¥��×éÖ§yÏ�è¤¢'§ 1 ÒÙ��Ò²�:� F (G)

�7�×���fÒL§±¥�����
��{æ����{E��
�3è
G � �2G�� � � O F �

�
	���
�����
 ä3�rë
(R− Ó��a��Ò�çFÓ�� ± 8 ¡qÏ¥Ò('

R
�×éÖ§ª�¡�Ñ§±¦�ÒfÐÖ�>¥Þ��� $ 8 ¡:éL§ ® ÁXÂ Ç Æ½Ã ¦ Â Y ± R− Ó��a��Ò�ç�Ó×�®

R − module
± §�Ó���Ò²� ���Ñ©\ÒL§±¥?§�Ó×�J¢ê¥�§R§ð£ � �>¥�§¸éYÕ � ¢����Ù§ ¶ ¢'§���©?¢J�ÿ¢ê¥�§ÚÓ��X��0��Ú�-0�'lÒ²� ��¥¬¦¨��ÐÓ����±�¨§YÓ �¨§�Ïa¥�§�Ïj¢ê��Ð
Ï§Ò ��¥ �,�Ö©�'Xé
Ò��Æ��¶ ¢J�
Ï¥ÒL��¥ �,�Ñ©�§UÒ �Eç

R
§YÓ��õ§ ��¥�Ï§Ò×� �X� 1 Ò���ÒL��¥�§ÿè$Ï¥Ò²� 1 �1¥�§¦�� ]��

α, β ∈M ¦¨§±¥
r, s ∈ R 1 éÖ§O¥¬¦¨§ªéÑ��Ó���¥Þ��ÐªéYÒL§±¥î��¥ªÓ×§ð�a§±¦��NÒ(' Ï�çªé�]�Õ­¦�� ��)



��i[µ�i Ìl/=�e%'`U)q%b)��$%d�q+D)_% ���
¯�$

(rα) ∈M $
³Ø$

r(α + β) = rα + rβ
$

º*$
(r + s)α = rα + sβ

$
¼*$

(rs)α = r(sα)
$

å`��Ò²�=]±§õ¢ê¥ ���Ö¢J�N�1¥�§
R− £ Â Y Ã ÖQ£s¬ M $

Ô:ÃÿÏL´­ÐÈ´µ¶µÝÖ³±Ãÿ³
R

ÝÖýjÏÙÐîÀ¨³ªÃ�º±Ü�Ð»ºµ¹Ú³=àaÕÑ³ÆÐÚýjÏÑ¹Ó³+Õ�ÝLÕÙ³­ÐÓ³JßÄàaÕ�Ï
1α = α , ∀α ∈ M GîÕ�¾¸Õ�Ï¿ÕÙ³� �îº\¶µÝL·�ÏLÕÙºµÐ ¢ ¬�« Á#µ ¬s¦�Ç µ ©YÈ R− £ Â Y Ã ÖQ£ ¬ °

À-ÁXÂWÁ�ÃHÄsÂHÅsÆ ¦HÇ�È®u¯²± ï ÛXÃ�ºØÀµ³±Ã�º±Ü�³¨ÏÑÐ»Ü�ÝÑÒ
R− ´¨Ç�¾ªÕ�óª´¨³_Àµ³­Ð»Í���ÏÑÐ�´¨Í±Ç�º ´¨³�¶HEØÀµÏ`Ü¸ÐÈº±Ã�ó±àaÀµºªÕ�ÐÈÅ­¾_ýÆßÄÇ�³QGªÀµ¾±Ã�³:´¨³­óØÏÖÜ×ß��ùªÕ�ÍªÀµÏÉºª´¨¾+ÕÙ³¨ó±Òõàaó±Ã×Õ�ÏL¶µÏÖà�Õ�ÝÑÒÉÃ�º ÏÙ¹ Ã�ºµÐ�à�ÕÙ³­ÐÓýjÏÑ¹»ºJÏÖÃ�¾­ÒõÜ�ºªÅ¨Õ�óª¶µ¹Ó³¨óWG�ÏÑÃ×ß àaÕÑ³=Üµ°Èý'°¿³­Ð�à>óªÃ�Õ�Ï�I¶±ÏÑà�Õ�ÝÖÒ ÏÙ¹ Ã�ºµÐ1ºª´¨¾\ÝÑÃ�ºNà�ßÄÀµº1° ®´³�± ï ÛÄÃ�º±ÒÌÜ�ºªÅ¨Õ�Eª¶¨ÐÚ³­Ò R ÀµÏ^Àµ³±Ã�Í±Ü�ºNÏÑ¹ Ã�º±ÐÆ´¨Í±Ã×ÕÙ³¸Õ�Ï R− ´¨Ç�¾ªÕ�ó¸´­³´¨ÍªÃ�Âáà�ÕÙ³ªÃNÏÖº±óªÕ�¾÷ÕÙ³¨ó1°®»ºM± í_Ç¸¹���Â�àaº±ÃOÀµ³ªÃ�º±Ü�Ð»ºµ¹Ú³Rà�ÕÙ³­ÐÚýjÏÙ¹Ú³hÕÙ³¨ó

R(G)
ÕÙ³  

:= 1e
Õµ°ÈÂ

1r = r1 = r
·aÐ»ºJÅ­ÍY�îÏ

r ∈ R Å­ºµÐ
eg = ge = e

·aÐ»ºÿÅ­ÍY�îÏ
g ∈ G °lÛ`´¨³¨ÀµÝÑÃ×ÂÄÒÉ³ 〈R(G),+, · 〉 ÏÙ¹ Ã�ºµÐ>Ü�ºªÅ¨Õ�Eª¶¨ÐÚ³¨ÒÉÀµÏÀµ³ªÃ�Í±Ü�ºOº±Ã�ÃN³

R
ÏÑ¹ Ã�ºµÐaÜ�ºªÅ¨Õ�Eª¶¨ÐÚ³­Ò¿ÀµÏ:Àµ³±Ã�º±Ü�Ð»ºµ¹Ú³Jà�ÕÙ³­ÐÓý1ÏÙ¹Ú³a°®»¼M± ÔÌÃÿÀµÏLÕÙ³ªÃ�³¨ÀµÍ±àa³¨ó±ÀµÏ¿àaÏ

rj
ÕÑ³+à�ÕÙ³­ÐÚýjÏÙ¹Ú³ ∑

i∈I rigi
ÕÙ³¨ó

R(G)
Ga·aÐ»º÷ÕÙ³J³µ´¨³­¹Ó³

ri = 0
ºªÃ

i 6= j
Å­ºµÐ

gj = e
GaÁ¨¶µÝL´¨³­óªÀµÏH¾¸Õ�Ð�ù 〈R(G),+, · 〉 ´¨ÏÖÇ�Ð»ÝÖýjÏÙÐ�ÀµÏ��>ó±à>ÐÈÅ­¾+Õ�Ç�¾µ´¨³=ÕÙ³ªÃ

R
ÂÄÒó¸´¨³­àXE±à�Õ�ù±ÀµºÆ°½Û`´¨³­ÀµÝÖÃ×ÂÄÒ½º¸´¨¾�ÕÑº=´¨º±Ç�ºª´¨ÍªÃ�Â À±´¨³¨Ç�³�E±ÀµÏOÃ�ºhàaó±À±´¨ÏÖÇ�Í±Ã�³­óªÀµÏ\¾ªÕ�Ð6³�Ü�ºªÅ¨Õ�Eª¶¨ÐÚ³­Ò

〈R(G),+, · 〉 ºª´¨³ªÕ�ÏL¶µÏÑ¹¨À¨Ð»ºÉÏL´¨ÝÖÅ¨ÕÙºªà>ù:ÕÙ³¨ó¿´¨Ç�³ªÕ�Eª´¨³¨ó 〈R,+, · 〉 Å­ºµÐµ´¨º±Ç�º±ÀµÝÖÃ�ÏÙÐ¨ÝÖÃ�º±Ò^àaýjÏÖÜ�¾±ÃÜ�Ð»ºªÃ�óªà>Àµº¸Õ�ÐÈÅ­¾­Ò:ýÆßÄÇ�³¨Ò:´¨ÍªÃ�ÂsàaÕÑ³
R
O ³O³µ´¨³­¹Ó³¨Ò¿ÝÑýjÏÑÐjàaº±ÃÉà�ÕÙ³­ÐÚýjÏÙ¹ÈºHÁ­Í±àaù±Ò ÕÙºõà�ÕÙ³­ÐÓýjÏÑ¹»ºõÕ�ù±Ò

GSL°XÛ`´­ÐÈ´µ¶µÝÖ³ªÃ�GaÕÑ³
R(G)

ÏÑ¹ Ã�ºµÐaÝÑÃ�º
R(G)− £ Â Y Ã ÖQ£ ¬ TE°

ÔÌÅ­³¸¶µ³�EY�>ÂÄÒ
�îº\´¨º±Ç�³¨ó±à>Ð»Í±àa³¨ó±ÀµÏÌÕÑ³±ÃN³­Ç�ÐÚà>Àµ¾½Õ�ùªÒ ´ ¤X¨�¦�­ Â�Á È ]
�>	@��
��y�S
 ä3��  ® 8¹^����� £±�a§ ± ¶V¥�§ �!
"�\æ#�$�ËE½§�Ó���Ò²� ���Ñ©\ÒL§±¥­§YÓ��F�×éL§ªéb��ç±§¸é±ç�Ï�¢'§�ÒÙ¥¬¦¨�\�^èa���

VÓ��ªé-'û§�Ó��°��éL§�Ïaèê¢'§
F 1 ¢'§���©?¢J�O¢?©�§���¥È¢J�æ�¥Õ Ó��X�,0 �AÓ����±�¨§�Ó �­§�Ï>¥»§�Ïj¢ê��Ð-Ï¥ÒL�*ÏXÐªéÙ���>� VÒ²'Xé���¥�§¸é±ç�Ï�¢J�NÒ²'Xé Ò��fÒL��¥�§ è$Ï¥Ò²� ∀a ∈ F

¦¨§±¥
α, β, γ ∈ V 1 éÖ§J¥¬¦¨§ªéÙ��Ó×��¥Ó��Ð±éNÒL§±¥¤��¥&Ó×§ð�a§±¦��NÒ('Ï�çªé�]�ÕÆ¦��ð�Ï)

¯ª°
(aα)β = a(αβ) = α(aβ)

°
�­°

(α + β)γ = αγ + βγ
°

ãÆ°
α(β + γ) = αβ + αγ

°
²^¾ªÕ�Ï_�îºHÀ¨ÐÈ¶µÍ±ÀµÏ«·aÐ»ºNÀ¨¹»ºNÍª¶±·�ÏðÁ­Ç�º

V
´¨Í±Ã×Âsºª´¨¾\ÕÙ³

F
°ÄÛ`´­¹Úà>ùªÒYG1ù

V
¶µÝL·�ÏÖÕÑºµÐ­´¨Ç�³­àaÏLÕÙºµÐ�IÇ�ÐÓà�Õ�ÐÈÅ­ô+Íª¶ª·�Ï Á¨Ç�º½´¨Í±Ã×Â	ºª´¨¾=ÕÙ³

F
G-º±ÃOÏÖÅ¨Õ�¾¨Ò\ºª´¨¾=Õ�ÐÓÒN´¨Ç�³¨ùª·j³FEªÀµÏÑÃ�ÏÖÒ\Õ�Ç�ÏÑÐÓÒõà>óªÃ��îôªÅ­ÏÖÒYGÐÓàaý�E±ÏÑÐ�Å­ºµÐ>ùÿºªÅ­¾¸¶µ³¨óY�îùWG

`�� Þ½ð��Xã�À�ï���âÏcLùfé½ëNî�ø,ëNöMòóü þ é�ê\ïeéßô ò�ïMêNû�ïfê (R(G)−R(G)) % �×ê ð�áóàLî�ö²ð�â,�



��� `P!baJ/"cl/"%f)à�Wi åe� ���lk!ê5ëtìZêJ¶A�
JONES

âj°
(αβ)γ = α(βγ)

G ∀α, β, γ ∈ V °
ÀoÁXÂWÁ�ÃHÅ§Â�Ä§Æ Ä�¤Ð»º÷Å­ÍY�îÏÉ³¨ÀµÍ±Ü�º

G
Å­ºµÐîÅ­ÍY�îÏ¿àaßÄÀµº

F
Gîù½Íª¶±·jÏ Á­Ç�º÷³¨ÀµÍ±Ü�º±Ò

F (G)
´¨³¨ó ³¨Ç�¹Óà�Õ�ùªÅ­Ï¿´¨Ç�³¨ùNI·�³¨ó±ÀµÝÖÃ×ÂXÒ¿ÏÑ¹ Ã�ºµÐaÀ¨Ð»ºÿ´¨Ç�³¨àaÏÖÕÑºµÐ»Ç�ÐÓà�Õ�ÐÈÅ­ôOÍª¶±·jÏ Á­Ç�º\´¨Í±Ã×Âáºª´¨¾÷ÕÙ³

F
°

úøÕ�¾ªýj³¨ÒVÀµº±Ò�ÏÑ¹ Ã�º±Ð^Ã�º8´¨ºªÇ�³¨ó±à>Ð»Íªà>³¨ó±ÀµÏhÕÙ³ªÃ ³¨Ç�ÐÓàaÀµ¾áÕÑ³­ó8ÕÙºªÃ�óªàaÕ�ÐÞÅÆ³�E ·aÐ Ã�³¨ÀµÝÖÃ�³¨óWGÌÕÙ³á³µ´¨³­¹Ó³ÏÙ¹ Ã�ºµÐÄºª´¨º±Ç�º±¹ÚÕ�ùªÕÙ³V·aÐ»º�Õ�ù±Ãhºª´¨¾¨Ü�ÏÑÐ»Î�ù�ÕÙ³¨ó��îÏLÂÄÇ�ô±ÀµºªÕÙ³¨Ò ÕÑ³¨ó
Ocneanu

° ï í_À±ÂÄÒJ·aÐÈºVÃ�º�·�¹ Ã�ÏÑÐº±óªÕ�¾\´­Ç�ÝL´¨ÏÙÐ1´¨Ç×ß`ÕÙºõÃ�ºN´¨º±Ç�³¨ó±à>Ð»Í±àa³¨ó±ÀµÏ Å­Íª´¨³­ÐÚ³­óªÒ¿ÏÖ´­ÐÞ´µ¶µÝÑ³ªÃH³­Ç�ÐÚà>Àµ³�E±ÒÌÅ­ºµÐj´¨ºªÇ�º¸Õ�ù±Ç�ô±àaÏÙÐÚÒ¸°BÔÌÒÕÙ³¨ó±Ò¿Ü�³�E±ÀµÏ:¶±³ÆÐÞ´¨¾±Ã °Ù°Ù°
ï ÛÄà�ÕÑÂ

G
ÝÖÃ�ºÿÜ�ÏÑÎ�¹

R− ´¨Ç�¾ªÕ�óª´¨³÷Å­ºµÐ H ÝÑÃ�º\º±Ç�ÐÓà�Õ�ÏÑÇ�¾
R− ´¨Ç�¾ªÕ�óª´¨³�°Ä²^¾ªÕ�ÏÌÕÙ³ (G×H,+)ÏÙ¹ Ã�ºµÐ'À¨Ð»º½º�Á­ÏL¶¨Ð»º±Ã�ô½³¨ÀµÍ±Ü�º ¼ G'º¸¶±¶µÍ½Ü�ÏÖÃÿÏÙ¹ Ã�ºµÐ'Ü�ÏÑÎ�¹'ô½º±Ç�ÐÓà�Õ�ÏÖÇ�¾

R− ´¨Ç�¾¸Õ�óª´¨³�° ï Û`Õ�à>Ð��îº½ÝÑý1³­óªÀµÏà�ÕÙ³­ÐÓýjÏÑ¹»º_Õ�ù±Ò/Àµ³­Ç��>ô±ÒY]
(gr1, r2h)

O Ô:Ã
G,H

ÏÑ¹ Ã�º±ÐµÅ­ºµÐµÕÑº¿Ü�E±³Hº±Ç�ÐÓà�Õ�ÏÖÇ�Í
R− ´¨Ç�¾¸Õ�óª´¨ºWGµÕ�¾¸Õ�ÏøÅ­ºµÐÕÙ³

G×H �îºÌÏÙ¹ Ã�ºµÐ±º±Ç�ÐÚàaÕ�ÏÖÇ�¾
R− ´¨Ç�¾ªÕ�óª´¨³�°`í¿Àµ³­¹ÈÂÄÒøÅ­ºµÐ±º±Ã«ÕÙº G,H ôªÕÙºªÃ^Ü�ÏÖÎ�Ð»Í

R− ´¨Ç�¾¸Õ�óª´¨ºHSÖ°
�
	���
�����
 ä3�r�Ý8¡qÏ§Ò²'

(T,+)
¢ê¥�§ §ð£ � �>¥�§¸éYÕ �L¢J���Ù§ $ 8 ¡ÌéÖ§ª� � ¢¤� ¢ê� �#�>¥ÑÏj¢?����§ð£ � �>¥�§ªéEèXé�L¢J����'Xé

φ : G×H → T
��éÑ�L¢J�����fÒL§±¥#J � O&���!O � ��K�'NGøO6è (balanced)

§¸é%)
φ(gr, h) = φ(g, rh),∀g ∈ G, h ∈ H, r ∈ R.��Ó��Eç

(gr, h)
¦­§ª¥

(g, rh)
§¸éYÕÆ¦¨�Eç¸éTÏ¥ÒL�

G×H 1 ��Ó×�Eç G ���-0�©1¦¨§±¥
H
§ð�'¥ÑÏ¥Ò²� �>�

R− Ó��a��Ò�ç�Ó×� $úl	¿íbrlü í<]X�OÏÖÃõÀ±´¨³¨Ç�³�EªÀ¨Ï_Ã�ºÿ´¨³�E±ÀµÏ_¾ªÕ�Ð
φ(gr, h) = φ(g, rh) = r · φ(g, h) º��>³�EWGaº±ÃõÀµù\Õ�ÐÍª¶±¶±³XG�ù

T
Ü�ÏÖÃNÏÙ¹ Ã�ºµÐ

R− ´¨Ç�¾¸Õ�óª´¨³�°lÛ`´­¹Úà>ùªÒÉù φ Ü�ÏÑÃNÏÙ¹ Ã�ºµÐ-¯MI ¯±°
�
	���
�����
 ä3�9¨Î¶ ¥�§ÿ§ £½� �>¥»§ªéYÕ½�L¢J���Ù§Jå ��éÙ� ¢��,���fÒL§±¥���E2G�( � �*J H3M)��JÇG2MNK=æNGNO�Ò('Xé

G
¦¨§±¥

H
§ªé%)

(i)
çFÓ��ð�^�,�Ñ¥7�×éL§±�¿¥ÑÏ1��������Ó,�µ¢\�×éÙ���É� ¢¤� ¢ê� �#�>¥ÑÏj¢?���É§ £ �æ�>¥»§ªé×èÄéõ� ¢�����'Äé $

τ : G×H → T

(ii)
¹ÿéNç�Ó×��] ��Ï1�EçÑ¢��«��ÒÙ¥Ø���Ø�ÙçÑ¢��^¦��YÓ���¥�§N§ £ �æ�>¥»§ªéYÕÿ�L¢J���Ù§d¹û¦¨§±¥6�×éÖ§¸é_¥ÑÏ1��������Ó,�µ¢\�×éÙ�_�L¢ê� ¢¤����Ö

�î¥�Ïj¢B�
α : G × H → A 1 ÒÙ��Ò²�OçFÓ��ð�^�,�Ñ¥�¢ê�×éÖ§���¥¬¦¨���O� ¢¤� ¢ê���7�>¥ÑÏj¢?��� ᾱ : T → A

§ £ �æ�>¥»§ªé×èXé�L¢J����'Xé 1 �fÒfÏa¥�è¡Ï¥Ò²� ᾱ ◦ τ = α
$

:�;=<>	@?A�CB ä3�rä®°¯²± å`�
ÒL§ªé±ç�Ï¥ÒÙ¥¬¦¨�÷�1¥ é�� ¢��×éÙ�½çFÓ��ð�-�e�Ñ¥®´³�± ¡«© éL§±¥a¢¤�×éÖ§���¥¬¦¨� ® èÄ��Ó��'���¿¥�Ï1�L¢ê���#�î¥�Ïj¢B� ± ¦­§ª¥¥Ï�çÑ¢j£¤���>©/���fÒL§±¥�'Ä�
T = G ⊗R H

$
¾+*Úâ�ùfì-��ï

G ×H
ü þ é�ê ã&�Xã¡ð�á�ì-Ò�øqî�øLò “ , ” ð�â�ö_éËð�ì²íNé'î'ïfê�ùMé¡ñYöMëYê û�à"îóá�àfð�â"ï²ð�àdî�ê ã¡ï×ý�éËõfê\ïLò�ü'ã&â�ùfì-��é'ã

(G,+)
û�ïfê

(H,+)
�



��i��Wi /"ceÊª!$Ì-�$!5�
HECKE

�±Ê
	:Í±Ç�Ð ÃõÏÑó¸ÅÆ³�¶¨¹»º±Ò
�îºÿ³¨Ç�¹Óàa³¨ó±ÀµÏ

τ(g, h) := g ⊗ h
°XÛ`´¨³¨ÀµÝÑÃ×ÂÄÒ
�îºÿÝÑý1³­óªÀµÏ

G ⊗R H = 〈g ⊗ h|g ∈ G, h ∈ H〉 =
{∑

finite gi ⊗ hi|gi ∈ G, hi ∈ H
} °²^³

T = G ⊗R H
ÏÙ¹ Ã�ºµÐaÀµ¾±Ã�³ À¨Ð»ºOº�Á¨ÏÖ¶¨ÐÈº±Ã�ôÿ³­ÀµÍªÜ�º�G�Õ�¹È´¨³¸ÕÙºÿ´¨º±Ç�ºª´¨ÍªÃ�Â/.

ÛÄÀµÏÑ¹ÓÒ0�îÝÖ¶µ³¨ó±ÀµÏ^Ã�ºõÏÖÀ±´µ¶µ³¨óªÕ�¹Úà>³¨ó±ÀµÏ^º±óªÕ�ôÉÕ�ùNÜ�³¨Àµô1°?ï Û`Õ�à>ÐF�îºNÏÑÎ�ÏLÕ�Í±àa³¨ó±ÀµÏ^ÏÙÐÈÜ¸ÐÞÅÆÝÖÒÌ´¨ÏÑÇ�ÐÈ´µÕ×ßÄàaÏÙÐÚÒ¾µ´¨³¨óOÕÙ³÷² �îºÿÀ±´¨³¨Ç�ÏÙ¹aÃ�ºOºª´¨³µÅ¨Õ�ô±àaÏÙÐaÜ�³¨Àµô$´¨Ç�¾ªÕ�óª´¨³¨ó1°ï ÛXà�ÕÑÂ�¶µ³­ÐÈ´¨¾ªÃ
S
ÅÆº±Ð

R
Ü�º¸Å­Õ�E¸¶¨ÐÓ³­Ðr°½ñ O º�Á­ÏL¶¨Ð»º±Ã�ôHS:³¨ÀµÍ±Ü�º

G
�'º+³±Ã�³¨ÀµÍ���ÏÖÕÑºµÐ

(S,R)− Á��Ü�ÐÈ´¨Ç�¾¸Õ�óª´¨³ O
bimodule

S²GXºªÃhù
G
ÏÑ¹ Ã�ºµÐ`ºªÇ�ÐÓà�Õ�ÏÑÇ�¾

S
IæÅ­ºµÐBÜ�ÏÑÎ�Ð»¾�I

R− ´¨Ç�¾¸Õ�óª´¨³ Å­ºµÐ`ÏL´­ÐÈ´µ¶µÝÖ³±ÃhÃ�ºÐÚàaý�E±ÏÑÐ
(sg)r = s(gr),∀s ∈ S, g ∈ G, r ∈ R.

úl	_íbrøü í ]?ÔÌÃ
R
ÏÑ¹ Ã�ºµÐ`º±Ã×Õ�Ð»ÀµÏLÕÙºN�'ÏLÕ�ÐÈÅ­¾¨Ò Ü�º¸Å­Õ�E¸¶¨ÐÓ³¨Ò Å­ºµÐ

G
ÏÑ¹ Ã�ºµÐ`Ü�ÏÖÎ�Ð»¾�I

R− ´¨Ç�¾ªÕ�ó¸´¨³XGXÕ�¾¸Õ�Ï´¨º±¹»Ç�Ã�³ªÃ×ÕÙº±Ò
S := R

Å­ºµÐa³¨Ç�¹���³±Ã×ÕÙº±Ò
r ◦ g := g · r, ∀r ∈ R, g ∈ G G�ÝÖýj³¨ó±ÀµÏ_¾¸Õ�Ð�ÕÙ³ G ·a¹ Ã�ÏLÕÙºµÐÅ­ºµÐaº±Ç�ÐÓà�Õ�ÏÖÇ�¾

R− ´¨Ç�¾¸Õ�óª´¨³�°lËØÇ�Í¸·�ÀµºªÕ�Ð[G
• r ◦ (s ◦ g) = r ◦ (gs) = (gs)r = g(sr) = (sr) ◦ g = (rs) ◦ g

• r ◦ (g1 + g2) = (g1 + g2)r = g1r + g2r = r ◦ g1 + r ◦ g2
• (r1 + r2) ◦ g = g(r1 + r2) = gr1 + gr2 = r1 ◦ g + r2 ◦ gÔØ´¨¾+º±ó¸Õ�¾±ÃNÕÙ³±Ã\³¨Ç�ÐÓàaÀµ¾¿O

r ◦ g := g · r S^ÏME¸ÅÆ³¸¶±º½À±´¨³¨Ç�ÏÙ¹îÃ�º½àaó±À±´¨ÏÖÇ�Í±Ã�ÏÑÐaÅ­º±Ã�ÏÙ¹ÚÒN¾¸Õ�Ðîù G ÏÙ¹ Ã�ºµÐÜ�ÐÈ´¨Ç�¾¸Õ�óª´¨³QGaº��>³�E
(s ◦ g)r = (gs)r = g(sr) = (sr) ◦ g = s ◦ (r ◦ g) = s ◦ (gr) °?ï Û`Õ�à>Ð[Gjº±Ã RÏÑ¹ Ã�º±Ð>º±Ã×Õ�Ð»ÀµÏLÕÙºN�'ÏLÕ�ÐÈÅ­¾¨Ò

=⇒ Å­ÍN�'Ï
R− ´¨Ç�¾ªÕ�ó¸´¨³ ÏÙ¹ Ã�ºµÐaÅ­ºµÐ R− Ü�ÐÈ´¨Ç�¾ªÕ�óª´¨³0.ÔÌÃÿÏL´­ÐÈ´µ¶µÝÖ³±Ã

G ≡ R
Õ�¾ªÕ�Ï¿Ü�ÏÑÃ\ýjÇ�ÏÙÐÈÍ���ÏÖÕÙº±Ð'³

R
Ã�º½ÏÑ¹ Ã�º±Ð'º±Ã×Õ�Ð»ÀµÏLÕÙºY�îÏLÕ�ÐÈÅ­¾­Ò�°d�_º½àaó±Ã�ÏL´¨Íª·�ÏLÕÙºµÐºªóªÕ�¾¨ÀµºªÕÙº\¾ªÕ�Ða³

R
ÏÙ¹ Ã�ºµÐ

R− Ü�ÐÈ´¨Ç�¾ªÕ�óª´¨³1.
ï ÛXà�ÕÑÂ�Õ×ßÄÇ�º

G
ÝÖÃ�º

(S,R)− Ü�ÐÈ´¨Ç�¾¸Õ�óª´¨³ ÅÆº±Ð H ÝÖÃ�º ºªÇ¸ÐÚà�Õ�ÏÑÇ�¾
R− ´­Ç�¾¸Õ�óª´¨³�°�²^¾ªÕ�ÏRÕÙ³

T = G ⊗R H
·a¹ Ã�ÏÖÕÑºµÐaÝÑÃ�ºOºªÇ¸ÐÚà�Õ�ÏÑÇ�¾

S− ´¨Ç�¾ªÕ�óª´¨³�³¨Ç�¹���³±Ã×ÕÙºªÒ
s(g ⊗ h) := (sg)⊗ h , ∀ s ∈ S, g ∈ G, h ∈ H.ÔÌÃøÏL´­¹Óàaù±Ò?ÕÙ³

H
ÏÑ¹ Ã�º±Ð�ÝÖÃ�º

(R,S)− Ü�ÐÈ´¨Ç�¾ªÕ�óª´¨³ =⇒ ÕÙ³
G⊗R H

·a¹ Ã�ÏLÕÙºµÐ×ÝÖÃ�º
(S, S)− Ü�ÐÈ´¨Ç�¾¸Õ�óª´¨³�°

e*�(e 2 n ��� i$����iql
Heckeú/Ï^ºªóªÕ�ô±ÃØÕ�ù±Ã:ÏÖÃ�¾ªÕ�ùªÕÙº
�îºÉÏÙÐÚàaºª·�Íª·�³¨óªÀ¨Ï/Õ�ù±ÃÌÝÑÃ�Ã�³­Ð»ºHÕ�ù±Ò �Ö���W� £±�a§±�

Hecke
G­À¨Ð»ºHÝÖÃ�Ã�³­Ð»ºÉÅÆºN�'³�IÇ�ÐÚàaÕ�ÐÞÅÆôªÒÌàaù±Àµºªàî¹Èº±Ò«·aÐ»ºHÕ�ù±Ã_Ü�ù±À¨ÐÚ³¨ó±Ç×·a¹»ºHÕÙ³¨óH´¨³¸¶µóªÂÄÃ�E±Àµ³¨ó

Jones
Ü�E±³\ÀµÏÖÕÑº�Á¨¶µù¸Õ×ßÄÃ¨°Bú,EªÃ�ÕÑ³­Àµº�îº+Ü�Ð»ºª´­ÐÚà�Õ×ßÄà>³¨ó±ÀµÏN¾ªÕ�Ð¤³­Ð¤Í¸¶±·�ÏðÁ­Ç�ÏÑÒ

Hecke
ÏÑ¹ Ã�º±ÐêÕÙ³+Á­ÝL¶±Õ�ÐÓà�ÕÙ³hºª´¨¾vº±óªÕ�ÍJ´¨³¨ó=ÝÑý1³­óªÀµÏ\à�Õ�ù±ÃÜ�Ð»ÍN�'ÏÖàaôÉÀµº±Ò�O Ü�ùª¶µºªÜ�ô¿Õ�ù±Ã:³¨ÀµÍ±Ü�ºÉÅÆ³¸Õ�à>¹»Ü×ÂÄÃ
Bn

Å­ºµÐ­Õ�ù±Ã:³¨ÀµÍ±Ü�ºHÀµÏÖÕÑºY�îÝÑàaÏÖÂÄÃ
Sn
G
n ∈ IN S`·aÐÈºÕ�ùªÃNÜ�ù±À¨ÐÓ³¨ó±Ç×·a¹Èº÷À¨Ð»º±Ò_º±Ã�ºª¶±¶µ³­¹ÈÂ`Õ�ù±Ò:Å­¾¨ÀªÁµÂÄÃµ°

ï í:´µÂÄÒ:ÝÖýj³¨ó±ÀµÏØÜ�ÏÑÐ1Å­ºµÐjà�ÕÙ³ÿÜ�ÏLEªÕ�ÏÖÇ�³\Å­ÏM�>Íª¶µº±ÐÓ³Oùõ³¨ÀµÍ±Ü�ºNÕÑÂÄÃ_Å­³ªÕ�à>¹»Ü×ÂÄÃ�O
Bn

SlÏÑ¹ Ã�ºµÐjÍª´¨ÏÑÐ»Ç�ù1°ÔÌÃ×Õ�Ð\�îÝÖÕÑÂÄÒJùV³­ÀµÍªÜ�º�ÕÖÂÄÃRÀµÏLÕÙºY�îÝÖà>ÏLÂÄÃ�O
Sn
S\ÏÙ¹ Ã�ºµÐÄ´¨ÏÖ´¨ÏÖÇ�º±àaÀµÝÑÃ�ù O |Sn| = n!)

° ¼¿ºµ¹Ä³ÆÐXÜ�E±³
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JONES

º±óªÕ�ÝÖÒN³¨ÀµÍ±Ü�ÏÖÒõÝÖýj³¨ó±ÃOÝÖÃ�º½ÅÆº¸¶µ¾+ÅÆº±Ð�ÝÑÃ�º½Å­ºªÅ­¾�°¿ñ[´¨Ç×ß`Õ�ù ÝÖýjÏÙÐîÕÙ³+Å­ºªÅ­¾h¾ªÕ�Ð�ÏÑ¹ Ã�º±Ð�Íª´¨ÏÑÐ»Ç�ù Å­º±ÐÝÖÕ�à>Ðjº±Ü�ó±Ã�º¸ÕÙ³�E±ÀµÏÌÃ�º\ÝÖýj³¨ó±ÀµÏ:à�ÕÙºõýjÝÖÇ�Ð»ºÿÀµº±Ò:¾¸¶µº\Õ�ùªÒ:ÕÑº\àaÕÑ³­ÐÓýjÏÑ¹»ºWG�Í±Ç�º\ÏÑ¹ Ã�ºµÐ�àaº±ÃÉÃ�ºÿÀµôªÃÉÕ�ù±Ã·�Ã×ÂÄÇ�¹���³¨ó±ÀµÏÌ´µ¶µô±Ç×ÂÄÒ3.`ÔÌ´¨¾OÕ�ù±ÃÉÍª¶±¶µùN´µ¶±ÏÑó±Ç�Íõ¾¨ÀµÂÄÒ:ÝÑý1³­óªÀµÏÌÀ¨Ð»ºõ´µ¶µ³�E±à>Ð»º\Ü�³¨ÀµôWGjº��î³�E\ÝÖýj³¨ó±ÀµÏÀ¨Ð»ºVà>º��îô�º±Ã�ºª´¨ºªÇ�ÍªàaÕÑº±àaùRÕ�ù±Ò+³¨ÀµÍ±Ü�º±Ò+º±óªÕ�ô±ÒJà�ÕÙ³±Ãvý1ßÄÇ�³RO ·�Ã×ÂÄÇ¸¹���³¨ó±ÀµÏ ´­³­Ð»ÍVÅ¨¶±ÂÄà�Õ�ô�´­ÍªÏÙÐ´¨Í±Ã×Âsºª´¨¾ÿ´¨³­Ð»ÍWG1´¨¾¨à>ÏÖÒb�>³¨Ç�ÝÑÒÌÅ­ºµÐ1ÀµÏ ´¨³­Ð»Í\àaÏÙÐÈÇ�ÍHSLGÆÅ­ºµÐj¾µ´µÂÄÒ:ÏÑ¹ Ã�ºµÐW�îó±à>ÐÈÅ­¾Oº±óªÕ�ôHÕ�ùªÃÉÐ»Ü�Ð»¾ªÕ�ù¸ÕÙºÜ�ÏÑÃT�îÝL¶µ³¨ó±ÀµÏÌÃ�º\Õ�ùÿýjÍ±àa³¨ó±ÀµÏ�°Xíû¶±¾¸·�³¨ÒÉÏÑ¹ Ã�ºµÐa¾¸Õ�ÐaùOÐ»Ü�Ð»¾¸Õ�ùªÕÙºOºªóªÕ�ô\ÏÙ¹ Ã�ºµÐa³½Àµ¾±Ã�³¨ÒÉàaó±Ã�Ü�ÏÖÕ�ÐÞÅÆ¾¨ÒÀµº±ÒhÅ­Ç�¹ÈÅ­³¨Ò�ÀµÏ+Õ�ÐÓÒhÕ�Ç�ÏÑÐÓÒvÜ¸ÐÈº±à�Õ�Í±àaÏÙÐÚÒv¾µ´¨³¨ó Å­ºµÐ,��³¨ó±ÃV³­ÐøÅ­¾¨À¸Á­³­Ðr° O Ô:ÒvÀµù±Ã�Î�ÏÑý1Ã�ÍªÀµÏh¾¸Õ�Ð/ù³¨ÀµÍ±Ü�º+ÕÑÂÄÃ÷Å­³¸Õ�àî¹ÈÜ�ÂÄÃ ºªÃ�º¸´¨º±Ç�ÐÓà�Õ�ÍJÕÑ³­óªÒ\ÅÆ¾¨À¸Á­³¨óªÒOàaÕ�ÐÚÒ\Õ�Ç�ÏÑÐÓÒÿÜ�Ð»º±à�Õ�Í±àaÏÑÐÓÒ*O �\°
Alexander

S
SÖ°Ô:Ã×Õ�Ð\�îÝLÕÑÂÄÒõà�Õ�ù±Ãÿ³¨ÀµÍ±Ü�º
Sn

ýjÍ±Ã�³¨ó±ÀµÏNº±ó¸Õ�ô±Ã\Õ�ù±Ãÿ´µ¶µùªÇ�³��>³¨Ç¸¹ÈºWGêÏL�î¾¨àa³±Ã
s−1i = si

G�·aÐÈºJÅ­ÍY�îÏÜ�Ð»º±à�ÕÙº�EªÇ�ÂÄàaù
si
G/¶µ¾¸·jÂ Õ�ù±ÒhàaýjÝÖàaù±Ò

s2i = 1
G/Å­ÏÖÇ�Ü�¹���³¨ó±ÀµÏh¾¨À±ÂÄÒhàaÕ�ùªÃ�º¸ÅÆÇ�ÐÓÁ¨ô ·jÃ�ßÄàaùVÕÑÂÄÃà�ÕÙ³­ÐÓýjÏÑ¹ÈÂÄÃ½Õ�ù±ÒYG¤À¨Ð»º±Ò\Å­ºµÐ¤ÏÑ¹ Ã�ºµÐê´¨ÏL´¨ÏÑÇ�ºªà>ÀµÝÖÃ�º=à�ÕÙ³h´µ¶µôN�'³¨Ò\Å­ºµÐ¤à�ÕÙ³v¾ªÕ�Ð¤ù

Sn
ÝÑýjÏÑÐ¤ÀµÏL¶µÏLÕ�ùY�îÏÙ¹´¨³¸¶HE1°

ï Û`Õ�à>Ð[G�à�EªÀH�>ÂÄÃ�º\ÀµÏØÕÙº\´¨Ç�³¨ùª·�³�E±ÀµÏÖÃ�ºWG�ÕÑ³ÿÁ­ÝL¶±Õ�ÐÓà�ÕÙ³ÿ´¨³¨ó
�îºÿÀ±´¨³¨Ç�³�E±àaº±ÀµÏ:Ã�ºÿÝÖýj³¨ó±ÀµÏ:ÏÑ¹ Ã�ºµÐÃ�ºRÀµù±Ã+ýjÍ±àa³¨ó±ÀµÏÿÕ�ù±ÃJ´µ¶±ù±Ç�³F�>³¨Ç�¹»ºRÕ�ù±Ò÷·jÏÖÂÄÀµÏLÕ�Ç¸ÐÞÅÆôªÒ ÏÖÇ�ÀµùªÃ�ÏÑ¹»º±Ò÷Õ�ù±Ò÷³¨ÀµÍ±Ü�º±Ò÷ÕÑÂÄÃJÅ­³ªÕ�à>¹»Ü×ÂÄÃ
Bn

à�Õ�ÐÓÒÉÕ�Ç�ÏÙÐÚÒNÜ¸ÐÈº±à�Õ�Í±àaÏÙÐÚÒÉÅ­ºµÐ'à>ó¸·�ýjÇ�¾±Ã×ÂÄÒNÃ�º À±´¨³¨Ç�³�E±ÀµÏHÃ�º½Ç�¹»Î�³­óªÀµÏÉÅ­ºµÐîÕ�ù±ÃÿÜ�Ð»ÍªàaÕÑº±àaôOÕ�ù±Ò¸°�vÏ½º±óªÕ�¾±Ã+ÕÙ³±Ã=Õ�Ç�¾µ´¨³¿�îº�ÝÖýj³¨ó±ÀµÏ½´¨ÏLÕ�E±ýjÏÑÐBÕÑ³VÅÆº¸¶HEªÕ�ÏÖÇ�³ Ü�óªÃ�º¸Õ�¾XG`ÅÆº±ÐÄ¾µ´µÂÄÒU�îº�Ü�³FEªÀµÏ à�Õ�ùàaó±Ã�ÝÑý1ÏÙÐ»ºÿº±óªÕ�¾÷´¨Ç�ºª·jÀµºªÕÙ³µ´¨³­Ð»ÏÙ¹ ÕÙºµÐ>ÀµÏÌÕ�ù±ÃÉÅ­ºªÕÙº±à�Å­ÏÑóªô\ÕÑÂÄÃNºª¶±·jÏ Á­Ç×ßÄÃ
Hecke

.

°Ù°Ù° Õ�ÐÚÒ Íª¶±·�ÏðÁ­Ç�ÏÑÒ
Hecke

À±´¨³¨Ç�³�E±ÀµÏ^Ã�ºÉÕ�ÐÓÒ0�>º±Ã×ÕÙº±à�ÕÙ³�EªÀ¨Ïøàaº±ÃÌÕ�ùªÃ
q
Iæ´¨Ç�³ªÁ­³¸¶µôÉÕÖÂÄÃ:³¨ÀµÍ±Ü×ÂÄÃ

Bn

´¨Í±Ã×ÂáàaÕ�ÐÚÒ¿³¨ÀµÍ±Ü�ÏÖÒ
Sn

°Ù°Ù°
ï ÛXÃ�ºªÒJ´¨³¸¶HEVÜ�ùªÀµ³F�îÐÈ¶µôªÒJÅ¨¶µÍªÜ�³¨ÒJÕÑÂÄÃhÀµºY�îù±ÀµºªÕ�ÐÞÅ­ßÄÃ=ÏÑ¹ Ã�ºµÐÄºªóªÕ�¾¨Ò Õ�ù±ÒU�îÏLÂÄÇ¸¹Èº±ÒJº±Ã�ºª´¨º±Ç�º±à�Õ�ÍNIàaÏÖÂÄÃµ°_ï Û`Õ�à>Ð[G-ºª´¨¾=´¨³¸¶HE+Ã×ÂÄÇ�¹ÓÒ\óª´¨ôªÇ�Î�ÏHù ´¨Ç�³¨à�´¨ÍY�îÏÑÐ»ºJÃ�º+ºªÃ�ºª´¨º±Ç�º±à�ÕÙºY�î³�E±Ã\Å­º±Ðê³­Ð�Å­³ªÕ�à>¹»Ü�ÏÑÒóª´¨¾õÀµ³¨Ç��>ô¿´­Ð Ã�Í¸Å­ÂÄÃµ°$�RÐ»º¿´¨³¸¶HE¿·�Ã×ÂÄà�Õ�ô¿º±Ã�ºª´¨ºªÇ�Í±à�ÕÙº±àaùÌÕÑÂÄÃØÅ­³ªÕ�à>¹»Ü×ÂÄÃ:à�Õ�ù±ÃØ³¨ÀµÍ±Ü�º

GLn(CI)ÏÙ¹ Ã�ºµÐ6º±óªÕ�ô+ÕÙ³¨ó
Burau

G6·aÐ»ºhÕ�ù±Ã ³µ´­³­¹»ºRºªÇ�ýjÐÈÅ­Ív´­ÐÓà�Õ�ÏÖó±¾ªÕÑº±ÃJ¾¸Õ�Ð?À±´¨³¨Ç�ÏÙ¹6Ã�ºvÏÑ¹ Ã�ºµÐ¤´­ÐÓà�Õ�ô�O Ü�ùNI¶µº±Ü�ô�¯MIð¯�SÖ°õÔÌÇ×·�¾ªÕ�ÏÖÇ�º=¾­À±ÂÄÒÿºª´¨³¨Ü�ÏÑ¹Óý��îùªÅ­Ï\ºª´¨¾vÕÑ³±Ã
J.Moody

¾¸Õ�Ð
Bn

1−1−→/ Ë
n×n

°ÿ²^ÏL¶¨ÐÈÅ­Í´¨Ç�¹ Ã=Õ�Ç¸¹Èº�ýjÇ�¾±Ã�Ð»º�³
D.Krammer

ºª´¨ÝÖÜ�ÏÑÐ»Î�Ï ¾¸Õ�ÐÄó¸´¨Í±Ç�ýjÏÑÐÄºªÃ�º¸´¨º±Ç�Í±à�ÕÙº±àaù
Bn

1−1−→ Ë
n×n

°r/º±À¸Á¨Í±Ã�³±Ã×ÕÙº±ÒÉÕÙº½´¨º±Ç�ºª´¨Í±Ã×Â	ó¸´ªï�¾�­îÐ Ã÷Àµº±ÒNÀ±´¨³¨Ç�³FEªÀµÏNÃ�º½´¨Í±Ç�³¨ó±ÀµÏH¾¸¶µÏÑÒNÕ�ÐÚÒõº±Ã�ºª´¨º±Ç�º±à�Õ�Í±àaÏÑÐÓÒÕ�ù±Ò
Bn

à�Õ�ÐÚÒJ³µ´­³­¹»ÏÖÒ=³­ÐXÏÑÐÈÅ­¾±Ã�ÏÖÒ+ÕÑÂÄÃ
σi
ÝÑý1³­óªÃvÕÑ³ ´¨³¸¶HE�ÜNEª³ Ð»Ü�ÐÓ³¸Õ�Ð»ÀµÝÑÒ�° �êÇ�Í��î³ªÃ×ÕÙº±Ò

gi
·aÐ»ºÅ­ÍY�îÏ^ÏÙÐÞÅÆ¾ªÃ�ºNÕÙ³¨ó

σi
Å­Í¸ÕÑÂ8ºª´¨¾\À¨Ð»ºÉÕ�ÝÖÕÑ³ÆÐÈºNº±Ã�ºª´¨ºªÇ�ÍªàaÕÑº±àaùb�îºHÀµº±Ò^´¨Ç�³µÅFE�­îÏÑÐ1À¨Ð»ºHÏÖÎ¸¹Úà�ÂÄà>ù¿Õ�ù±ÒÀµ³¨ÇN�>ô±Ò^È

g2i + agi + b = 0
G-¾µ´¨³¨ó�º#Å­ºµÐ

b
ÏÙ¹ Ã�ºµÐîÁ­ºN�'À±Â`Õ�Í½ÀµÏL·�Ý²�îù1°_ÔÌ´¨³¨Ü�ÏÑÐÈÅ­ÃNEªÏÖÕÑºµÐê¾ªÕ�ÐÜ�ÏÑÃõýjÇ�ÏÙÐ»Í���³±Ã×ÕÙºµÐîÜ�E±³ ´¨º±Ç�Í±ÀµÏLÕ�Ç�³­Ð>Å­ºµÐ>¾ªÕ�ÐîùO´¨Ç�³¨ùª·�³�E±ÀµÏÖÃ�ù½àaýjÝÖàaùOÀ±´¨³­Ç�ÏÑ¹îÃ�ºO´¨Í±Ç�ÏÙÐaÕ�ùOÀ¨³¨Ç��>ô

g2i = (q − 1)gi + q1
O ¾¨´¨³¨ó

q
ÏÙ¹ Ã�ºµÐ�Á­ºY�îÀ±Â`Õ�¾½ÀµÝÖ·�Ï×�î³¨Ò�SÖ°/Ô:ÒH³ªÃ�³­ÀµÍªà>³¨ó±ÀµÏ¿º±ó¸Õ�ôOÕ�ùOà>ý1ÝÑàaùÕ�ÏÖÕ�Ç�º¸·jÂÄÃ�ÐÈÅ­ô1°

É ð�á�âfûÏcLðMî�é�ê�ïLðfàqî�â_íNò��Xë�î�àvÀ�é ÿ á�øLùfï Cayley −Hamilton
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Heckeú,EªÀH�>ÂÄÃ�º=ÀµÏõÕ�ù±Ã½´¨ºªÇ�Í¸·�Ç�º��î³ �­°r¯
ÝÖýj³¨ó±ÀµÏÿ¾¸Õ�Ð[G?º±Ã
CI
ÕÙ³Rà�ßÄÀµº+ÕÑÂÄÃ½À­Ð ·�º±Ü�ÐÈÅ¨ßÄÃ Å­ºµÐ

Bn

ù³¨ÀµÍ±Ü�ºHÕÑÂÄÃ:Å­³ªÕ�à>¹»Ü×ÂÄÃHG1Õ�¾ªÕ�Ï
CI [Bn]

O ôÉ´ÆÐÈ¾Oºª´µ¶µÍ
CIBn

S&�îºNÏÑ¹ Ã�º±Ð1ùõÍ¸¶±·�ÏðÁ­Ç�ºHÕ�ù±ÒØ³¨ÀµÍ±Ü�º±Ò
Bn´¨ÍªÃ�ÂáàaÕÑ³ à�ßÄÀµº

CI
°,�vÍ¸¶¨ÐÓà�ÕÙºÿù

CIBn

�îºOÏÑ¹ Ã�º±ÐîÀ¨Ð»ºÿ´¨Ç�³¨àaÏLÕÙºµÐ»Ç�ÐÚàaÕ�ÐÈÅ­ô÷Í¸¶±·�ÏðÁ­Ç�º1°øËØÇ�³F�>º±Ã×ßÄÒù
Bn

ÏÖÀ±´¨ÏÑÇ�Ð»ÝÖýjÏLÕÙºµÐ­àaÕ�ùªÃ
CIBn

ÀµÏq�îóªàîÐÞÅÆ¾õÕ�Ç�¾µ´¨³�O ÅÆÍN�'Ï
b ∈ Bn

ÏÙ¹ Ã�ºµÐÆà�ÕÙ³­ÐÚýjÏÙ¹Ú³NÁ­Í±àaù±Ò«ÕÑ³­óÜ�Ð»ºªÃ�óªà>Àµº¸Õ�ÐÈÅ­³FEÿý1ßÄÇ�³­ó
CIBn

SÖ°?ï Û`Õ�àîÐaù\·�ÏÖÃ�ÐÈÅ­ô÷ÏÙÐÈÅ­¾ªÃ�º÷ÕÑÂÄÃH¾­à�ÂÄÃNÝÖýj³¨ó±ÀµÏ_ÏÑ¹ Ã�ºµÐaùOºªÅ­¾¸¶±³­óN�'ù�]ï ÛXý1³­óªÀµÏ àaÕÑºÉýjÝÑÇ�Ð»ºHÀµº±Ò^Õ�ù±Ã:Íª¶±·jÏ Á­Ç�º
CIBn

ÀµÏ«Õ�ùªÃ:³¨´¨³­¹»ºNÜ�ÏÖÃ_À±´¨³¨Ç�³FEªÀµÏ Ã�ºÉÅ­Í±Ã�³¨ó±ÀµÏ^Å­º±Ð´¨³¸¶ª¶µÍJ´¨Ç�Íª·�Àµº¸ÕÙº O ºªÒ\Àµù±Ã÷Î�ÏÖýjÃ�Í±ÀµÏN¾ªÕ�Ð-ÝÑýjÏÑÐêÍ¸´¨ÏÙÐ»Ç�ù+Ü�Ð»ÍªàaÕÑº±àaù�. SL°K�_º+ÏL´­ÐÓý1ÏÙÐ»Ç�ô±àa³¨ó±ÀµÏN¶±³ÆÐÞ´¨¾±ÃÀµÏHÅÆÍ¸´¨³ÆÐÚ³RÕ�Ç�¾µ´¨³RÃ�º+ÏÑÎ�º±àX�>ºª¶¨¹Úà>³¨ó±ÀµÏÉÅ­Íª´¨³­Ð»ÏÖÒOÃ�ÝÖÏÖÒ\´µ¶µù±Ç�³��>³¨Ç¸¹ÈÏÑÒ�°ÿÔ:Ç�ý�ÐÈÅ­Í��'ºJÏL´­ÐÓÁ­Íª¶±¶±³­óªÀµÏÅ­Íª´¨³­ÐÚ³­óªÒØ´¨ÏÖÇ�ÐÓ³¨Ç�ÐÓàaÀµ³�E±ÒØà�ÕÙº¿à�ÕÙ³­ÐÓý1ÏÙ¹»º¿Õ�ù±Ò
CIBn

°?Ô:óªÕ�ÝÖÒ^³­Ð­´¨ÏÖÇ�ÐÓ³¨Ç�ÐÓà�Õ�ÐÈÅ­ÝÑÒØàaýjÝÖà>ÏÑÐÓÒ,�îº¿ÏÙ¹ Ã�ºµÐ­³­Ð·jÃ�ÂÄà�Õ�ÝÖÒ Àµº±Ò^´µ¶µÝÑ³ªÃHGÆÕ�ÏLÕ�Ç�ºª·jÂÄÃ�ÐÈÅ­ÝÑÒØàaýjÝÖàaÏÙÐÚÒY]
σ2i = (q− 1)σi+ q1 , ∀i

°$�vÏ^º±óªÕ�¾ªÃ:ÕÙ³õÕ�Ç�¾µ´¨³�îº ´¨Ç�³µÅ�E�­îÏÑÐ±À¨ÐÈºÌÍª¶±·�ÏðÁ­Ç�ºNI ´¨ùª¶¨¹ÈÅ­³:Õ�ù±Ò
CIBn

°6ÔÌóªÕ�ô_�'ºØÏÑ¹ Ã�º±Ðªù
CIBn / 〈σ2i = (q − 1)σi + q1〉 °ÛÄÜ�ßò¾¨À±ÂÄÒ½·jÏÑÃ�Ã�Ð»ÝLÕÙºµÐ?ÝÑÃ�ºvà>ùªÀµº±Ã×Õ�ÐÈÅ­¾�ÏÑÇ×ß`Õ�ù±Àµº1°=² ¹?Ã�¾¨ù±ÀµºvÝÑý1ÏÙÐ?ù�ÐÚàa¾ªÕ�ùªÕÙºvºªÃ�Í±ÀµÏÑàaºhàaÏÜ�E±³ à�ÕÙ³­ÐÓýjÏÑ¹»º�Õ�ù±Ò Íª¶ª·�Ï Á¨Ç�ºªÒ

CIBn

O Ü�ù¸¶µº±Ü�ôRÕÖÂXÃ
σ2i

Å­ºµÐBÕÑÂÄÃ
(q − 1)σi + q1

SNºª´¨¾VÕ�ùà�Õ�Ð ·�ÀµôN´¨³­óõÕÙºõà�ÕÙ³­ÐÓýjÏÑ¹»ºõÕ�ù±ÒÌÏÙ¹ Ã�ºµÐjÕ�ó¸´ÆÐÞÅÆÍ\ºN�'Ç�³­¹ÓàaÀµºªÕÑº�9`Ü�ù¸¶µº±Ü�ôõÏÑÎÙïµ³¨Ç�ÐÓàaÀµ³�EõÕÙº\à�ÕÙ³­ÐÚýjÏÑ¹»º\Õ�ùªÒÜ�ÏÖÃ÷ÐÚà>³�E±Ã×ÕÙº±Ð'À¨Ï¿Å­Íª´¨³­ÐÓ³hÍª¶±¶µ³+à�ÕÙ³­ÐÓý1ÏÙ¹Ú³=´¨ÝÑÇ�º º¸´¨¾=º±óªÕ�¾J´¨³¨óJº±Ã�ºª·jÇ�Í��îÏLÕÙºµÐ:.:ñ ºª´¨Í±Ã×Õ�ù±àaù÷àaÏºªóªÕ�¾÷ÕÙ³½ÏÑÇ×ß`Õ�ù±Àµº\ÏÙ¹ Ã�ºµÐ>àaýjÏLÕ�ÐÈÅ­ÍOºª´µ¶±ô�.ï ÛXà�ÕÑÂV¾ªÕ�Ð¸Á­Ç�ÐÚàaÅ­¾¨Àµº±à�Õ�Ïøà�ÕÑ³HÜ�Ð»º±Ã�ó±àaÀµºªÕ�ÐÈÅ­¾Hý1ßÄÇ�³
X = IR2

ÅÆº±Ð¨ÝÖà�ÕÑÂ
Y = {(x, y) | y =

ax, a ∈ IR} ÝÖÃ�º±Ò^óª´¨¾ªý1ÂÄÇ�¾¨Ò ÕÑ³­ó�O ³õ³µ´¨³Æ¹Ú³¨ÒÌÏÑ¹ Ã�ºµÐ¨À¨¹»ºÉÏÑóN�'ÏÑ¹»º
G­ÝÖàaÕÖÂ L SÖ°$�=´¨³­Ç�³�E±ÀµÏ«Õ�¾¸Õ�Ï«Ã�ºÅ­ºªÕÑº±à�ÅÆÏÖó±Íªà>³¨ó±ÀµÏ^ÕÙ³ªÃHÜ�Ð»º±Ã�ó±àaÀµºªÕ�ÐÈÅ­¾÷ýÆßÄÇ�³O´¨ùª¶µ¹ÈÅ­³
(X/Y )

³÷³µ´­³­¹Ú³¨ÒHÐÓàa³�EªÕÙº±ÐjÀµÏØÕÙ³Oà�EªÃ�³¸¶µ³
{L} ∪ {ε | ε//L,∀ε} GÄ¾µ´¨³¨ó ε ÏÑóN�'ÏÑ¹»ºhÕÙ³¨ó IR2 °�Û¡E¸ÅÆ³¸¶±ºRÅÆºªÃ�ÏÑ¹ÚÒJÀ±´¨³¨Ç�ÏÙ¹BÃ�ºvÅÆº¸ÕÙºª¶µôªÎ�ÏÑÐ?à�ÕÙ³àaó±À±´¨ÝÖÇ�º±àaÀµºõ¾ªÕ�Ð�³½Ü�Ð»º±Ã�ó±àaÀµºªÕ�ÐÈÅ­¾¨Ò_ý1ßÄÇ�³­Ò_´¨ù¸¶¨¹ÈÅ­³

(X/Y )
ÏÑ¹ Ã�ºµÐ>ÐÓàa³¨Àµ³¨Ç��'ÐÈÅ­¾¨ÒÉÀµÏÌÕÑ³±ÃNÜ�Ð»ºªÃ�ó�IàaÀµºªÕ�ÐÞÅÆ¾½ý1ßÄÇ�³

IR
O ÅÆº±ÐQ�'º\ÕÙ³ àaó±À¸Á¨³¸¶¨¹���³¨ó±ÀµÏ

(X/Y ) ∼= IR
SÖ°XÔÌóªÕ�¾½Å­º±Ã�ÏÑ¹ÓÒÉÀ±´¨³¨Ç�ÏÑ¹>Ã�ºÿÕÙ³ Ü�ÏÙÐÀµÏøÕÙ³NÃ�ºT�îºªÃ×ÕÙº±à�Õ�ÏÙ¹±¾ªÕ�Ð¨à>óªÀ±´­Ð»ÝM��³¨ó±ÀµÏøÕÙ³Ný1ßÄÇ�³

IR2
ÀµÏ/Õ�ÝLÕÙ³­ÐÓ³ªÃ:Õ�Ç�¾µ´¨³NßÄà�Õ�Ï/¾¸¶µº¿ÕÙº¿à�ÕÙ³­ÐÓý1ÏÙ¹»ºO Ü�Ð»º±Ã�E±àaÀµºªÕÙº�S¤ÕÑ³­ó:óª´¨¾ªý1ÂÄÇ�³¨ó

Y
O Ü�ù¸¶j°?Õ�ùªÒ/ÏÖóY�îÏÙ¹»ºªÒ

y = ax
S6Ã�ºÌ´­ÝÖàa³¨ó±Ã àaÕÑ³ÉÀµù±Ü�ÏÑÃ^Å­ºµÐ±Å­ºªÕ�Íàaó±Ã�ÝL´¨ÏÙÐÈºJ¾¸¶µ³¨Òÿ³hý1ßÄÇ�³¨ÒÿÃ�ºJà>óªÀ±´­Ð»ÏÑà�Õ�ÏÑ¹'àaÕÑ³±Ã÷ÍªÎ�³ªÃ�º

xx′
O ´¨³­ó ÅÆº±Ð-º±óªÕ�¾¨ÒõÏÙ¹ Ã�ºµÐ-óª´¨¾ªý1ÂÄÇ�¾¨ÒÕÑ³­óvÅ­ºµÐ��îó±à>ÐÈÅ­ÍvÕÙº±ó¸Õ�¹���ÏÖÕÙº±Ð?ÀµÏOÕÙ³ªÃ

IR
SÖ°�ËÌº±Ç�ºªÕ�ùªÇ�ÏÑ¹Óà�Õ�ÏO¾¸Õ�Ð`³¨ó±à>Ð»ºªàaÕ�ÐÞÅÆÍRº±ó¸Õ�¾�´¨³¨óRÅÆÍªÃ�º±ÀµÏô¸ÕÙº±Ã¿Ã�º\ÏÖÎ¸ÐÚà�ßÄà>³¨ó±ÀµÏ ¾¸¶µºõÕÙºõà�ÕÙ³­ÐÚýjÏÙ¹Èº\ÕÑ³­óõóª´¨³ªý1ßÄÇ�³¨ó�O6óª´¨³¨³­ÀµÍªÜ�ºªÒPSlÀµÏ ÕÙ³OÀµù±Ü�ÝÑÃyO ÕÙ³O³µ´¨³Æ¹Ú³¾µ´µÂÄÒ÷·jÃ�ÂÄÇ�¹���ÏLÕ�ÏOÏÙ¹ Ã�ºµÐ¤·�Ç�º±ÀµÀ¨ÐÈÅ¨ßÄÒ½ÏÖÎ�º±Ç×Õ�ù±ÀµÝÑÃ�³=þ�ÅÆº±Ð?ÏL´­¹Óàaù±Ò÷À±´¨³¨Ç�³�E±ÀµÏOÃ�ºhÕÙ³-�îÏÖÂÄÇ�ô±àa³¨ó±ÀµÏÅ­ºµÐ­àaº±ÃÌº±Ã×Õ�ÐÈ´¨Ç�¾¨à�Â`´¨³õÕ�ù±Ò^óª´¨³¨³¨ÀµÍ±Ü�º±Ò
Y
à�Õ�ù±ÃÌ³¨ÀµÍ±Ü�ºÉ´¨ù¸¶¨¹ÈÅ­³*O

X/Y
S¡SL°BÔÌóªÕ�¾NÕÙ³NÕ�ÏL¶µÏÑó¸ÕÙºµ¹Ú³¾µ´µÂÄÒ
�îº��>º±Ã�ÏÑ¹aº±ÀµÝÑà�ÂÄÒ_ÀµÏLÕ�ÍWG�ÏÑ¹ Ã�º±Ða´¨³¸¶HEÿà>ùªÀ¨ºªÃ×Õ�ÐÈÅ­¾a°

ï ÛÄýj³ªÃ�ÕÑº±Ò=¶µ³­ÐÈ´¨¾±Ã�à�ÕÙºVý1ÝÑÇ�Ð»º Àµº±ÒJÕ�ù±ÃvÕ�ÏLÕ�Ç�ºª·jÂÄÃ�ÐÈÅ­ô àaýjÝÖà>ù
σ2i = (q − 1)σi + q1

´¨º±Ç�ºNIÕ�ùªÇ�³�E±ÀµÏÌ¾ªÕ�Ð[]
σ2i = (q − 1)σi + q1 =⇒ σ2i + (1− q)σi + (−q)1 = 0ï ÛÄÕ�à>Ð­¶µ³­ÐÈ´¨¾±Ã:Á­Ç�ÐÓà�Å­¾¨ÀµÏÑÃ�³­Ðjà�ÕÙ³±Ã_Üµ°»ýî°

CIBn

º±Ã¿ÏL´­ÐÓÁ­Í¸¶±¶µ³¨ó±ÀµÏ^à>Ï^º±óªÕ�¾ªÃ_Õ�ùÉÕ�ÏÖÕ�Ç�ºª·jÂÄÃ�ÐÈÅ­ôNàaýjÝ×IàaùÿÕ�¾ªÕ�Ï_ù½ÐÚàa¾ªÕ�ùªÕÙºOÜ�E±³ àaÕÑ³ÆÐÚýjÏÑ¹ÈÂÄÃ\º±óªÕÙ³�EWGaÝÖýjÏÙÐaÕÙ³JÃ�¾¨ù±ÀµºOÕ�ùªÒÉÏÖÎ¸¹Úà�ÂÄà>ùªÒ¿Å­Íª´¨³­ÐÈÂÄÃÿà�ÕÙ³­ÐÚýjÏÑ¹ÈÂÄÃÕÑ³­óÿà>ó¸·jÅ­ÏÖÅ­Ç�Ð»ÀµÝÖÃ�ù±ÒÉÀµ³¨Ç��îôªÒYGaÀµÏÌÕÙ³½Àµù±Ü�ÝÑÃ	.
À-ÁXÂWÁ�ÃHÄsÂHÅsÆ ¦HÇ�ÈO�¯�S�ËØº±Ç�ºªÕ�ù±Ç�ÏÑ¹Óà�Õ�Ïø¾¸Õ�ÐµÕ�ù¿àaýjÝÖàaù

σ2i +(1−q)σi+(−q)1 = 0
À±´¨³¨Ç�ÏÑ¹µÅ­º±Ã�ÏÙ¹ÚÒ^Ã�º_Õ�ù±ÃØÜ�ÏÙÐ[G¨ÏÙ¹ Õ�Ïàaº±ÃÌÝÖÃ�ºHà�ÕÙ³­ÐÓý1ÏÙ¹Ú³�O ÕÙ³

σ2i +(1− q)σi+(−q)1 SBÕÙ³¨ó CIBn

ÏÑ¹ÚÕ�Ï/ÂÄÒ^ÕÙ³ªÃÌ·�Ç�º±ÀµÀ¨ÐÈÅ­¾\à>óªÃ�Ü�óªº±àaÀ¨¾
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JONES

ÕÑÂÄÃ
σ2i , σi

Å­ºµÐB¯�´­³¨ó+ÏÑ¹ Ã�ºµÐ�Å­ºµÐ�´¨Íª¶¨Ð-à�ÕÙ³­ÐÓý1ÏÙ¹»ºJÕÑ³­ó
CIBn

°Éï Û`Õ�à>Ð-à�Õ�ùJÜ�ÏLEªÕ�ÏÑÇ�ù ´¨ÏÖÇ�¹È´µÕÑÂÄàaùÏÑÎ�ÐÚà�ßXÃ�³ªÃ×ÕÙº±ÒÿÕÙ³±Ã½·�Ç�º±ÀµÀ¨ÐÈÅ­¾�à>óªÃ�Ü�óªº±àaÀ¨¾hÀµÏ\ÕÑ³�Àµù±Ü�ÝÖÃ�O ôhÐÓàa³¨ÜNEªÃ�ºªÀµºWG6ÏÖ´­ÐÚÁ­Íª¶±¶±³±Ã×ÕÙº±Ò\Õ�ù±Ã½Õ�Ï�IÕ�Ç�ºª·jÂÄÃ�ÐÈÅ­ô àaýjÝÖàaùHSLGaº±Ã�ºª·jÅ­Í���³¨ó±ÀµÏ¿ÕÑº½à�ÕÙ³­ÐÚýjÏÙ¹Èº
σ2i , σi

Å­ºµÐ¤¯UG>´¨³¨ó ºªÇ�ýjÐÈÅ­Í ôªÕÑº±Ãõ·�Ç�ºªÀµÀ­ÐÞÅ­ßÄÒº±Ã�ÏÖÎ�ÍªÇ�Õ�ù¸ÕÙº�O ÂÄÒ_à�ÕÙ³­ÐÚýjÏÑ¹»ºNÁ­Í±àaù±ÒØÕÙ³¨óÿÜµ°Èý'°
CIBn

SLG�Ã�ºõ·a¹ Ã�³­óªÃHÕ×ßÄÇ�º*O àaÕÑ³÷Ã�ÝÖ³½ý1ßÄÇ�³÷´¨³¨óÿÝÖýjÏÙÐ´¨Ç�³¨ÅFE�­îÏÑÐ S«·�Ç�º±ÀµÀ¨ÐÈÅ¨ßÄÒ¿ÏÑÎ�º±Ç×Õ�ù±ÀµÝÖÃ�º1°B²^³+¹»Ü�ÐÚ³+ÐÓàaý�EªÏÙÐ�Å­ºµÐaàaÕ�ùªÃH´¨Ç×ß`Õ�ù\´¨ÏÑÇ�¹È´µÕÖÂÄà>ùÆ°
O ��S�ÔÌÒÉÜ�³FEªÀµÏ_Õ×ßÄÇ�ºWG�ÕÙ³ àXE±Ã�³¸¶µ³ 〈σ2i = (q − 1)σi + q1〉 º¸´¨¾ ´¨³­Ð»Í÷àaÕÑ³ÆÐÚýjÏÑ¹»º÷ºªÅ­Ç¸ÐÚÁ¨ßÄÒHº¸´¨³�IÕ�ÏÖ¶±ÏÙ¹ ÕÙºµÐr°røÝÖ·�³ªÃ×ÕÙº±Ò^¶±³ÆÐÞ´¨¾±ÃHG1¾ªÕ�Ð­ÏÖ´­ÐÚÁ­Íª¶±¶±³­óªÀµÏ«àaÕ�ùªÃ

CIBn

Õ�ù±ÃÌÕ�ÏLÕ�Ç�ºª·jÂÄÃ�ÐÈÅ­ôHàaýjÝÖàaù
σ2i +(1− q)σi+

(−q)1 = 0
G-Ü�ÏÖÃ÷àaù±Àµºµ¹ Ã�ÏÙÐ'¾ªÕ�Ð-º±óªÕ�ô½Õ�ù à>ý1ÝÑàaù��îº Õ�ù±Ã÷ÐÈÅ­º±Ã�³µ´¨³­ÐÓ³FE±Ã½Àµ¾±Ã�³hÕÙº

σi
OøÜ�ùª¶±º±Ü�ô³­Ða·jÏÑÃ�Ã�ôªÕÙ³¨Ç�ÏÖÒ_Õ�ù±Ò

Bn

S²G�ºª¶±¶±Í\Å­ºµÐ�Å­ÍY�îÏØÅÆº¸Õ�Íª¶±¶µù¸¶µ³¨Ò_àaó±Ã�Ü�ó±º±àaÀµ¾¨Ò:àaÕÑ³ÆÐÚýjÏÑ¹ÈÂÄÃNÕ�ùªÒ¸°$�ÿùª¶µº±Ü�ô�îº Õ�ùªÃ�ÐÈÅ­º±Ã�³¨´¨³­ÐÓ³�E±Ã ý'°ÚÁa°ÞÕµ°È·6Ì Å­ÍY�îÏ+Õ�Ç�Ð»Í±Ü�º Å­³ªÕ�à>¹»Ü×ÂÄÃHG^ÝÑà�ÕÑÂ
(α1, α2, α3

S�S²G^¾µ´¨³¨ó Å­ÍY�îÏàaó±Ã�ÐÓà�Õ×ßÄàaº\Õ�ùªÒ¿ÏÑÀ±´¨ÏÖÇ�Ð»ÝÑý1ÏÙÐaÕÙº
σ2i , σi

Å­ºµÐê¯&º±Ã×Õ�¹ÚàaÕÑ³ÆÐÚýjºWGaàaÏ_ºªÃ�Õ�¹Úà�ÕÙ³­ÐÓýjÏÖÒ
�îÝÖà>ÏÑÐÓÒ:ÅÆº±ÐîàaÏ:¾¸¶µºÕÙºÌÍª¶±¶±ºØÕÙ³¨ó±Òøàaù±ÀµÏÑ¹»º0�îºØÕÑº±óªÕ�¹���³±Ã×ÕÑºµÐr°êï Û`Õ�à>ÐªÏÖÍ±Ã
α := (1·α1+(1−q)·α2+(−q)·α3) ∈ CIBnO ôJºª¶±¶¨ÐÞßÄÒK�'ºJàaó±À¸Á­³�¶¨¹���³¨ó±ÀµÏN]

α ∼ σ2i + (1 − q) σi + (−q) 1
Sd�îºJÝÑýj³¨ó±ÀµÏN¾ªÕ�Ð

=⇒ α ∈
〈σ2i = (q − 1)σi + q1〉 °Xú/ó±Ã�ÏL´µßXÒNG>ÏLEªÅ­³¸¶µºÿÅ­ºªÕÙº¸¶µôª·�³¨ó±ÀµÏ:à�ÕÑ³½à>óªÀ±´¨ÝÑÇ�º±àaÀµºõ¾ªÕ�Ð[]

〈
σ2i = (q − 1)σi + q1

〉
≡
〈
v ∈ CIBn | v ∼ σ2i + (1− q) σi + (−q) 1

〉
.

²^ÝÖ¶±³¨ÒYG>³¨Ç�¹���³¨ó±ÀµÏ_ßÄÒ
V := 〈v ∈ CIBn | v ∼ σ2i + (1− q) σi + (−q) 1〉 °

úl	¿íbrlü í ]B²^³8àXE±À¸Á­³¸¶±³X] 〈·〉 Glóª´¨³¨Ü�ù¸¶±ßÄÃ�ÏÙÐ`Õ�ù±Ãh·jÇ�ºªÀµÀ¨ÐÈÅ­ô��'ô¸ÅÆù�ÕÙ³¨óVàaó±Ã�¾¸¶µ³¨ó�´­³¨ó�´¨ÏÖÇ¸ÐÈÝ×IýjÏÑÐr° �ÿùª¶µºªÜ�ô8³
V
ÏÙ¹ Ã�ºµÐ^³áÀ¨ÐÈÅ­Ç�¾¸Õ�ÏÑÇ�³¨Ò�·�Ç�º±ÀµÀ¨ÐÈÅ­¾¨ÒVóª´¨¾ªýÆÂÄÇ�³¨Ò�ÕÑ³­ó

CIBn

´¨³­ó8´¨ÏÑÇ�Ð»ÝÖýjÏÑÐ^ÕÙ³àXE±Ã�³¸¶µ³ {v ∈ CIBn | v ∼ σ2i + (1− q) σi + (−q) 1} °
ËÌºªÇ�º¸Õ�ù±Ç�ÏÙ¹ÚàaÕ�Ï ¾ªÕ�Ð[G«ÏÖÎ�ÐÓà�ßÄÃ�³±Ã×ÕÙº±Ò+Å­ÍY�îÏ+à�ÕÙ³­ÐÓýjÏÑ¹Ó³8Õ�ùªÒ

V
ÀµÏJÕÑ³8Àµù±Ü�ÝÑÃHG/³¨Ç�¹���ÏÖÕÑºµÐøÀµÏ��îóªàîÐÈÅ­¾Õ�Ç�¾µ´­³½ÝÖÃ�ºªÒ_³­Àµ³¨Àµ³¨Ç��'ÐÚàaÀµ¾­ÒP�Rºª´¨¾OÕ�ù±Ã

CIBn

àaÕ�ùªÃHÍ¸¶±·�ÏðÁ­Ç�º\´¨ùª¶µ¹ÈÅ­³ Í
CIBn/V

G�ÀµÏØ´¨ó±Ç�ô±Ã�º\ÕÑ³±Ãóª´¨¾ªý1ÂÄÇ�³
V
°

O ãHS ²^³
1 /∈ V G�¾¨À±ÂÄÒÉÀ±´¨³¨Ç�ÏÙ¹aÃ�º÷ÐÓàaý�E±ÏÑÐ 1 = αi

G�·aÐ»ºÿÅ­Íª´¨³­ÐÓ³
i ∈ {1, 2, 3} °

O â�S
²^³
0 ∈ V

°sËÌÇ�Íª·�Àµº¸Õ�Ð[Gøº¸´¨¾ Õ�ù±ÃhàaÕ�Ð ·�Àµô�´¨³¨ó ³
V
ÏÙ¹ Ã�ºµÐXó¸´¨¾ªý1ÂÄÇ�³­ÒÚO àaýj¾¸¶µÐÓ³ ËÌºªÇ�º�IÕ�ô±Ç�ù±àaù±Ò*O ��S
SLGê´¨Ç�³F�>º±Ã×ßÄÒ
�îºJ´¨ÏÑÇ�Ð»ÝÖýjÏÑÐêÅÆº±ÐêÕÙ³o�1°÷í_Àµ³­¹ÈÂÄÒÿÅ­ºµÐ-·aÐ»º=ÕÑ³RÍY�îÇ�³­ÐÓàaÀµº+àaÕÑ³­ÐÓýjÏÑ¹ÈÂÄÃÕÙ³¨ó

V
°

Ou��S Ô:Ã
α, β ∈ V

Õ�¾ªÕ�Ï Å­ºµÐ
α · β ∈ V

°òËØÇ�Í¸·�ÀµºªÕ�Ð[G º±Ã�·�Ç�Í�­>³­óªÀµÏ=ÕÙ³±Ã ÝÖÃ�º±Ã ºª´¨¾ÕÙ³¨ó±Ò_Ü�E±³÷¾¨Ç�³­óªÒ&;^ÕÙ³¨ó\·aÐ Ã�³¨ÀµÝÑÃ�³¨óÿÂÄÒ:Õ�óª´­ÐÞÅÆ¾½ÍY�îÇ�³­ÐÓàaÀµºõÅ­ºµÐ�ÏL�îº±Ç�Àµ¾¨àa³¨ó±ÀµÏÌà�Õ�ù±ÃÉàaó±Ã�ÝÖýjÏÑÐ»ºõÕ�ùNIÃ ÏL´­Ð»ÀµÏÖÇ¸ÐÚà�Õ�ÐÈÅ­ôvÐ»Ü�Ð»¾¸Õ�ùªÕÙºWG6ÏLEªÅ­³¸¶µº+´¨º±Ç�ºªÕ�ù±Ç�³�E±ÀµÏõ¾¸Õ�ÐêÂÄÒOº¸´¨³ªÕ�ÝL¶µÏÖà>Àµº �îº+ÝÖýj³¨ó±ÀµÏ\ÝÑÃ�º+Õ�óª´­ÐÞÅÆ¾ÍY�îÇ�³­ÐÓàaÀµºÿ¾µ´¨³­óÿÅÆÍN�'Ï:¾¨Ç�³¨ÒÉÕÑ³­ó��'º\ÏÙ¹ Ã�ºµÐ>ÝÖÃ�ºOÃ�ÝÖ³
αi
GhÀµÏ

i ∈ {1, 2, 3} °
Î=<¥ò�íNü'ò�é�ê ÷�ùMðfâ�á�é�ô�ïLòóî×ô�íYê�ï$û�â²î�ë�ôÊ��é'ã ò�ïlü þ â�öLùfé?>&@BA=C+DEDGF�D&@ ë�î�â�ê þ é�ô\ï$î�øLã½ì²íNé°ý�á�ïLã CIBn

�2� ÞJùÁ�Xã²÷�é�c²û�â²õMïû�ïLò�é�ô ãJùMðfâ�á�é�ôYòóïq�óéßê ÷�àLî×ê�î�éËõ�ê û�ì¡û�ï²î�ïLõMú²íNâ�öLùMéªð�ì²õ�ê�ëYéH>&@BA=C+DEDGFID�è ì^À�á�â�ê ëYùMïeû�âLîóë�ôÊ���XòÁ�Ð#Jeé'ã�ðfïMá�ï²î�úLá�øLëYø Ó:KÁÔ �L�M ð�âÁÀ�üËî�â�öMùMé þ � ý�� î�� íN�QàLî×êYâ_à�á�â�ãJðfâ�ö,ïLò�ï²õ�cLéËî�ïMê��XãJî�ö²ð�ê û�àqì^À�á�â�ê ëYùMï,é�ô ò�ïMê�íNé�òóò�úLî'â�á�ïLãJî�øLã V �
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HECKE

ã1¯
O»�HS ²^ÝÖ¶µ³¨Òl´¨º±Ç�ºªÕ�ùªÇ�ÏÙ¹ÚàaÕ�Ï`¾¸Õ�Ðª³

V
ÏÙ¹ Ã�ºµÐªÜ�ºªÅ¨Õ�Eª¶µÐÓ³¨ÒbO ´­Ð»¾Éàaóª·1ÅÆÏLÅ­Ç�Ð»ÀµÝÑÃ�ºÌóª´¨³¨Ü�º¸Å¨Õ�Eª¶¨ÐÓ³¨ÒlÕÙ³¨óÌÜ�ºNIÅ¨Õ�óª¶µ¹Ó³¨ó

CIBn)
ÅÆº±Ð�ÀµÍ¸¶¨ÐÓà�ÕÙº^ÐÞÅÆºªÃ�³¨´¨³­Ð»ÏÑ¹¸Å­º±Ð�ÕÑ³±Ãø³¨Ç�ÐÓàaÀµ¾ÌÕÙ³¨ó Ð»Ü�ÏLßÄÜ�³¨ó±Ò�°?ÔÌóªÕ�¾Ø´¨Ç�³¨ÅFEª´µÕ�ÏÑÐ�ÍªÀµÏÑàaººªÃNà�Õ�ù±ÃÉ´¨º±Ç�ºªÕ�ôªÇ�ùªà>ù�Ou��Sø·�¹ Ã�ÏÑÐ>ºª¶ª¶µºª·�ôõÕ�ù±Ò_óª´¨¾��îÏÑàaù±Ò

α, β ∈ V àaÏ
α ∈ V Å­ºµÐ

β ∈ CIBn

G¾µ´¨³¨óNÅ­ºµÐÆ´¨Íª¶¨Ð��îºõÐÈÅ­ºªÃ�³µ´¨³­Ð»ÏÑ¹ÚÕÙºµÐjùNà>ý1ÝÑàaù
α ·β ∈ V °`ÛÄ´¨³¨ÀµÝÖÃ×ÂÄÒ:³ ( CIBn/V , + , · ) �îºÏÑ¹ Ã�º±Ð>Ü�ºªÅ¨Õ�Eª¶µÐÓ³¨Ò¿´¨ùª¶µ¹ÈÅ­³a°

ÔØ´¨¾�ÕÙºh´¨º±Ç�ºª´¨Í±Ã×Âòàaó±À±´¨ÏÖÇ�ºµ¹ Ã�³­óªÀµÏO¾ªÕ�Ð?º��î³�Ev³
( CIBn/V , + , · ) ÏÑ¹ Ã�º±ÐBÜ�ºªÅ¨Õ�Eª¶¨ÐÚ³¨Ò½Å­ºµÐÜ�Ð»ºªÃ�óªà>Àµº¸Õ�ÐÈÅ­¾­Ò¿ý1ßÄÇ�³¨ÒYGaà>óªÃ�ÏL´¨Íª·�ÏLÕÙºµÐj¾ªÕ�ÐQ�îºÿÝÖýjÏÑÐ>Ü�³¨ÀµôOÍª¶±·jÏ Á­Ç�º±Ò�°

�_ºÿÜ×ßÄà>³¨ó±ÀµÏÌÕ×ßÄÇ�º\ÕÙ³ªÃõ³¨Ç�ÐÓàaÀµ¾½Õ�ù±Ò_Íª¶±·�ÏðÁ­Ç�º±Ò
Hecke

°
�>	@��
��y�S
 ä3�u®I8¹«���W� £ª�a§

Hecke H(q, n)
�Ö© éÖ§GN�¢�N�§0�L���W� £ª�>§bÓ��ªé-'-Ï¥ÒL�

CI 1 ¢��l�W��é�éYÕ�ÒL���X�ð�Ò §�Ï§Ò �3N �,�Ö©�§
g1, g2, . . . , gn−1 1 Ò §O��Ó���©�§�N¬¦¨§¸éÙ��Ó��ONÞ��ÐªéyÒ&NÓ�PÏ��k��ÏW�ENÞ� 1

g2i = (q − 1)gi + q1,
O �Æ°¬¯�S

gigi+1gi = gi+1gigi+1,
O �Æ°»��S

gigj = gjgi , ∀|i− j| ≥ 2.
O �­°»ãHS

�,�×�¨§��YÕ 1

H(q, n) =

〈
g1, g2, . . . , gn−1

∣∣∣∣∣∣∣

g2i = (q − 1)gi + q1,
gigi+1gi = gi+1gigi+1,
gigj = gjgi , ∀|i− j| ≥ 2.

〉 O �Æ°ÈâHS
��Ó��Ùç

q ∈ CI 1 ¢&�½¢!�����×éON¬¦¨� $ÛX¹ Ã�ºµÐª´¨Ç�³��îº±Ã�ÝÖÒ/¾ªÕ�Ð±ù:Í¸¶±·�ÏðÁ­Ç�º
Hecke H(q, n)

ÏÙ¹ Ã�ºµÐµÐÚà>³¨Àµ³¨Ç��'ÐÞÅÆô_ÀµÏXÕ�ù±Ã
CIBn/V

°6Ô:óªÕ�¾�>ºµ¹ Ã�ÏÖÕÑºµÐêºª´µ¶±ßÄÒ\ºª¶±¶µÍ���³ªÃ×ÕÙº±ÒõÕÙº
σi

àaÏ
gi
G¤º¸´¨¾vÕ�ù+àaÕ�Ð ·�ÀµôJ´¨³¨ó+ÅÆº±Ð¤³­ÐêÕ�Ç�ÏÙÐÚÒÿà>ý1ÝÑàaÏÙÐÚÒ\´¨³¨óÐÞÅÆºªÃ�³µ´¨³­ÐÓ³FEªÃ\Å­ºµ¹a³­Ð>Ü�E±³ º±ó¸Õ�ÝÑÒ_Íª¶ª·�Ï Á¨Ç�ÏÖÒ¿ÏÑ¹ Ã�ºµÐ>ºªÅ­Ç�ÐÓÁµßXÒ¿³­Ðî¹»Ü�Ð»ÏÖÒ¸°

uqs�uvsmu ���}�\¥5�&���/6QP z5�SR ��Rk�UT £�¤H8@~��vx\�}�
HeckeÔÌÒ��îó±ÀµùY�î³�E±ÀµÏ_Õ×ßÄÇ�º�G�¾ªÕ�Ð�ù ³¨ÀµÍ±Ü�ºJÀµÏLÕÙºY�îÝÖà>ÏLÂÄÃ

Sn
´­ºªÇ�¹Óà�ÕÙºªÕÙº±Ð'ºª´¨¾+ÕÙº

s1, s2, . . . , sn−1,ÝLÕ�à>Ð¤ßÄà�Õ�Ï
s2i = 1 , sisi+1si = si+1sisi+1 , sisj = sjsi , ∀|i − j| ≥ 2

°ví¿Ã�³¨ÀµÍ���³¨ó±ÀµÏÀµÏÑÐÈÂÄÀµÝÖÃ�ÏÑÒõ¶±ÝÑÎ�ÏÑÐÓÒõÕÑÂÄÃ
gi

ÅÆº±Ð-ÕÖÂÄÃ
si

Õ�ÐÓÒõ¶±ÝÑÎ�ÏÑÐÓÒ\ÀµÏHÕÙ³hÀ¨ÐÈÅ­Ç�¾ªÕ�ÏÖÇ�³RÀµôªÅ­³¨Ò¸°H²^³��'ÝÖÀµº ÏÙ¹ Ã�ºµÐ¾¸Õ�ÐBùRàaýjÝÑàaù O �Æ°¬¯�S!ÏÑ¹ Ã�ºµÐ?ÕÑ³ ¹»Ü�ÐÓ³VÅ­ºª¶µôWG`¾¨àa³�ÅÆº±Ð`ù
s2i = 1

·aÐÓï�º±óªÕ�¾±ÃJÕÙ³ªÃ=àaÅ­³µ´¨¾�°vï Û`Õ�à>ÐÕÑ³ àXE±à�Õ�ù±ÀµºhÕÑÂÄÃhÀµÏÙÐÞÂÄÀ¨ÝÖÃ×ÂÄÃ=¶µÝÑÎ�ÏLÂÄÃ=ÕÑÂÄÃ
si

Õ�ù±Ò
Sn

ÏÑ¹ Ã�ºµÐÄÐÈÅ­º±Ã�¾ Ã�º�ÏL�î³¨Ü�Ð»Í±àaÏÑÐÄÀµÏ½À¨Ð»ºO ·�Ç�º±ÀµÀ¨ÐÈÅ­ôHS:Á­Í±àaù=Õ�ù±Ã
H(q, n)

GBºª´µ¶±ßÄÒO·�Ç�Í��>³±Ã×ÕÙº±Ò÷¾µ´¨³­ó
si

ÕÙ³
gi
°-�RÐ»º=Á­³¸¶µÐÈÅ­ôRÕ�ÝLÕÙ³­Ð»ºÁ¨Í±àaùÿÏÑ¹ Ã�º±Ð>ùWG

{(gi1gi1−1 . . . gi1−k1
) . . . (gip . . . gip−kp

)|1 ≤ i1 < i2 < . . . < ip ≤ n− 1}. O �Æ°���S
Û$EªÅ­³¸¶µºõÀ±´¨³­Ç�ÏÑ¹jÃ�ºNÜ�ÏÙÐÆÅ­º±Ã�ÏÑ¹ÓÒÌ¾ªÕ�Ð1ùNÜ�Ð»Í±à�ÕÙº±àaù¿Õ�ù±Ò

H(q, n)
ÂÄÒÌÜµ°Èý§G1ÏÙ¹ Ã�ºµÐ

n!
°ÄËØº±Ç�ºªÕ�ù±Ç�ÏÑ¹�Ià�Õ�ÏÌºªÅ­¾¨À¨ºO¾¸Õ�Ð>ù

H(1, n)
G�ÏÙ¹ Ã�ºµÐ>ù

CISn
°
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JONES

úl	¿íbrlü í ]
O ¯�S ñ#Íª¶ª·�Ï Á¨Ç�º
Hecke

ÕÙ³¨ó í_Ç�ÐÓàaÀµ³�E �Æ°»Ê8³ªÃ�³­ÀµÍ���ÏÖÕÙº±Ð^Íª¶ª·�Ï Á¨Ç�º
Hecke

Õ�ENI´¨³¨ó
An−1

G¨Å­ºY�>ßÄÒ ³­ÐÆàaýjÝÖà>ÏÑÐÚÒ^ÕÙ³¨óÉ³­Ç�ÐÚà>Àµ³�EÉÕ�ù±Ò^º±Ã×Õ�ÐÓà�ÕÙ³­ÐÚýj³�E±Ã_à�ÕÙº¿Ü¸ÐÈºª·�Ç�Í±ÀµÀµºªÕÑº
Coxeter−

Dynkin
Õ�Eª´¨³¨ó

An−1
°�²^ÝL¶µ³¨ÒVó¸´­ÍªÇ�ýj³¨ó±Ã Í¸¶±·�ÏðÁ­Ç�ÏÑÒ

Hecke
Å­ºµÐ^·�Ð»º Íª¶±¶µº8Ü�Ð»ºª·�Ç�Í±ÀµÀµº¸ÕÙº

Coxeter −Dynkin
OuÁ¨¶µÝL´¨Ï:àaýj¾¸¶¨ÐÓ³ à�ÕÙ³OÕ�ÝÖ¶µ³¨Ò_Õ�ù±Ò_ÏÖÇ�·jº±à>¹»º±Ò�SL°

úl	¿íbrlü í ]TO ��S ¼ÉÍN�'Ïh¶µÝÖÎ�ù8Õ�ù±ÒvÁ­Íªà>ùªÒRÕ�ù±Ò
H(q, n + 1)

GÌ´¨ÏÑÇ�Ð»ÝÖýjÏÑÐ ÕÙ³áàaÕÑ³ÆÐÚýjÏÑ¹Ó³
gn
GÌÕÙ³´¨³¸¶HEOÀ¨¹»º��î³¨Ç�Í1°

e*�²· V WYXy�@g��=pSZ�¸[Z 2]\_^ ���`X_l p"�`X
Ocneanuú/Ïÿº±óªÕ�ô+Õ�ù±Ã ÏÖÃ�¾ªÕ�ùªÕÑº*�îº=´¨ºªÇ�³¨ó±à>Ð»Íªà>³¨ó±ÀµÏõÕÑ³-�îÏÖßÄÇ�ù±Àµº+ÕÑ³­ó

Ocneanu
ÕÑ³�³µ´¨³Æ¹Ú³VÏÑ¹ Ã�ºµÐ¤ÕÑ³´µ¶µÝÖ³±Ã_Á¨º±à>ÐÈÅ­¾O·aÐ»ºõÕ�ù±Ã¿Å­ºªÕÑº±à�ÅÆÏÖó±ôNÕÙ³¨óõ´¨³¸¶±óªÂÄÃ�E±Àµ³¨ó

Jones
Ü�E±³OÀµÏÖÕÙº�Á¨¶µùªÕ×ßÄÃµ°Bñ àaó±Ã�Í±Ç×Õ�ùNIàaùh¹ÚýjÃ�³¨ó±ÒOÕÑ³­ó

Ocneanu
´¨Í±Ã×Â à�Õ�ù±Ã

H(q, n)
GêÏÖÀ±´¨Ã�ÏMEªàaÕ�ù¸ÅÆÏNºª´¨¾vÕÙ³v´¨³¸¶±óªßÄÃ�ó±Àµ³

JonesÀ¨Ð»Í±ÒõÀµÏÖÕÑº�Á¨¶µù¸Õ�ô±ÒYGî´¨³¨óJÅ­ºªÕÙºªàaÅ­ÏLE±º±àaÏH³v¹»Ü�ÐÚ³­Òÿ³
Jones

GêÀµÝÖà�Â Õ�ù±Ò��îÏLÂÄÇ�¹»º±ÒNÕÑÂÄÃÿÔÌ¶±·jÏ Á­Ç×ßÄÃ
von Neumann

°
ï í_ÕÑº±ÃOº±Ã�º��îÏÖÇ�¾­ÀµºªàaÕ�ÏÉàaÏÉÀ¨¹»ºJàaó±Ã�Í±Ç×Õ�ù±àaù½¹Óý1Ã�³¨ó±Ò

tr
GsºªÃ�ÏÑÎ�º±Ç×Õ�ôªÕÑÂÄÒÉ´¨³­Ð»¾vÏÑ¹ Ã�ºµÐ'ÕÙ³+´¨ÏÖÜ¸¹Ú³³¨Ç¸ÐÚàaÀµ³FE Õ�ù±Ò O ÕÙ³+´¨ÏÖÜ�¹Ó³=Õ�Ð»À±ßÄÃÿÕ�ù±ÒõÏÑ¹ Ã�ºµÐ-àaó±Ã�ôY�>ÂÄÒÉÕÙ³

CI
SLG�º±Ã�º��>ÏÑÇ�¾¨Àµº±à�Õ�ÏÉàaÏHÀ¨Ð»ºJàaó±Ã�Í±Ç×Õ�ù±àaùÀµÏÌÕ�ÐÓÒ¿ºªÅ­¾¸¶µ³¨óY�îÏÖÒHÐÈÜ¸ÐÈ¾ªÕ�ùªÕ�ÏÖÒY]

(i) tr(α + β) = tr(α) + tr(β)
G

(ii) tr(λ · α) = λ · tr(α) G
(iii) tr(αβ) = tr(βα)

°Ü�ùª¶µº±Ü�ô¿ù¿à>óªÃ�ÍªÇ�Õ�ùªà>ù_¹Óý1Ã�³¨ó±Ò ÏÑ¹ Ã�º±Ð¨´¨Í±Ã×ÕÙº ¨ ÂWÁ ¢ª¢JÇóW Å Å­ºµÐ­ÝÖýjÏÑÐ¨Õ�ùªÃØÅFE±Ç�Ð»ºNÐÈÜ¸ÐÈ¾ªÕ�ùªÕÙº¿ÕÙ³¨óH¹ÚýjÃ�³¨ó±Ò´­Ð Ã�Í¸Å­ÂÄÃµ°
ÔØÅ­³¸¶µ³�EY�>ÂÄÒ*�îº�´¨ºªÇ�³¨ó±à>Ð»Íªà>³¨ó±ÀµÏ½ÕÙ³Ú�îÏÖßÄÇ�ùªÀ¨º�ÕÑ³­ó

Ocneanu
Å­ºµÐÄÕ�ù±Ãvºª´¨¾¨Ü�ÏÙÐÈÎ�ôVÕÙ³¨óWG¾µ´µÂÄÒ¿Õ�ù±ÃNÏÑ¹»Ü�Ï_ºª´¨³÷Õ�ùÿàaÅ­³µ´­Ð»ÍOÕÑ³­óÿ³

Jones
°

:�;=<>	@?A�CB ä3�rë ®
Ocneanu

± m?N �8¦�� ]��
z ∈ CI

çFÓ��ð�^�,�aNl¢�N�§á�Ù�a§Ñ¢¤¢�N¬¦WÕ Ï�çªé�� �¥Ò���Ï��
tr : ∪∞n=1H(q, n) −→ CI

¢¤�×éÖ§��3N¬¦��÷����NÑÏj¢\�×é,�J§�Ó���ÒL�Eçª�¿¦¨§ªé��×éL� ��)¯²±
tr(ab) = tr(ba) 1³�±
tr(1) = 1 1ºM±
tr(xgn) = z tr(x) , ∀x ∈ H(q, n)

$

¹:�
��+
¡&¸d¶ 4 ) ²^³ ´¨Ç×ß`ÕÙ³ ´¨Ç�Íª·jÀ¨º�´¨³¨óV´¨º±Ç�ºªÕ�ù±Ç�³�E±ÀµÏJÏÑ¹ Ã�ºµÐl¾¸Õ�ÐlùVàaó±Ã�Í±Ç×Õ�ù±àaù C : Hn ⊕(
Hn ⊗Hn−1

Hn

)
→ Hn+1

ù÷³µ´¨³­¹»º Ü�¹ Ã�ÏÖÕÙº±Ðîºª´¨¾ ÕÙ³ªÃ\Õ�E¸´¨³ C(x⊕ y1 ⊗ y2) = x + y1gny2
GÏÙ¹ Ã�ºµÐ­ÐÓàa³¨Àµ³¨Ç��'ÐÚà>Àµ¾¨Ò^º±Ã�Í±ÀµÏÑàaº_àaÏ

(Hn , Hn)
þõÜ�ÐÈ´¨Ç�¾ªÕ�óª´¨º1°BÔÌóªÕ�¾H´¨Ç�³µÅ�E¸´µÕ�ÏÙÐ­º¸´¨¾NÕ�ù±ÃØÏÖÎ�ÝÖÕÙºªà>ùÕÙ³¨ó¿àaó±Ã�¾¸¶µ³¨óyOcbÆ°���S6Å­ºµÐ¨ÀµÏlÕÙ³NÃ�º_´¨º±Ç�ºªÕ�ùªÇ�ôªà>ÏÑÐªÅ­º±Ã�ÏÑ¹ÓÒ^¾ªÕ�ÐµÅ­ÍY�îÏl¶µÝÖÎ�ù:Õ�ù±Ò

H(q, n+1)
À±´¨³¨Ç�ÏÑ¹Ã�º=·�Ç�º��>ÏÙ¹êÂÄÒO·�Ç�º±ÀµÀ¨ÐÞÅÆ¾¨Ò÷à>óªÃ�Ü�ó±ºªà>Àµ¾¨Òÿà�ÕÙ³­ÐÚýjÏÙ¹ÞÂÄÃ¿O ¶µÝÑÎ�ÏLÂÄÃNS_Õ�ù±ÒõÁ¨Í±àaù±Ò�OcbÆ°���S²G?¾µ´¨³¨óhÕÙ³

gn
G
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OCNEANU

ãªã
ÏÖÀH�>º±Ã�¹���ÏÖÕÙº±Ð1ÕÑ³O´¨³¸¶�E\À¨¹»º��î³¨Ç�Í1°`²^³÷¾ªÕ�ÐjÏÑ¹ Ã�ºµÐjÏL´­¹jÏÙ¹ Ã�ºµÐjÍ±ÀµÏÑàa³\Å­ºµÐjÕÑ³÷¾¸Õ�ÐjÏÙ¹ Ã�ºµÐ'¯MI ¯Ì´¨Ç�³¨ÅFEª´µÕ�ÏÑÐº¸´¨¾½ÕÙ³ªÃõóª´¨³¸¶±³¸·aÐÓàaÀµ¾½ÕÑÂÄÃNÜ�Ð»º±à�Õ�Í±àaÏLÂÄÃ¨°²«ßÄÇ�º�ÏÑ¹»Àµº±à�Õ�ÏOÏÖ¶µÏLEY�îÏÖÇ�³ÆÐBÃ�ºR³­Ç�¹Úà>³¨ó±ÀµÏ÷Õ�ùv·�Ç�º±ÀµÀ¨ÐÞÅÆô�àaó±Ã�Í±Ç×Õ�ù±àaùhÏÖ´¨ºª·1Â`·aÐÈÅ­Í�ºª´¨¾VÕÑ³­óªÒÕ�E¸´¨³­óªÒ

tr(1) = 1
Å­ºµÐ

tr(xgny) = z tr(xy) , ∀ x, y ∈ H(q, n)
° ²^¾ªÕ�ÏJÕÙ³Ú�'ÝÖÀµºVÏÑ¹ Ã�º±ÐÃ�º Ü�ÏÑ¹»Î�³¨ó±ÀµÏHÕ�ù±Ã÷Ð»Ü�Ð»¾¸Õ�ùªÕÙº ¯²± °¿ÔØ´¨¾vó¸´¨¾H�îÏÖàaù ÏÖ´¨ºª·1Â`·�ô±ÒõÀ±´¨³¨Ç�³FEªÀµÏõÃ�º½ÕÙ³hó¸´¨³H�îÝÖà>³¨óªÀ¨Ï¿·aÐ»º

a, b ∈ Hn

° ²«ßÄÇ�º º±Ã
S
ÏÑ¹ Ã�ºµÐlÝÖÃ�º ó¸´¨³­àXE±Ã�³¸¶±³sÀ¨Ð»ºªÒhÍª¶±·jÏ Á­Ç�º±Ò

A
G/ÕÑ³s³µ´¨³­¹Ó³sÕ�ùªÃR´¨º±Ç�Íª·jÏÙÐàaº±ÃvÍª¶±·�ÏðÁ­Ç�º O ÕÙ³

S
ÏÙ¹ Ã�ºµÐlÝÖÃ�º àXE±Ã�³¸¶µ³ ·�ÏÑÃ�Ã�ùªÕ�¾¨Ç×ÂÄÃRÕ�ù±Ò

A
SLGøÕ�¾¸Õ�ÏJ·aÐÈº Ã�º Ü�ÏÑ¹»Î�³¨ó±ÀµÏ=¾¸Õ�Ðlù·jÇ�ºªÀµÀ¨ÐÈÅ­ôÉàaó±Ã�ÍªÇ�Õ�ùªà>ùÌÏÑ¹ Ã�ºµÐµàaó±Ã�Í±Ç×Õ�ù±àaù_¹ÚýjÃ�³­óªÒYG­º±Ç×Å­ÏÙ¹¨Ã�º_Ü�ÏÑ¹»Î�³¨ó±ÀµÏ/¾ªÕ�Ð

f(xs) = f(sx), ∀s ∈
S
Å­ºµÐ

x ∈ A
°ÉÛ$�îº±Ç�Àµ¾���³±Ã×ÕÙºªÒ\º±óªÕ�¾+Å­ºµÐîÁ­Í���³ªÃ×ÕÙº±Òõ¾µ´¨³¨ó

S = Hn ∪ {gn}
GîÁ¨¶µÝL´¨³¨ó±ÀµÏN¾¸Õ�Ð-ùÀµ¾ªÃ�ù:ÀµùØÕ�ÏLÕ�Ç¸ÐÈÀµÀµÝÑÃ�ùØ´¨ÏÖÇ�¹È´µÕÑÂÄàaùØ´¨³¨óÌ´¨Ç�³¨ÅFEª´µÕ�ÏÑÐ±ºª´¨¾_ÕÙ³ªÃ ³¨Ç�ÐÚà>Àµ¾_Õ�ù±Ò

tr
G±ÏÑ¹ Ã�ºµÐªù

tr(gnxgny) =
tr(xgnygn),∀x, y ∈ Hn

°ØÔÌ¶±¶µÍ�G'ºª´¨¾JÕ�ù±Ãõ´¨º±Ç�ºªÕ�ô±Ç�ù±àaù÷à�Õ�ù±Ã\º±Ç�ýjô÷Õ�ù±ÒHºª´¨¾¨Ü�ÏÙÐ»Î�ùªÒYG�º±Ç×ÅÆÏÑ¹�Ã�ºÏÖÎ�ÏÖÕ�Íªà>³¨ó±ÀµÏØÕ�ÐÚÒÉº¸ÅÆ¾¸¶±³­óN�'ÏÖÒ_Õ�Ç�ÏÙÐÚÒ¿´¨ÏÖÇ�ÐÈ´µÕ×ßÄàaÏÙÐÚÒ
:

a
S

x ∈ Hn−1 , y ∈ Hn−1,

b
S

x = agn−1b , a, b ∈ Hn−1
Å­ºµÐ

y ∈ Hn−1
G

c
S ¾¨Àµ³­Ð»º÷ÀµÏÌÕ�ù±ÃH´¨ÏÖÇ�¹È´µÕÑÂÄàaù

b)
ÀµÏÌÕ�ùÿÜ�Ð»º��>³¨Ç�Í÷¾¸Õ�Ð>³­Ð>Ç�¾¸¶µ³­ÐaÕÑÂÄÃ

x
ÅÆº±Ð

y
Ã�ºÏÙ¹ Ã�ºµÐaº±Ã×Õ�ÏÑà�Õ�Ç�º±ÀµÀµÝÖÃ�³­ÐsG

d
S

x = agn−1b, y = cgn−1d , a, b, c, d ∈ Hn−1
°ñò´¨ÏÑÇ�¹È´µÕÑÂÄàaù

a)
ÏÑ¹ Ã�ºµÐ>Õ�ÏLÕ�Ç¸ÐÈÀµÀµÝÑÃ�ùWGaÅ­ºY�>ßÄÒÉÕÙ³

gn
º±Ã×Õ�Ð»ÀµÏÖÕÑºªÕ�¹\�îÏÖÕÑºµÐaÀµÏ_Õ�ù±Ã

Hn−1
°/ï Û`Õ�à>Ðîº±óªÕ�¾´¨³¨óOýjÇ�ÏÑÐ»Í���ÏÖÕÑºµÐaÃ�ºOÏÑÎ�ÏLÕ�Í±àa³¨ó±ÀµÏÌÏÙ¹ Ã�ºµÐ>Àµ¾ªÃ�³ Õ�ÐÚÒ_´¨ÏÑÇ�ÐÈ´µÕ×ßÄàaÏÑÐÓÒ

b)
ÅÆº±Ð

d)
°Bï ÛÄýj³¨ó±ÀµÏ:¶µ³­ÐÈ´¨¾ªÃ�G

b) tr(gnagn−1bgny) = tr(agngn−1gnby)
= tr(agn−1gngn−1by)
= z tr(ag2n−1by)
= (q − 1) z tr(agn−1by) + qz tr(aby)Å­ºµÐ

tr(agn−1bgnygn) = tr(agn−1bg
2
ny)

= (q − 1)tr(agn−1bgny) + q tr(agn−1by)
= z(q − 1)tr(agn−1by) + qz tr(aby).

d) tr(gnagn−1bgncgn−1d) = z tr(ag2n−1bcgn−1d)
= z(q − 1) tr(agn−1bcgn−1d) + z2q tr(aby)Å­ºµÐ

tr(agn−1bgncgn−1dgn) = z tr(agn−1bg
2
n−1d)

= z(q − 1)tr(agn−1bgn−1d) + z2tr(abcd).

¬ � ¦ � µ �

úl	_íbrøü í ]�ÔÌóªÕ�ôÿùOºª´¨¾¨Ü�ÏÑÐ»Î�ù÷Ü�Ð»º��>ÝÑÇ�ÏÑÐ>º¸´¨¾½Õ�ù±ÃHº±óY�îÏÑÃ×Õ�ÐÈÅ­ô\ÕÙ³¨ó
Ocneanu

°
ÛX¹ Ã�ºµÐX´¨Ç�³��îºªÃ�ÝÖÒ=ºª´¨¾ Õ�ùªÃRºª´¨¾¨Ü�ÏÑÐ»Î�ù ¾¸Õ�Ðl³­ÐlÐ»Ü�Ð»¾ªÕ�ùªÕ�ÏÖÒ�¯�SLGfb�SLGlÅ­º±ÐlãHS\ºªÇ�Å­³�E±ÃR·�Ð»º Ã�º óª´¨³¸¶±³�I·�¹Óàa³¨ó±ÀµÏ÷ÕÙ³ ¹Óý1Ã�³¨ÒJ³µ´­³­ÐÚ³¨ó±Ü�ôª´¨³ªÕ�Ï àaÕÑ³ÆÐÚýjÏÑ¹Ó³¨ó�Õ�ù±Ò

H(q, n)
°¿�¤Ð»º�Ã�ºo�îº±Ã�ÏÑ¹Bº±óªÕ�¾VºªÒ½ÅÆÍªÃ�³¨óªÀ¨ÏÅ­Íª´¨³­ÐÚ³­óªÒJºª´µ¶µ³�E±Ò÷óª´¨³¸¶µ³¸·aÐÚà>Àµ³�E±Ò÷·aÐ»ºvÕ�ù±ÃJÏME±Ç�ÏÖàaùhÕÙ³¨ó�¹ÚýjÃ�³¨ó±Ò½Õ�ù±ÒO¶µÝÖÎ�ùªÒ

g2g1g3g2
ùR³µ´¨³­¹»º
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ÝÑý1ÏÙÐaÏÖ¶±Í±ý�ÐÓà�ÕÙ³÷À¨ô¸Å­³­Ò¿àaÕ�ùªÃH³­ÀµÍªÜ�º\ÕÑÂÄÃHÅ­³ªÕ�à>¹»Ü×ÂÄÃH]
tr(g2g1g3g2) = tr(g22g1g3)

O ÐÈÜ¸ÐÈ¾ªÕ�ùªÕÙº+¯�S
= z tr(g22g1)

O ÐÈÜ¸ÐÈ¾ªÕ�ùªÕÙºOã�S
= z(q − 1)tr(g2g1) + zq tr(g1)
= (z2(q − 1) + zq)tr(g1)
= z3(q − 1) + z2q

O Ð»Ü�Ð»¾¸Õ�ùªÕÙº+¯¿ÅÆº±Ð>ãHS
.

e*�=g � � f ����Xih��jXy�*�
Jones

elk �°i5p"�T���mZ p h{�
nUoqpGrOp!sOt!r3u!v$uxwqy	za{f|3}"za|�~ G z&} �Op	{"uj���	��{f��sOu!s&p��	zEsapG� E sOuG��v$�!����t!w�uG���G�?sa���x��z���rOtG�	p!s&�q� b"� �
w�p	{�sOu!��|Oz E sOzarOuG�/w"} �Ou!v$u!�

Markov
��� p��!�3�q�	�G�O�q�G�	z�pG�!sO� sa�m}��
�O�q� G }��
�O�q�

Markov
��� o�{��

� �!v�{�w"�q�SsOrO�	oq�q�x��{�pm�Op�za�OpGv � p!yq}�v$�q�G�	z��q{fp�pG�Op!y!y	��}��?sOu O w"�q���q���3� G za} �Op	{0�Op�w�pG�O�G�3{�w��	oq�"{ft Iv����!�	z�sap
gi   sOv${"~�v0sOz�w�p	{
��{
| E �ms E oq��{�s&�q��|Oz E sOzarO�q� s E oq�q� Markov

G �Op�z�oquGrOzE�G�O���!��sOuG�
v��G�O�Gr�sOuGv�ux}����3�q�!���	zHs&�G�S}�|�{�� sOrO�	o�� �_¡ ¢ v�sE�£y	��{�oq�G�

θ
s   s&��{���~�v�sOz : tr(θgi) = tr((θgi)

−1)
�

¤��!sOz   �
�q�G�	z�¥

θ2 = tr(g−1i )/tr(gi) = tr(gi/q − (1− 1/q))/z = (1− q + z)/qz .¦ ��sOt§sOuG�-oq��v���sOu!s&plpG�7sOuG�/�G�O�q�	�Gv��q�G�	z
λ
� ¦ oq��pG�!sO�Soqr3�	w�¨!o	sOza{G�!s3{

z = ((q−1)/(1−λq)) �¡ ¢ s�v�{
tr(
√
λgi) = tr((

√
λgi)

−1)
w�p	{

tr(
√
λgi) = z

√
λ = −

√
λ(1− q)/(1− λq))

�
¤/~�rOpjz&} �Op	{��!�	zav�� ��s3{�pG�lpG�Op!oqp!r3p!v�sOt!v����!�	zHsOu!�

Bn

v0sOuG�
H(q, n)

�	z-sOu!�
πλ   sOv${	~�v0sOzO©

πλ(σi) =
√
λgi ∈ H(q, n)

©
sO�!sOzSu�v��G�O�Gr�sOuGv�u sa���
q
w�p	{

λ
oq�q��|�} �Oz�s&p	{�p!oq�isOu!� v��   v�u�¥

(−(1− λq)/
√
λ(1− q))n−1 tr(πλ(α)) , α ∈ Bn,za�Op!rOsO��s&p	{��	�G�O�ip!oq��s&�!�jw��q�!�q�

α̂
� nªpG�Op!oqp!r3�!v�sapGv�u

π (π(σi) = gi)   �
z&{
sa��o	y	zE�G�   wqsOuG�	p�!s3{�za�Go	y   w�za{$�	�!�3�isOuG���	zEsap3�qy	u!sOt q ·   sOv${   �����!�	zSs&�!��p!w���y	�q�����«�qr3{�v��	� :�
	���
�����
­¬ �9Â ®¯®j°=±
²!³7´!²aµ¶°
Jones

³ P µ¸· Ò�¹Iº ± ��Ò ³7´ß± 4 ¹ ´ ¹ ±!±$°O» 'lÒ��½¼NÐ °�µ¸· Ò�¹�º ± ��Ò ³7´
XL(q, λ)

·O´O¾O¿ Ó=À ° Ï�¹ ´ ¹�Ò °=± N�Ï µ � ´&°Á²�Â�¾Bµ º °&²
L
·E»Ã´ ¹!N3��Ï ²�´OÄ À¥Ò���Ï�� 1

XL(q, λ) =

(
− 1− λq√

λ(1− q)

)n−1 (√
λ
)e
tr(π(α))

¾ Ó °Á²
α ∈ Bn

·E»Ã´ ¹GN ÂqÄ ] ·SÂq° ÒfÏ » ¼&¹UÒ $Å³t$
α̂ = L, e

·a»Ã´ ¹GN§Ò ° ·EÂ ] · Ò&N Âq¾�Ä ]IÀ ° N�Ï µ ¹�Ò °Á²
α

' ¿�± �-0��Ò(' ´
σi
Â ¹GN

π
�`¹ ´ ¹�ÓO¹�À Ä Ï§ÒB¹�Ï���Ò�� ¿

Bn

Ï¥Ò�� ´
H(q, n) : σi 7−→ gi

$
À 	>�_��BZ
U?Æ¬ �ÈÇÊÉ?NË¹ ÂqÄ ] · Ó=À ° Ï�¹ ´ ¹NÒ °=± NÑÏ µ � ´&°�Âq¾�µ º °

L
® ' ¿ ÓÌÀ °O¿ NÑÏ ° Ò ° Ó » ¹ ±�² Ó Ä À-� · N"� ´ ¹Ó °=±
²�³7´G²aµ�°

Laurent PL(t, x)
¼�Ð °`µÍ· Ò�¹Iº ± ��Ò ³7´

t
Â ¹GN

x
Ò $Å³t$ ¹ ´

λ
Â ¹GN

q
N Â ¹ ´&° Ó ° N ° Ð ´ Ò&N ¿Ï��±��Ï · N ¿

t =
√
λ
√
q , x = (

√
q − 1/

√
q)
Ò ¾ Ò ·

PL(t, x) = XL(q, λ)
$ ¡"Ó!N[Ó ± � °O´ 1 Ò ° PL(t, x)·a»Å´ ¹GN µ�°O´ ¹!¼ON ÂqÄx° À�N�Ï µ � ´&° ¹�Ó ¾ Ò °�´

“ Î À�¹ �$N Âq¾§Â ¹ ´O¾O´ ¹ ” ® Î $ÃÂ�± ) “ ¹ ´ L+, L− Â ¹GN L0 ·a»Å´ ¹GN Âq¾�µ º ° N° N ° Ó °O»�° Nv��� °&²!´ Ò�¹ ² Ò ¾ Ï�� µÍ·I¿ ÓÌÀ ° º °=± � ¿ 1 ·EÂ Ò ¾O¿ ¹�Ó ¾ÏµÍ» ¹Ð¼ONË¹�Ï§ÒB¹�ÐIÀ�'$Ï�� ¾ ÓÏ' ¿ �$¹ »Ã´E· Ò�¹GN_Ï¥Ò °Ï��bÕ µ ¹ ³6$V¯ 1 Ò ¾ Ò · t−1PL+
− tPL− = xPL0

”
$
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�qØ�×1ÙxÚÜÛSÝHÕ-d�Ú7Þ7Ö �	ß

à-�
tG�	p b"�:á ¥
t−1PL+

− tPL− = xPL0

�

â ®mã-ä ¡?åd¶¸æ ç � pè�OzEw"{ �OtGv����!�	z�zE�OzEsO�!�3�!��s&pG�£sOuG�)v��G�GoqzEr�{ � �qrO��sOuG� X w��!sa�Yp!oq�Ês3{��
�
r3p � {�w   �1w"{ �OtGv�z&{��)éÈ|Oza�êv$� �ëb"�:á � �íì pGrOp!sOu!r3za}�v0sOz`�!s3{�uîzEo�{�y	���0tï�q{fpG�ê�	za�	�!�����   �OuG�ê|3{fp3ðv0s&p!¨Gr���v$u!�ês&�q�Ð|3{fp!�
r3�!�	�	p!s&�q�ÏzE�3�q�[o�rO�qv�pG�Op!s&��y	{�v��   �O�q�ïw"�q�����q��©l�Goq��rOza}��OpÐ�	z�s&p!sOrOp!oqza}v�z1�	�qr � t)w��!sOv$}f|OpG�   sOv${�~�v0sOz1u)|�{�pGv0s&pG¨Gr���v�uï�Op)�0} �Oza{   �OpG�[��rO�q� σi éÈt σ−1i pG�O�!y	���0p
�	z[s&�ñpG�)za} �Op	{���zEs3{�w"t�tòpGrO�Ou!s3{�w�t�|�{�pGv0s&pG¨Gr���v�u	�«v0sOuG�   w � rOpGv�u��q{f�!�£w���sOv�}�|3p!�£~��óy   ð�Ouêsa���

σj
�½¡ ¢ sOv${Í�	zEsO�1p�oq�ów"{ �Ot!v$za{��

Markov
oqrO~?sa���êsO¨!oq�q��©?�Goq�qrO�q¨G�	z��Op[�!oq�G�   v$�q�G�	z

L+ = α̂σ2i , L− = α̂
w�p	{

L0 = α̂σi
��{fp�w��!oq��{��

α ∈ Bn

� ¦ oq��sOuG��sOzEsOrOp!������{�w"t�v��   v$u   �
�q�3ð�	z
tr(π(ασ2i ))− q tr(π(α)) = (q − 1)tr(π(ασi))

� ¦ �j�G�O�q�	�Gv��q�G�	zxsa�`z�w	��z�s3{�w��`����rO�"{�v��	p
sa���

α e
��ì ��y!y	p!o	y	pGv${f�!�O�G��s&pG�xpG�!sOt�sOuG� zE�3}�v0��v�um�	z

T (
√
λ)e+1/

√
q
�	oq���

T =
(
−(1− λq)/

√
λ(1− q)

)n−1

sO��sOz   �
�q�G�	zO©
T

√
q
√
λ
(
√
λ)e+2tr(π(ασ2i ))−

√
q
√
λT (

√
λ)etr(π(α))

= (
√
q − 1/

√
q)T (

√
λ)e+1tr(π(ασi)).¡ ¢ sOv${]©�p!oq��s&�G� �qr3{�v��	�isOuG�

X
©
o�rO�	w�¨!o	sOza{$�!s3{

: t−1XL+
− tXL− = xXL0

�

ô1õ�ö�÷�ø�ù	ú�û¸ü�õ ¬�ý Çÿþ�� ²�´ ¼ ·�� N Âq¾jÄ�� À ° N�� µ ¹	��
 v��
�!r�{��3�q�	pGv0sOz/�!s3{"pG�
L1
w�p	{

L2
z&} �Op	{�oqrO��v�pG�OpOð

sa��yq{�v��   �3��{0w������q�"{�sO�!sOzO¥

XL1#L2
(q, λ) = XL1

(q, λ)XL2
(q, λ).

¦ �!sO��za} �3pG{"pG�Oza�O�Gr�sOu!sa��p!oq��s&��oq��{   �lv��G�3{�v�s�~�v�zE�/sE��� L1 w�p	{ L2 ©   �
z&{qw"��oq�"{��q�Sz�o�{�y   �Oz&{���{�p�OpmzEwqsOz�y   v�za{0s&�iv��G�OzEwqs3{�w��«����rO��{�v��	p �� {�v$���Gr3{�v��	�q��w�p!s&p�y	t!�0za{��Op`�0} �Oza{ÜsOz�sOr3{f�	�   �O�q��zE�Op	{ s3}fpG��sE����p!w���y	�q���$����|O¨G�½oqzEr�{�o	s�~Íðv�z�����¥
þ
i
� ¦ �

L1 = α̂1, α1 ∈ Bn

w�p	{
L2 = α̂2, α2 ∈ Bm

sO�!sOzO©
L1#L2 = α1J n−1(α2) ∈ Bn+m

©
�	oq�q� J za} �3pG{�uiv��G�O�Gr�sOuGv�u��	z�s&p!sO�	o�{�v$u!���	z�s&�G�mzEoqp��
�?��{�w��½oqzEr�{��qr3{�v��	�êv0s3{��

Bn

© J (σi) =
σi+1

�
� {fp�oqpGrO�G|Oz&{ �0�	p�©"s&�mv��G�O|OzEs3{�w"�m����r3��{�v$�	pjs&�q� w��q�����q�
figure− 8

w�p	{"s&�q� sOr3{ � �!yGyq{��q¨za} �3pG{$�iw��q�����q�
α̂
�qoq�q�

α = σ1σ
−1
2 σ1σ

−1
2 σ33 ∈ B4

�
þ
ii
� ¦ �

w1
za} �Op	{��q{�p y   �Ou�sa��� 1, g1, . . . , gn

w�p	{
w2
za} �Op	{��q{fp�y   �Ou�sa��� 1, gn+1, . . . , gn+m

©
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sO�!sOz
tr(w1w2) = tr(w1)tr(w2)

�7� za��w"��yG�!sOzErO���lsOrO�	oq�q�S�Op�s&�m|Oza{"w�pG�Oz&}��Sza} �3pG{��Op oqp!r3p�sOu3ð
rOtGv�z&{��!s3{
u�pG��s3{�v0s&��{���z&}fp

x 7−→ tr(xw2)
�qr3}f�Oza{   �Op��	u w�pG�O�G�3{�w��	o���{�u!�   �O�`}��
�O�q� Markovv0sOuG�

Hn+1(q)
� nèw"p!�3�!�3{�w��qoq�"}�uGv�t�sa���xzE�3p!v � p!yq}��3z�s&pG{Gv�pG��p!oq��s   y	zEv��	plsOuG�-�	�G�OpG|3{�w���sOu!s&pG�s&�q��}��
�O���!�

Markov
�

ô[õ�ö�÷�ø"ù	ú�ûÍü�õ ¬�ý]¬ þ â ´"� N�� � À °$#&%���°Á²(' À ° ��¹ ´ ¹ ��°Ì± N)� µ�°$* � ¦ ��s3{�v�sOr   � �!��s&pG�x��y	pms&p �   y	u�s&�q�oqrO��v�pG�Op�s&��yq{�v��	�q¨êv�sa�Ïv��
tG�	p b"�:á ©_s&�Ï|3{f�!�0rOpG�	�	p½oqrO� � �!yG�Gv�v$z�s&p	{ �i¡ ¢ sOv${_p!oq�ÏsOuG� ì rO�!sap3ðv�u �½�Goq�qr3�q¨!�qz��Op½v��G�GoqzErO�G�O�q�G�	z���s3{
PL = PL′

©_�	oq�q�
L′

za} �Op	{��1oqrO��v�pG�Op!sa��yq{�v��   �O���w������q����éÈt�w�r3}�w��q�Á�/oq�q�moqrO�	w�¨!o	sOza{]©�pG��pG��s3{�v�sOr  ,+ �q�G�	z§v0s&�G� L
s&�!��oqrO�qv�pG�Op!s&��yq{�v��	����yG���

s&�q�«sE����|3{fpGv0s&pG�!rO~�v�z���� �Sì p!rOp!sOuGrOz&}�v0sOzj�!s3{�pG��pG��s3{�v�sOr  ,+ �q�G�	z�s&�!�moqr3�qv�pG�Op!s&��y	{�v��	�½�q{fpG�v��!�
w�zEw�r3{f�   �OuG�lv��G�3{�v0s�~�v�pG�jéÈw�p	{"�	�G�O��p!�!sOtG�&�?sO�!sOzO©"sa� PL
�Goq�qrOz&}"�3p p�yGy	�G�Oza{�ø"ö�õ.-0/
ú21�÷43

¦ ��sO� z&} �Op	{ � �Gv${�w���©�p!oq�`sOu!�mv0s3{ �0�	t�oq�q�«p!�mpG��s3{�v�sOr  ,+ �q�G�	zSs&�G��oqrO�qv�pG�Op!s&��yq{�v��	� �q{fp!� v��3ð�
w�zEw�r3{f�   �OuG��v��G�3{�v0s�~�v�pG��©$sO�!sOz���{�|3{fpGv0s&pG�!rO~�v�za{��joq���ioqr3�   rO�
�G��s&pG{Üp!oq�½|3¨!�ê|3{fp � �qrOz�s3{�w   �v��G�3{�v0s�~�v�za�jø"ù�5 oqp!r3p!�   �O�q�G����{�}f|3{fzE�«éÈp � �q¨�v$zxpG�!s   �jp!yGy	�!�3za{$�	�G�O� �   �OpG�jwqy	�G|O�q�&� �§� �3ðv${fpGv0s3{�w��1��{Í�   za��pG��s   ��|3{fp!wqy	pG|�~�v�za{���o��q�êoqrO�	w"¨�o	s&�q�G�½za} �3pG{_s&pêz&}�|���yGpêsa���`pG��s3}�v0s&��{������pGrO�0{�wq~��ls&�q�G� � ¦ ��sO� � �Gv${�w��   �
�q�G�l�3�quG�	p��	�G�O� v�sOu!��oqzar3}�o	sE��v$uxoq�q�   �
�q�G�	z�w������q���	z-|O¨G�tmoqzEr3{�v�v��!sOzErOza��v��G�3{�v�s�~�v�zE��©Üé |OzE��v�� �Ëb��Ëb � �

à-�
t!�	p b"�fb ¥ ¦ ��s3{�oqpGrO�G|Oza{��0�	p �
¤��1p!oq�!s   y	zEv��	p PL = PL′

�Goq�qrOz&}��Op � pG�Oza}Üw�p	{�v0s3{����!yG�
zB�qr3zE� Hecke sa�[}f|3{��1w�p!yG� �n v��G�	�	zEsOr3}fp`sOuG�moqpGrO�Gv0s&p!v$u!��sOuG�
Bn

�   v0�ësE���`v��   v�zE���[é b"�fb �Sw"pG{�é b"� �	�x�!oq�G�O�qza}_sOuG�¨!oqpGrO�Ou�zE�O�q�jpG��s3{fpG�!sa�q�q�qr � {�v��	�q¨ θ
v0sOuG�

Bn

�«�	oq��}��q� v0s   y	�Oz&{
s&� σi
v�sa�

σn−i
�7¢ } �Op	{

�0z����	zEsOr3{�w��1oqrO� � pG�   �«��s3{ θ̂(α) = (α̂)′
� ¦ oq�ós3{��«v��   v�z&{��[é b"�:á �m©�é b��Ëb ��w"pG{/é b�� �G�E©Ís&� θ�qr�}��Oz&{Üz�o�}�v�uG�   �OpG�mpG��s3{fpG�!sa�q�q�qr � {�v��	�½v0sOuG� Hn(q)

�½�	oq��}��q��oqrO� � �!y	�Gv�v�z&{$s&�½}��
�O�q� éÈ�	�!ð�OpG|3{�w��!sOu!sapms&�q��}��
�O�q�G�
Markov

� �¸¡ ¢ sOv${   �
�q�G�	z XL = XL′
�

��6 ã�� å ã ç â ²7�&¾8��° ¹ 'O°��:9Ì±q· � µ ¹ µ;'O° À ·a»�´ ¹ ´a°"<=�G·E» ��¹ ´ ¹IÀ ´"<>�:?:Âq¾ ¹ 'O°��:9Ì±q· � µ ¹ ��°Á² � ²A@
Î Âq·EÂ À ?�µ!9�´&°Á²B'O°Ì±0²"C7´$*aµ�°Á²ED ¹ #�°$* ¼ ·O´[µ;'O° À ·a»§´ ¹ï¹ ´A? F�´E·,* � ·,?G�A<"´ ¼ ? ¹ #$° À Ä ¹ ´OÄEµ¸· ��¹H� �B°Á²!¿¼ *G° ¼ ? ¹ #�° À ·:�:?:Â�°$*G¿I' À ° ��¹ ´ ¹ ��°=±.? � µ�°$*G¿J��°Á²iÂq¾�µ º °Á²�K â ±G±$Äi·O´ ¼ ·2F§°Bµ;9�´LC�¿	D¸µM? ¹ '�?Ë¾ ¼ ?Ë·	NE° ¼ ?:ÂO%
¹ ´�ÄE±0² � <P�QC7´ � FG9 � ·,C7´

Markov
� �:?�¿

Hecke
ÄE± Î · ºGÀ ·I¿�´ ¹ ·E»Ã´ ¹ ?M'�?Ë¾�·A'�?R�3²SF�%�¿�K

ô[õ�ö�÷�ø"ù	ú�ûÍü�õ ¬�ýUT þWV�¹ � À ·,#X�:? � µ¸¾O¿ � ¡ ¢ �Op`p!oq� s&p«��pGrOp!wqsOuGr3{�v0s3{�w��is&�q�
PL

z&} �Op	{���s3{�z&} �Op	{
oq��y	¨�zE�Gp	}�v0��u!sa��v0s&�G��w�p���rOz � s3{�v$�	��za�O�q��w��q�����q� �¡ ¢ v0sa�

L   �OpG��oqrO�qv$p!�3p�s&��yq{�v$�   �O�q��w��q�!�q�q��©¶w�p	{   v0sa� L̃
�!yGy	�q�   �OpG��oqrO�qv$p!�3p�s&��yq{�ðv��   �O�q�lw��q�����q��©0���	oq��}��q�xoqr3�   w�� + zl���lsa��za}f|��?y	��s&�q� L

v�z   �Op�w�p���r   � sOu�©�t�{�v��q|O¨G�OpG�	p�©pG��s3{�v0sOr   � �!�OsapG� ��yGza��s3{���|3{fp!v�sapG�Gr�~�v�z&{��jw"��oq�"{�pG��oqrO�!����y	tG� sa��� L
�x¢ } �Op	{ � pG�OzEr3� p!oq� s&�



�"ÑÃÒqÑ Ú�ÓUÔmÓHÕ�eHÞ7Ö½eÍ×ÐÓ
JONES

�qØ�×1ÙxÚÜÛSÝHÕ-d�Ú7Þ7Ö �ZY
v��
t!�	p b"�:á �!s3{

P
L̃
(t, x) = PL(t

−1,−x) � ¦ ��sO����p�s&�i|3za}f�O�q�G�	zx�
rOuGv${f�	�	oq��{�~���s&pG�xs3{�����yG�0zIð�qr3zE�
Hecke

� ¦ ��w�p	{0pG�!sOt�u��   ���q|O�q��za} �Op	{
yq{ �0�!sOzErO�«zE¨!w���y	u�©0za} �Op	{0pGr�w�zEsO��p!oq�	w�p!y	�!o	s3{�w�t �¦ �
α ∈ Bn

sO�!sOzisa�îza}f|��?y	��s&�q�
α̂
za} �3pG{

θ(α−1) ∈ Bn

p!yGy	�Ï�	o	���   �
�q�G�	z«|Oza{�Goq�qrO�q¨G�	zj�Op�oq�GrO�q�G�	z
α−1 ∈ Bn

��¡ ¢ sOv�{�zE�G�
L = α̂

w�p	{
e
z&} �Op	{$s&� z�w	��zEs3{�w�� ����rO��{�v��	p

sa���
α
s��!sOzO©

X
L̃
(q, λ) =

(
− 1− λq√

λ(1− q)

)n−1 (√
λ
)−e

tr(π(α−1)) .

ô�[]\]^`_ba`c ¬�ý]¬
: X

L̃
(q, λ) = XL(1/q, 1/λ)

K
â ®mã-äed ågf¸æ ç ¡ ¢ v0sa�

f(q, λ) = tr(π(α))
�
� rO� � ���!�	z§s&� π(α)

���S��{ �O���	zE�O�0©$�	z§w�����z
gi�Op��0rO� � z�s&p	{ (q + 1)ei − 1

�	oq�q�
ei = (1 + gi)/(1 + q)

� ¤��
ei
{�w�pG�O�	oq�"{���¨G��s3{���v��   v$za{��3¥

e2i = ei
é b"� �G�

eiei+1ei − q/(1 + q)2ei = ei+1eiei+1 − q/(1 + q)2ei+1
é b"� Y!�

eiej = ejei |i− j| ≥ 2
é b"�ih �

tr(ei) =
q(1− λ)

(1 + q)(1− λq)
.

é b"�ij �
¤���sOz�s&�

π(α−1)
��p   ��z&{$sOuG��}f|3{fp   w � rOpGv�u�����oqr3�q�js&p ei pGr�w"za}$s&� q �Op�pG��s3{�w�p!s&p!v�sap���z&}p�oq�ïs&�

q−1
�lk p	{7��{H|O¨G�ï��{Hz�w � rO�Gv�z&{�� q/(1 + q)2

w"pG{
q(1 − λ)/(1 + q)(1 − λq)

za} �Op	{
p!�3p�yGy	��}��?sOzE� w��!sE�íp�oq�½sOu!��p�yGy	p!�
tisE�����	z�s&p3�qyGu!s�~��

q 7→ 1/q , λ 7→ 1/λ
�x¢ o�{�o	y   �G����{v��   v�z&{��êé b"� �	��©�é b�� Y!�Sw"pG{�é b"�ih �xza} �Op	{_{�v��q|O¨G�OpG�	zE��©¶��{fp q 6= −1 ©_�	z�s3{��mv$�   v�z&{��½é b"�:á �E© é b��Ëb �w�p	{7é b"� �	� �j¡ ¢ sOv${�p!rOw��q¨G����{fp sa�G�i�!oq��yG����{�v��	�1s&�q�½}����3�q�G����{fp w�����z�y   �Ou`sE��� ei ©Üs&�1�	oq�"}�ð�1��pêz&} �Op	{¶s&�Ï����rO�"{�v��	pê|O�G�O�G�	z����«s&�q�

q
zEo�}_|O�G�O�G�	za{���sa���

q(1 − λ)/(1 + q)(1λq)
�i¡ ¢ sOv�{

tr(π(α−1) = f(1/q, λ) = f(1/q, 1/λ)
� ¤�z�yq{�w���©¶u   w � rOp!v$u (1 − λq)/

√
λ(1 − q)

za} �3pG{�p3ð
�Op!y!y	��}��?sOu�w��!sE�)p!oq��sOu!�xp!y!y	p!�0t�sa���x�	z�s&p3�qyGu!s�~��§w"pG{"s&�

(
√
λ)e

��} �OzEsap	{
(
√
λ)−e

©�s&���	oq��}��
w�p	{���y	�	wqy	uGr�~��Oz&{�sOuG��p!oq�q|3za{f�Ou �
à�m ��n 
 � ¥¯é

Morton, Franks − Williams
�
:
¦ � |e| > n − 1

sO��sOzês&�
α̂

|Oza��za} �Op	{
amphicheral (α ∈ Bn)

�
â ®mã-äed ågf¸æ çpo y   oq�q�G�	z v0sOuG�mp!oq�q|Oz&{f�Ou`sOu!� oqrO�qu!�0�q¨G�	zE�OuG��oqrO�!s&pGv�uG� �!s3{�s&� tr(π(α))

©
v��G�½v$�!�3�!rOsOu!v$u1sE���

q
w�p	{

λ
©   �
za{?oqzEoqzErOpGv��   �O���qr�{��0©���{�p£v0s&p���zEr3� q 6= 0

©7�!s&p!�ês&�
λ→ 0

éÈv��   v�u½é b"�ij �/� � ¦ �j��oq�	�   v����!�	zx��s3{ e > 0
w�p	{

e > n− 1
� ¤��!sOzxw�p��$~���sa�

λ→ 0�	y   oq�q�G�	zj�!s3{�s&� XL(q, λ) → 0
� ¦ yGy	�iw�p��$~���s&�

XL

za} �3pG{�oq��yG�!~��O�G�	�
Laurent

s&�q� √
λ
©

p!�!sO�«v$u!�	p	} �3za{$��s3{��	�G�O�`pG�Gv0sOuGrO����zEs3{�w   �j|O�G�O�G�	z&{���s&�q� λ �Goq�qrO�q¨G���3pmoqr3�	w�¨ + �q�G� �qk p	{���{ ¡p!�!sO�
XL 6= X

L̃

� ¦ �
e < 0

©0sO�!sOzS�
rOuGv${f�	�	oq��{��q¨G�	zxsa�G��}f|3{��«sO¨�oq�i�0{fp�sa�
XL

�
à�m ��n 
 � ¥ �

Bennequin   �
z&{
|Oza}f�Oz&{0��s3{0� α̂
za} �Op	{
�	u$r�sOz�sOr3{f�	�   �O�q�lzE�G� |e| > n− 1

� ¤��
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oqrO��u��0�q¨G�	zE�3�«v$����yq{��«|3} �3za{$�q{fpmpGr�w�zEsO�m|�{�p � �qrOz�s3{�w�t�p!oq�q|3za{f�Ou�pG�!s&�q¨ �
ì rO�!�
�	p!s3{]©�s&p�|O¨G��sOzEy	zE�!s&pG}fp�v$����yq{fpmv��
z�s3}f�O�G��s&pG{0p!oq��sOu�v�s3{ �0�	t�oq�q�mpG�   �OpG�Sw��q�����q��za} �Op	{
amphicheral

éÈ|3u�y � v$¨!� � ���Op`�	z�s&�êoqr�~?s&�1v��
��yq{��[�Goq�qrOz&}��Op½{�v��
¨Gza{ |e| ≤ n − 1
�lsO�!sOz

za�O|   �
z�s&p	{��Op�za} �Op	{0w�p	{$��sOzEsOr3{f�	�   �O����éÈv�¨G� � ���Op��	zls&�i|3zE¨!sOzErO�«v��
��y	{���� �
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� � �����]� Weyl

à�sO�!������s&�q�iw�z � �!y	pG{��q�`pG�!sa��¨iz&} �Op	{�u«sapG�3{ �O�q�	uGv�uisE�7�m�q�	�G|���� Weyl
��� {��q�q�!|Oza� Weyl

©
�	o	���`��pó|3�q¨G�	z«z&} �Op	{7�!oq�q�q�	�G|Oza�`sa���êoqzEoqzErOpGv��   �����1�q�	�G|����[pG�Op!wqyG�Gv�zE���	©H��{H�	oq��}fzE�ê�	zsOu`v$za{frO�`s&�q�G�mza} �Op	{��!oq�q���	�!|3zE��sa���i�q�	�G|����

Coxeter
�]� {�p!�!sO�G��s&�G��y	���
�ê��p`z&{�v�pG�"���q¨G�

w��!oq��{fzE��p!oqpGrOp	} sOu!sOzE�   �O�O�"{�za���	o	���3©	��{�pG�Op!wqy	�Gv�za{��7v�z ¢ �!wqyGz&}f|3{����!�-|3{fp!�3�!v$�	p�s3{�w���¨!�H��~�rO�q�G��©sapmv$�!v�sOt!�qp�s&p�r3{f��~�� w�p	{��!yGy	zE� �

���A� � ���`�P�(�]�H�G��� �H�����J�P�(�G���`����� �¢¡ h¤£��P� �
à-z§p!�!sOtG�SsOuG�xoqpGrO�!�0rOp � ����p za{�v��!�
���!�	z�sOuG�   �O�O��{fp�sOuG�§pG�O�!wqy	pGv�uG�§v�z ¢ �!wqy	za}f|3{�����~�rO� ¢ ©oqz�oqzEr3p!v$�   �OuG��|3{f�Gv0s&p!v$u!� � n za{�v�p!���?�0t`pG�!sOt«z&} �Op	{Ü�	zE�0��y	uG��v�uG�	pGv$}fp!����{fp`sOuG��|3{fp!sO¨!o	��v�uz�oq�q�	za������zE�O�O�"{�~7���   v0�1sa���/�	oq��}����/��plp!�3p�o	sO�G�"��z&}3�q{�p���zE��r3}fp§�	z�sOuG�-�qoq��}fp§��p§zEo�{ sOza�!�"��z&}u�s&pG�3{ �O���	u!v$u�sE��� �q�q�!|���� Weyl

�
� zE���	z�sOr3{�w���©¶u pG�O�!wqy	pGv�u`vM¥�zE�3p!� ¢ �!wqy	za}f|3{��Ï|3{fp!�3�!v$�	p�s3{�w��[�"~�r3� ¢ oqz�oqzarOpGv��   �OuG��|3{f�3ðv0s&p!v$u!��©
z&} �Op	{   �OpG��pG��s3{�v0sOr  L+ {f�	�q�x�0rOpG�	�q{�w��q�j�	zEs&p!v$��uG�	p!s3{�v$�G���S�«�	oq�"}��q� p � tG�Oza{�v$u!�	z&{fp�w"�v0s&p3��zErO�jw��!oq��{����!oqzEr3z�o�}�oqzE|O� é ��oq�!����rO�q�§v��G�O|3{f�Gv0s&p!v$u!�   �Op	�¸w�p	{qv0s   yG�3za{Gw�����z-w��3��z�s&� |3{f�3ð�O�Gv��	p�s&�q�`�!oqzErOzEo�{�o   |O�q� pG��s&�q¨�©�v0s&�½p!rO�3u�s3{�w��½s&�q� � n pG�O�!wqy	p!v$uiza} �Op	{��qrÁ������~���{��q�m�	zEsap3ðv��
u!�	p!s3{�v��	�q�-|3u�y	pG|Ot�|3{fp�sOuGrOz&}Gs&� zEv0��sOzEr3{�w�� �0{ �O�q�	zE�3��v0s&�G� ¢/�7k ����z��	u��	u!|3zE�3{�w���|3{f�G�O�Gv��	p

α
|OuG�q{��q�Gr��0z&}$�q{�p�pG�O�!wqy	pGv�u

σα
©��	zSpG��s3}�v0s&��{��
�«�!oqzErOzEo�}�oqzE|O�`p!�3��w�yGpGv�uG�

Pα
©0�qoq�q�

Pα = {γ ∈ E|(γ, α) = 0} .
¦-�!v�{�w"�"©-�	u£�	uG|Oza�3{�w���|3{fp!�3¨!v$�	p�s&póv��!�
�0rOpG�	�q{�w"�ós&�q�

α
|OuG�q{��q�Gr��0�q¨G�[sOu!�Ï}�|�{�pîpG�O��w�yGpGv�u �

¢ } �Op	{�za¨�w"�3y	�[�Op`|�{�p!o�{�v0s�~�v�z&{�w"p!�Oz&}��m�!s3{�u`pG�O�!wqy	pGv�u«�	oq�qrOza}��Op |O�G��za}Üp!oq�ês&�!�ip!w���y	�q�����
sO¨�oq�

:

σα(β) = β − 2(β, α)

(α, α)
α

éÈ� �]á �
é ¦ �!sO�q��� sO¨!oq�q��za} �Op	{�v0��v0sO�q��z � ��v��G�Sp!�Os3{�v0s&��{��
za}qs&� α v0s&� −α ©�p � t!�3za{q��y	p�s&p�v$u!�	z&}fpxs&�q���oqzarOz�o�{�o   |O�q� Pα p!�	zEsO�3�	y	u!s&p w�p	{�� σα z&} �Op	{0�0rOpG�	�q{�w��q�Á� �

� j
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¢ oqz&{f|Ot�u   w � rOpGv�u 2(β,α)
(α,α)

zE� � p!��}��3z�s&p	{0v��G�
�O��©���p�sOuG��v��G������yq}�v$�q�G�	z§��� 〈β, α〉 ©0|3u�y	pG|Ot�¥

〈β, α〉 = 2(β, α)

(α, α)
.

ì p!r3p�sOuGrOz&}�v�sOzl��s3{�sa� 〈β, α〉 za} �Op	{0�0rOpG�	�q{�w��«�	�G�O�i���xoqr3�q��sOu!��oqr�~?sOu��	z�s&p3�	y	u!sOt �
ôb[e\ ^`_�aJc TÜý Ç�« d � �QC

Φ
9�´ ¹ 'O·A'O· À�¹�� µ!9O´a° � *G´a°=±$°¬��°�°�'O°O»�°­' ¹IÀ Ä Î ·,?®��°�´�dqK¯�°'O°$��9:��°Á²aµÍ·¾��:?	¾=±q·B¿�°$? ¹ ´ ¹ ÂÁ±�Ä � ·L?�¿

σα (α ∈ Φ)
¹ #&%�´a°Á²!´���°

Φ
¹ ´ ¹ ±G±$°O»iC±�B°EK â ´

σ ∈ GL(E)
�:9:��°$?�°/³ � �B· ç

þ
i
� ¹ #&%�´E·,?²��°

Φ
¹ ´ ¹ ±G±$°O»³C��B°AD

þ
ii
�´� � ¹ �G· À °Z'�°$?Ë·a» � <qµÍ·L? ¹ Â�Ä]9O´ ¹ ²='O· À ·$'�»U'O· ¼ °

P
��°Á²�d±D¶Â ¹ ?

þ
iii
�´� �:9Ì±$´E·L?�ÂqÄ�'O°$?�°�µ
<iµµ< ¼ ·O´A?:Â�¾

α ∈ Φ
� �B° ¹�À ´E<>�:?:Âq¾ ��°&²JD�&¾���·

σ = σα
þ Â ¹ ?

P = Pα)
K

â ®�ã-ä]d ågf¸æÆç ¡ ¢ v0sa�
τ = σσα (= σσ−1α )

� ¤���sOz   �����!�	zê��s3{ τ(Φ) = Φ , τ(α) = αw�p	{Í��s3{_sa�
τ
|OrOpê����s&pG��s&�!s3{�w"�q�1é �	z�s&pGv��
uG�	p!sO{�v��	�q�Á�xv0s&�!�`�!oq�!����rO�

IRα
©Í�qo	����w�p	{Ív0s&�!�

|3{fpG�O�Gv��	p!s3{�w��i��~�rO�ioqu�yq}�w��
E/IRα

�¸¡ ¢ sOv${���y	zE����{�{�|�{��!s3{��   ��s&�q� τ za} �Op	{ á ©
w�p	{0s&�iz�y	�G�0{�v�sa�oq��y	�!~��O�G�	�mpG��s&�q¨ |3{fp	{frOza}�s&�
(λ− 1)`

©"�qoq�q�
` = dimE

� ¦ oq�msOuG�x�!yGyGu �	zEr3{f���q�G���3©
p!oq��sOu
v0s3{��0�	t�oq�q��s&�

Φ
z&} �Op	{0oqz�oqzarOpGv��   �O��©�s&p�|3{fpG�O¨Gv��	p!s&p β, τ(β), . . . , τ k(β) (β ∈ Φ , k ≥ |Φ|) ©|Oza�/�Goq�qrOz&}��Oplza} �OpG{!��y	p§|3{fp � ��rOz�s3{�w���©   sOv${Ow��!oq��{fpS|O¨G�OpG�	u�sa��� τ v0s&p���zEr3�	oq��{fza}3s&� β éÈ|Ou!y	pG|Ot�©

τ k(β) = β)
� ¢ o�{�y   �0�q�G�	zms&� k pGr�w�z�sO�1�	z��0�!y	�   sOv�{�~�v0sOz τ k(β) = β, ∀β ∈ Φ

� ¢ oqz&{f|Ot
�q�G����sa��v�¨G�O��y	�

Φ
oqp!r3���0z&{	sa�G�S�"~�r3� ¢ ©q�q|Ou!�0�q¨G�	p!v�sOz-v0s&��v$�!�Go   rOpGv��	pS�!s3{ τ k = 1

�¶¡ ¢ sOv${]©
s&��zEyG�G�0{�v0s&�moq��y	�!~��O�G�	��s&�q�

τ
|3{fp	{�r3za}0s&�

λk − 1
� à-�!�3|O�G�!�3�!��s&pG�xpG��sO���	z§s&p�oqrO�qu!�0�q¨G�	zE�3p

��tG�	p�s&p�©?v$�!�GoqzarOp	} �O�q�G�	zi��s3{?sa�
τ   �
za{¸~��`z�y	�G�0{�v0s&�£oq��y	��~��3�!�	��sa� λ − 1 ¶ � � w � | �

(λk −
1, (λ− 1)`)

�¸¡ ¢ sOv${0w�p!s&p!y	t��0�q�G�	zSv0s&�iv��G�Go   rOpGv��	p��!s3{ τ = 1
�

· ý ù ý ø ý
���Q¸ ¹º�»¹{¼P�]�½�°�¢¾�¿¤� � ���J�P�À�]�Á�q¿¤�
à�sOuG�lza�O��sOu!s&p�pG�!sOt�©!��pxoqrO�qv0oqp���tGv����!�	z-�Op�|O~�v��q�G�	z-�q{fpj|O�q�	tjv�sa� v�¨G�O��y	� sE���lpG�Op!wqy	�Gv�zBð
���iéÈ���Sp � uGrOuG�   �3�q��v��G�O��yG���G� � ¦ r3�
{�w��my	��{�oq�!�q©���p�|O��¨!�	z§oq�"{���}�oqzEr�{��qr�{�v��	�"}��!oqza{�v   rO�
�G��s&p	{oqrO�qw�za{f�   �3�q���3p z�o�{�sOzE�G�"��z&}"pG�!sO�0©"w�p	{�v�sOu!�xv$�!�   �
za{fp�oqr3�qv
�   sa�G��s&pG��w�p	{"w"��oq�"{��q�G�xz�o�{�o	y   �G�oqzar3{��qr�{�v��	��¨!��©���p«w�p!s&p!yGtG�O���!�	z�v0s&�!�i�qr3{�v��	�1sa��� � ² � �A<qµÍÄE�QC7´ À ?³ÂO³7´ � ¤   yG���3©���p`oqpGrO�q�3ðv${fpGv0sOz&}
�i�qr�{�v��	���xsOu!� º Ä � <"¿x·�´O¾O¿ � ² � �A%	µ ¹ ��°O¿ À ?³ÂO³7´ ©   �O�O�"{�p�w�p3���qr3{�v0s3{�w�tG��v�uG�	pGv$}fp!�l��{fpsOuG� |OuG�q{��q�Gr���}fpmsa��� �q�	�G|���� Weyl

�
¡ ¢ v0sE�ñ�!s3{��   y	�q�G�	zx�Op�s&p!��{ �O�q�	tGv��q�G�	zx��y	zE�js3{��joqz�oqzarOpGv��   �Oza���q�q�!|Oza�jpG�Op!wqy	�Gv�z�����v�z ¢ �3ðwqy	za}f|3{��q�G�`|3{�pG�O�Gv��	p!s3{�w��q¨G�i��~�rO�q�G� �Ã� {fp[�Opês&�óoqz�sO¨G�
�q�!�qz�p!�!sO�[��pêoqr   oqza{_oqrO~?sap[�Opêw�p3ðs&pG�O�qtGv��q�G�	z�sOuG�mzEv��?sOzEr3{�w�t«|3�q�	tÏéÈw�p!s&p!v�w�zE�Gt	��pG��s�~���sa���m���	�!|O��� �§¡ ¢ v�sE�Uy	��{�oq�!� W̃ �q}fp
s   sa��{fpi�q�	�G|Op[é �	zxoqrO�G�Ou�sOuG��v�¨G�Á��zEv$ump!oqza{�w��G�3}�v�z������ �¬k p!s&p!r3��tG���   y	�q�G�	zxui�q�	�G|Op W̃ �Op
  ��z&{��qv$�`s&� |3�!�Op!sO�G��o�{��½p!o	yGt   w � r3p!v$u"©��   v��ñsOuG���	oq��}fpG����p�oqp	}frO�O���!�	z��qv$�`s&� |3�!�3p�sO�G�oqzar3{�v$v���sOzarOzE��o	y	u!r3� � �qr�}�za� ��¡ ¢ sOv�{:©�oqr3�	w�za{f�   �O�q�1�Op`�0����r3}f�O�q�G�	z éÈo	y	tGr����&�SsOu |OrO�Gv�u`w�����zv0s&��{��
za}��q�ê�q{fpG�ms   s&��{fp!���q�	�G|OpG��v0s&�!�«��~�rO� ¢ ©Ü��p t!s&pG�m�q��yq{�w��ó�Op½z&}��
pG�	z   �Op½w�p!sO�!y!y	u!y	�



©	Ñ³��Ñ Ó���Ó-×ÏÛ�Ä�Ù�Å Ú¸Þ7Ö ÛSÖ§Û � Õ/ÛÆÅ-Ù-Þ7Ö § á
v�¨G�O��y	�(¦l©�|3{fpG�O�Gv��	�!sE�7��s&�q� ¢ s   s&��{��i~�v0sOz3¥¸oqr�~?s&�G�	©��OpmoqpGrO�!�0za{0s&�G� ��~�rO� ¢ é   sOv${
~�v�sOzw�����zxv�sa�"{��
za}��`s&�q� ¢ �Op�zEw � rO�G�OzEsap	{��   v0�ñpG��s�~�����©�w�p	{�|OzE¨!sOzEr3�!�	©$w��!oq��{fpip!oq�«s&p�v0s&��{��
za}fpsa���P¦ �3p`�qr3}f�O�q�G�[é �   v0�UsOu!��p!oqza{�w��G�3{�v�uG� α 7→ σα

�   �Op`v$¨!�3��yG�½�0zE�O�3u�sO��r�����sOu!���q�	�G|OpG�p!�!sOtG��é � �!v�{�w"��oqz�oqzarOpGv��   �O��©$|3{fp � ��rOz�s3{�w�����p�za}��
p!�	zj�q{�pi�!oqza{frOui�q�	�G|Op	� �qÇ zE�mpGr�w�za}��q�G����	�!�O�`p!�!sO� �H�   y	�q�G�	zlw�����zSpG�O�!wqy	pGv�um�Opm|Or3pm�	zS��rOp	}��isOrO�	oq�«oq�G���èv0s&p�v0s&��{��
za}fpms&�q� ¢/�¡ ¢ v0sa�/©
y	��{�oq�!�	©
x ∈ E �	zO©

x =
∑

α∈Φ

λαα

w�p	{
σ ∈ W̃ �7�   y	�q�G�	zS�Op�{�v��
¨Gza{]©

σ(x) =
∑

α∈Φ

λασ(α),

�	z
σ(α) ∈ Φ

©�z � �qv$�!��sO��sOz�|OzE����p�oqpGrO���!v�{��G�OzEsap	{�oqrO�!�qy	u!�	p�¨�oqpGrO�OuG�j|3{fp � �qrOzEs3{�w�~���s3{f�G~��v0s&�q�G��v��G��sOzEyGzav0s   �HpG�!s&�q¨ls&�q�S�0rOpG�	�q{�w��q¨�v��G�O|O�GpGv��	�q¨OÈGsa���	�G�O�joq�q�S��pSv��G����p	} �Oz&{:©!��pSz&} �Op	{�q{�p��	zEsO����zEv�u�pG�!s�~�� � à-zxpG��s3}���z�sOu�oqzar3}�o	sE��v$u"©�|Ou!yGpG|OtmpG��oqp	}frO�OpG�	z
α, β, . . .

éÈoqz�oqzarOpGv��   �3pv0s&�mo	y	t3���q�&�HsO�G�
p	}fp�|�{�pG�O¨Gv��	p!s&p sa��� ¢ ©�sO�!sOzl�	z�s3{��SpG�Op!wqy	�Gv�za{��
σα, σβ

©
w � s � y � o�{���pG�O��s&p!s&p
|OzE����piza}��
pG�	zj�q{fp�s   s&��{fp���r3pG}fpi|3rO�!v$u � ¦ yGyG�i�!�0{��	�G�O�½p!�!sO�ÊÉ � pi��oqtGrO�
z�s&� zE�O|Oza�����	zE�O��Op[|OuG�q{��q�!rO�
u���z&}¸�q{�pÏ��oqz&{frOu[���	�!|3p"©?oqrO�!�
�qp1oq�q�Ï|OzE�`�   y	�q�!�qz � ¦ r�w�z&}¸�3p[v0w�z � s&�q¨G�	z��!s3{z�o�{�y   �0�!�OsapG��|O¨G�½�	�!�O�ê|3{fpG�O¨!v$�	p�s&p�sO�!�
p	}fp�©�zE�O|   �
z�s&p	{��Op«|OuG�q{��q�Gr��0tGv��q�G���   p«|3{fpG�O¨Gv��	p!s&p"©sapm�	oq��}fp��	z§sOu�v$za{frO��s&�q�G�x�Opm|OuG�q{����!r��0tGv��q�G��oq��yq{0�   p�|3{fpG�O¨Gv��	p!s&p �¸ì rO�!�
�	p!s3{]©�pG� a, b |O¨G�|3{fp!�3¨!v$�	p�s&p½v0s&�Ë¦ w�p	{

θ
u1�	z�s&pG�O¨ s&�q�G��v��
uG�	p�s3{f�O���	zE�Ou½�
���3}fp"©¸�	z�o®Ì

θ ¶ �	©Í� ∈IN ©ÍsO��sOz
(σaσb)

ν = 1
©��qoq�q���	©��«�q{�w�rO�!sOzErO���js   s&��{��q�jz�w	�   sOuG�mé p!oq�q|Oz&{��3u����	��{fp��	zlsOuG� p!oq�q|Oza{f�Ou�sOuG�ì rO�!s&p!v$u!��� � �	� �l¡ ¢ v0sa�Us�~�rOp«�!s3{Üz�o�{�y   �0�q�G�	z |O¨G�ê|3{fpG�O¨Gv��	p!sap α, β s&p«�	o���}fp v��
uG�	p!s3}��O���!��	z�s&pG�O¨�s&�q�G�l������}�p

ϑ
é
0 < ϑ < 180o

��©
�	oq�q�
ϑ
�!rOr3u�s&�q�SpGr3{����	�q�S�	��{fr�~�� � ¦ �Sv�uG�	za{��¸��z&}"�!s3{

z�o�{�y   �0�!�OsapG��u ϑ �Opjz&} �Op	{��GrOrOu!s&�q��pGr3{����	�����	�"{�rO~��	©"z � �qv��G�   sOv�{	za�OpGv � p!yq}f�O�q�G�	z�sOuG�l�!oqza{frOu|OuG�q{��q�Gr���}fp��   ���j|3{fp!�3�!v$�	��sa���méÈoq�q����p pG�Ot!w��q�G�jv0s&� “ w"p�sO�!yGy	u�y	� ” v$¨!�O��y	��|3{fp!�O�Gv��q��sa���3� �¡ ¢ sOv${�sOz�yq{�w���©�pG�mzEo�{�y   �O�q�G�	z�|O¨G� �0za{�sa�G�3{�w�� |3{fpG�O¨Gv��	p!sap�s&�q�«v��G�O��y	�q��©   v0sa� x, y ©��	z ϑ′ sOu�	z�s&pG�O¨[s&�q�G� v��
uG�	p�s3{f�O�q�qzE�OuÏ�
���3}fp"©HsO�!sOz���p   �
�q�G�	zO© π/ϑ′ → ∞ �8Ç u�y	pG|OtóuÏsO�G�OuÏs&�q�
(σxσy)

��p�za} �Op	{
�!oqza{frOu�©�w�p	{0�!rOp�©
��oqz&{frOu ��p�za} �3pG{
w�p	{
u�oqrO�	w�¨!o	s&�q�Gv�p��q�	�G|Op�pG�Op!wqy	�!v$z���� �
ô1õ�ö�õ>/ZÍ�öZÎ²-Íù	ú³Ïk p!sapGrO�
tG�	©�p!oq�½sOu`v0s3{��0�	tioq�q� pGv��
��y	�q¨G�	p!v�sOzj�	z�oqz�oqzarOp!v$�   �Oza���q�	�G|OzE��pG�Op!wqyG�Gv�zE���	©���p
  �
�q�G�	zS�!s3{]©�pG� σ1, σ2 ∈ W̃ ©
sO�!sOz§��p��!oq�GrO�
za{ σ ∈ W̃ s   s&��{��i~7v0sOzO¥ σ1σ2 = σ

�
é á �ë¤��`�0{ �O�q�	zE�3� |O¨G�`pG�Op�w�yG�Gv�zE���	©   v0sa� σα, σβ ∈ W̃ ©$|Oza��za} �Op	{�pG�O�!wqy	p!v$u"©�p!yGy	��v0sOrO� � tw�p!sO���
���3}fpIÐ3�¶©0�	oq�q�m� ¶ (α̂, β) �
éÑÐG� ¤�����{ �3�q�	zE�O�ñ|O¨G��pG�Op!wqy	�Gv�z����óoq�q�ÐpG�Ot!w��q�G��v�sa� W̃ ©§|Oza�   �
za{/�	�G�OpG|3{�w�t   w � r3p!v$ué s&�«}f|3{�� {�v��
¨Gza{0w"pG{���{fpmw�����zl��{ �O���	zE�O�`v0s&��{��
za}���� s&�q� W̃ � �
¡ � o	���   �
�q�G�	z½tG|OuîpG�Op �   rOza{]©/w�����z pG�O�!wqy	pGv�u�v ¡   �OpG� ¢ �!wqy	za}f|3{����"~�r3� ¢ z&} �Op	{   �OpG��qrÁ�����
~��3{��q�ó�	z�s&pGv��
uG�	p�s3{�v��	�q� � ¦ w"��yG��¨3�����ê��pî|�{�p!sO�!o	~�v��q�G�	z½w�p	{���pïp�o��q|Oza}f�O�q�G�	z[�q{fp

oqrO��s&pGv�u�©
sOuG�x�	oq��}fpG��s&�«�O�quG�	p���p�sa�«|�~�v��q�G�	zSpG�   v����x�	z�sO� �
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ôb[e\ ^`_�aJc TÜý]¬ « d � �QC
t ∈ O(E)

þ ¾�'O°Á²Ðã þ d � ·a»Ã´ ¹ ?q��° � *G´a°=±$°Ò�QC�´ó° À �G° Î ³7´$?iC7´Ïµ¸·Ó@� ¹�� F�<qµ ¹ �:? � µÍ³�´l��°&²ÔF�³ À °&²pd � Â ¹ ?�9 � �QC
α
9�´ ¹ µµ<ëµµ< ¼ ·�´$?:Âq¾ ¼ ?ËÄ�´G² � µ ¹ ��°&²pdqK � ¾A�B·

tσαt
−1 = σtα

K � ² Î Âq·EÂ À ?�µ;9�´ ¹ D ¹ ´ w ∈ W̃ D0�&¾���·
σwα ∈ W̃

D ¹ ´ Â ¹ ?0µ¸¾�´&° ¹ ´�D!�B°
σα ∈ W̃

K
â ®�ã-ä]d ågf¸æYç ì rO� � p!�O~�� s&� tσαt−1 v�s   y	�Oza{�s&� tα v0s&�½pGrO�Ou!s3{�w��½s&�q� �j¢ oq�q�   �O����p!rOw�za}�Op |3za}f�O�q�G�	z��!s3{"s&�

tσαt
−1 v�sap���zarO�	oq��{fza}"s&� Ptα v$u!�qza{fp�w"� �?ì pGrOp�sOuGrOz&}�v�sOz/�!s3{�y ∈ Pα pG�Sw"pG{�	�G�O� p!�

tλ ∈ Ptα
©$�q{fpG��w�p	{

(λ, α) = (tλ, tα)
é p � �q¨ t �qr������
~��3{����&� � ¦ oq�`sOu!����yGy	u��	zar3{f��©

(tσαt
−1)(tλ) = tσαλ = tλ

©��	oq��sOzxy ∈ Pα �
à�m ��n 
 � ¥Í¤���v�uG�	pG��s3{�w��óoq�q�ó�	pG��y   z&{¸u1oqrO��u��0�q¨G�	za�Ou ì rO�!sapGv�uÏza} �3pG{?�!s3{¸pG� w ∈ W̃

©
sO�!sOz

σwα ∈ W̃
©¶pG��w�p	{��	�G�O�[pG�	©�s&�

σα ∈ W̃
� Ç u!yGpG|Ot �	pG���¸��za}�v0s&�1�Op½z�o�{�y   �O�q�G�	z   �Opw�p!sO�!yGyGu!y	�£v�¨G�O��y	�£|3{fpG�O�Gv��	�!sa���`s&�q� ¢ ©Ís   s&��{fp[~�v�sOz�uÏ�q�	�G|OpÏpG�Op!wqy	�Gv�z���� oq�q�[s&pó}�|3{fp|OuG�q{��q�Gr��0�q¨G�	©��3p�s&pm�	z�s&p��   sOza{ �

à-�
tG�	p�� �:á ¥ ì pGrO�G|Oz&{ �0�	pmoqz�oqzarOpGv��   �OuG�x���	�!|OpG��pG�Op!wqy	�Gv�z���� �

ÕGÖ�×qÖQØ Ù8Ú°Û�Ü¯ÝqÞ¬ßµÜMß¤à»áãâ;äÔå
à-¨G� � ���Opx�	zH�qv�pSpG�Op �   rÁ��u!w�pG�/o�{��joqr3{ �	©q��p�w"��yG�q�������-��r3{�v$�	�q�   �
za{G�O��u!�	px¨!oqp!rO�3u!�xéÈpG��w�p	{oqpGrO�q�Gv${f�G�Oz�s&p	{   �Op!�xz�o�{�o	y   �G��oqzEr3{��qr3{�v��	�q��©0��{fp�sOuG���
���3}fp�oq�q�mv��
uG�	p!s3}��O���!�jsap�w�p!sO�!yGyGu!y	pzEo�{�y	zE�
�   �Op�|3{fp!�3¨!v$�	p�s&p éÈsOuG�SoqrO��u��0�q¨G�	za�OuG��v��G�Ot!sOuGv�uG�&���	z�s&pG�O¨�sa���!�lðHpG�3}����	p (R4)

� �
\][�æ$a`ç¤\(a T�ý Ç�« dl´ ¹ ²®'O° � *!´a°=±$°­è�·�´O¾O¿
dl²GÂ&±q·a» ¼ ?�°Á² ¼ ? ¹ ´G² � µ ¹ �:?:Âq°$*µF�³ À °&²qdò°O´a°�µÍÄ�Â�·�� ¹ ?
é0êëé!ì>í0î�ïÀð;ñ�ò=ó­ô ��°&²½d±D ¹ ´`?:Â ¹ ´&°�'O°$?�°$*G´E� ¹ ?4� ¹m¹ Âq¾=±$°Á²�� ¹�¹ N"?�³¶µ ¹ � ¹ :
(R1)

� °Àèè·E»Ã´ ¹ ?M'�·$'O· À�¹�� µ;9�´a°AD!' ¹IÀ Ä Î ·,?&��°�´�dëÂ ¹ ? ¼ ·�´I'�· À ?õ9öF-·,?&��°J÷�K
(R2)

â ´
α ∈ è;D!�&¾���·Æ� ¹ µ¸¾�´ ¹ 'O°=±G± ¹ '�±$Ä � ? ¹ ��°Á² α 'O°Á²«´ ¹�¹ ´"%"Âq°Á²�´ � ��° è;D

·E»Ã´ ¹ ?²� ¹ ±α K
(R3)

â ´
α ∈ è;D!�&¾���·Æ< ¹ ´OÄGÂ&± ¹�� < σα ¹ #&%�´E·,?²��°Iè ¹ ´ ¹ ±G±$°O»iC±�B°EK

(R4)
â ´

α, β ∈ è;D!�&¾���· 〈β, α〉 ∈ ZZK

ì�ø�ùEø"ú$û�ù$ü:ýRþ.ú$ü�ÿ�ú���������ù	�>ü
��������
���
������Zü�
��$ø�þ��Zÿ��qþÊú:øÆø��������Zø�ú:ø�� à �����®ü��®ù ����!
�$ø�ú:ø
(R2)

�®ø��
(R3)

© ����
���
�
 ¨ �"�®ø��4úLø$# ¨ 
bÿ�ú�� ¦ ¶ − ¦ � à ���$û %&ý'&$ü,úLø��(��
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σσασ
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σσασ

−1(σ(β)) = σσα(β) ∈ Φ
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����Zü�ú-
q#$ü�6�ú$ü,ù	
q��!,ù	
��Æú-
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kα

[�\Ic
i�[�\�?�]µ<$\�^(["<>�:?ªk�a	i4%A]µ<���c��:?ªk�a	i2K
ã¬?�^�i³Â¤cP�J'	a��5\�[E%)k�a���[ � ��axäy��\5a	[
a�]de�Â�a7["��\�? õ�«S¬8­�Ï K

ì�ø�ùEø"ú$û�ù	
�6��ZüÆÿ"ú��43��Zÿ ��+lú-
��
(B á	.b%ëøI!���
����Zü

Card(∆) = `
3:�®ø��Xþ.ú



(B Ð .°ûI!���/XùEø�þXû5�:�³øú-

β
%ëø]ü:ý �$ø�����
��$ø�#�����o�� R ø5�7ø�ù$ø������7+��Zø��J
�#$û��:
�6��JþÊú-
����­ø �=ÿ���
�� %8
����t
7ù �Rþ���
�6�� 3

\][�æ$a`ç¤\(a T�ýUT
(i)

« d � �QC
β ∈ Φ

KêãF^�i³Â¤a��
]Mc`C��t®1¯ · Ï ��a�� β þã� c � F¬9 � <@]Mc]�A<_�(e � <
ä � D!�Pa

ht(β) =
∑

α∈∆ kα
K

(ii)
â [Ij£h�\P��\

kα ≥ 0
þ \�["��K

kα ≤ 0
� D��-j���c`�A<2^�i³Â¤\

β
��\P�A<�[Ia7[-aP]Me"Â�a��
]dc vHù$/0úõ1&Î þ \�["��K

õ�öO57ÍX/
ú21ëÎ � Drk�\�?ë��\$�-^�e�#1a��
]Mc
β Â 0

þ \ ["��K
β ≺ 0

� K
ô[õ�ö�õ>/ZÍ�ö7Î&-¸ùGú³Ï
(1 )

L þ�������
 �:oPú
+��I%&ü	ú��������A�®ø��Mú
+��(ø�ù	�$û�ú��������(ù��'&7��� é þ.üJþ1��!Lþ.û$�����Aú:ø@�ZüJú-
ÃÇI.�3(%ëøþ���� O�
 �7ý�&Eü	ú:ø���+��
Φ+

�®ø��
Φ−

ø��AúEý�þÊú-
��W�>ø�� à �����®ü��®ù��'��!��$øA!���
����Zü	3
Φ+ =

{
β ∈ Φ

∣∣∣ β =
∑

kαα, kα ≥ 0, ∀α ∈ ∆
}

�®ø��
Φ− =

{
β ∈ Φ

∣∣∣ β =
∑

kαα, kα ≤ 0, ∀α ∈ ∆
}

D ý �$ø��Xü�6���
 ��
q�$øI#	
�6��ZüÆÿ"ú��
: Φ− = −Φ+ �

(2 )
ì�ø�ùEø"ú$û�ù	
�6��ZüJÿ�ú��Mø��

α, β ∈ Φ+
�®ø��

α + β ∈ Φ
3Mú$ÿ�ú$ü

α + β ∈ Φ+
� à �����®ü��®ù ����!
�$ø

!
��
����ZüÆÿ"ú��.û2O���þ.ûeÇ°
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ù	
 D é �7ù	
7þ�
���o�3Êÿ��:�1�Zÿ���
þÊú-
 ¦ .�3��®ø���%ëøJ�Êù	��/1
����Zü
: µ ≺ λ

3®ø��¬ú-

λ−µ 3®ü:ý �$ø���� %ëù	
)�Rþ��ZøJ%ëü	ú���������ù��'&7��� é �Rþ�
�#	6��Eø��Zø�3

� %ëù	
���þ��Zø]ø��������`ù��'&7���_�Züm%ëü,ú��*�)
�6��­þ����Aú$ü���üLþÊú	!���.bo]ø��
µ = λ

�
R 
@�Zÿ��	
@�7ù$ÿ�O��Zû��Zøq�Zü�ú

��I
7ù���þ��ZÿPú$û��KO���þXû�� 3&üLý �$ø��&ÿ�ú��²ø���
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�(�$ø(ü����:��û�%&üLýëú$û��
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��"�7ø�ù	
���þ1�'��&�
��Aú:ø��ëþÊú-
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)�ëø�����!���ùEý'&$ü
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 �7ý�&�
��Aú:ø��d�Züeú:ø}�>ù������Zø�ú:ø

α, β
�½ì�ø�ù$ø�ú$û�ù$ü:ýRþÊú$ü]ÿ"ú��!û}��+��Eý³ø}��
��Ãþ��>û��Zø"úEý'&	
����$
��;ø ����!
�ùEý'&$ü
�2�Zü,ú:ø��	6Iú-
����`üLý �$ø��&ø�� O��ZüLý³ø é
(α, β) ≤ 0

.��mG0��ú$ÿ:3&ÿ���+��t%&øA#	
�6��Zü�þ.ú$û��]þ����	!��>ü
�³ø�3S#$ü��ü:ý �$ø��Êú	���>øZýW
:�
ôb[e\ ^`_�aJc TÜý�³ â [�ä´c
i�[�\�?S]M?�\H�(e � <pc	[	j	� � � � �A%�]S\$��a	�Q^&?³Â	`Q[Pè;Dµ�-jA�Pc

(α, β) ≤ 0
�>?'\

j£h�\À�P\
α, β ∈ äµ]Mc

α 6= β
Drk�\�?1c$'�? '¤hX9�a	[e��a

α− β
f�c7[2c
i�[�\�? ^�i³Â¤\ZK

â0l ã-ä]d ågf¸æ ç C D þÊú
+Bÿ�ú��
(α, β) > 0

� D /ëÿ7þ�
��
α 6= −β 3Xú$ÿ�ú$ü­ø��7ÿp¶Æü��
ù$û��Zø½á�� Ð 38!���
����Züÿ�ú��Êú-


α− β
ü:ý �$ø��.ù"ý�&Eø)� C G�ú-
���
:3Xø�/1
�6 ø���ú$ÿÀø��$ú��WO®øZý �$ü-�.þÊú$û��B���7ÿ�%ëüLþ.û

(B Ð .��
D /Xÿ®þ�
��ÔûT6��7ø�ù	�$ûËú$û��AO���þ.û��$#$ü
�Ãü��$ø�þ�/ëø �7ý'&$ü,úLø��
ø���ú$ÿ��Zø�ú:øËø��7ÿÁú-
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7ù���þ��Zÿ�ú$û�� 3Q%ëøü����W�>ü
�³ù	o�þ�
����Zü0�$øeú$û��½ø���
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����Zü�3Êø�/8
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(i)
â [

γ ∈ E\⋃α∈Φ Pα
Dµ�-j���c½��a

γ
��\Aa7[-aP]Me�Â¤c:��\�? - ® 57Í:vHù"Ï % 1�õ.5 · 50ú21nw þ regular ��Ý f$?�\$@#1a£^�c��:?ªk�e ��\5a	[
a�]de�Â�c:��\�? úÃø0ú�w�ü · ö�Þ · þ \ ["��K singular � Kâ [

γ ∈ E
D¬�-jA�Pc

Φ+(γ)
ç�ß {α ∈ Φ|(γ, α) > 0} KÏäP<7h�\�f"%»�Pa Φ+(γ)

c�i�[�\�?���a � *�[
a£h1ab�QCQ[^&?³Â	`Q[À'	a-�m��^�i � k�a	[E��\�? � ��a7[J��c:�:?ªk�j <�]di F�C1^SaÀ'	a-�"f"<�]M?*a-��^���c�i(a,k�e���c:��a	�,�®'	jõF±C�^(a	� þã� ��[	f$?�eA@� ��\ � <�� § � D0��a�� γ K��6 ã�� å ã ç°à c,C�^Sa$*-]dcIC�� � �PaE? F~c,?'`�f"<���[7` � <<jA�:?�< '7c$'	cá^�\ � ];97["<Á97[LC � <��®'	c�^�cA'�?U'$9�fACQ[
Pα , α ∈ Φ

DVf	c	[,];'	a£^�c
id[�\$k�\�hX*�â1cL?M��a	[I\ ["�-i � ��a$? F|a½dH��k�h�c�i�f$?*a¬F�`�^(a½dqK « dG� � ?¯��a � *�[-a£h�a��CQ[ � ��[E%=��CQ["f$?'\�[�� � ]Me$�QCQ[Ic
i�[�\�?n]µ<Uk�c7[	jEK½d�'�? '¤hX9�a	[P'	\�^�\$�A<
^(a$*
]McBj��:?x\ [(�Pa
γ

c�i�[�\�? - ®�ã5ZÍ:vHù�Ï D0�-j���c`è ß
Φ+(γ) ∪ −Φ+(γ) K

(ii)
â [

α ∈ Φ+(γ)
k�\�?M\ [

α = β1 + β2
�>?�\{k�e"'	a$?�\

βi ∈ Φ+(γ)
DG�-j���cI��a

α
��\5h.9	��c��P\�?- ® 5�vHùE/ · Ý f$?�\�#1a£^�c��:?ªk�e ��\0h.9	��c:��\�? õ.5�÷
ûdälû · K

d�'�?U'�hX9
a7[�ä þ
γ
�Oçªß {χ ∈ Φ+(γ)| χ 6= β1 + β2

�O?�\
βi ∈ Φ+(γ) , i = 1, 2} KäP<7h�\�f"%���axä þ

γ
� c
i�[�\�?²��a � *�[
a£h1a2j£h.C�[e�QCQ[2\ [	e��OCS�=CQ[~^²?iÂ	`Q[]��a�� � ��[	j£h�a��

Φ+(γ)
K

XAYKZ [½c ç _ TÜýUT « d � �QC ��a
γ ∈ E

c�i�[�\�? � *�[E<=��c���K � j���c ��aêä þ
γ
� c
i�[�\�?n�(e � < ��a�� è ÝcA'�?U'¤h.9
a7[2k�e���cV�Se � <b'£^Sa�k7*='E��cL?�]Mc0\��Z�-j	[e�Pa	[e��^�j�'	aEK

âHl ã-äed ågf¸æ ç L ø��7ÿ�#$ü-�'�$û,%&ø,�Êý �$ü
�Xþ.ü|O�o��Zø�úLø �
þ § � V e���c�^�i³Â�\�'	a-�A\ ["%)k�c,? � ��a � *�[-a£h1a

Φ+(γ)
Ddc�i�[�\�?²9	[�\��K]
<@\�^([E<>�:?ªk�j	�

ZZ
@���^�\�]F]M?ªk�j	�

� ��[7f���\ � ]dj	�½��a-� � � [	j£h1a���ä þ
γ
� K

ì¬ù	���:�Zø�ú��43�!LþÊú
+Ãÿ�ú���� ����ù	�>ü-�Eú-
�����������þÊú-
���!��$ø
α ∈ Φ+(γ)

ú

K
���
®ýW
B#$ü
������
7ù$üLý��$øm�Êù$ø�/XüLý��Züú

����7ù	
7ø��$ø�/XüLù�%8!
�AúLø�ú$ù$ÿ���
:� D ������!��:
����Zü�ú-

α
!	ú$þ8���
þ.ú$üµú-


(γ, α)
�$ø�üLý �$ø���ÿ®þ�
­ú-
t#	���$ø"ú$ÿ��

���*�=ù$ÿ"ú$üLù	
:�7ì�ù	
�/ëø��7���¬ú-

α /∈ Ç (γ) 3����iø��m�®ø��Oø��

α ∈ Ç (γ) =⇒ α = 1 ·α 3Oÿ���
�� 1 ∈ ZZ∗ �®ø��
α ∈ ∆(γ)

3S��ú-
���
:� C D ú$þ1�
α = β1 + β2 , (βi ∈ Φ+(γ))

38�)�(!,ú$þ1�
(γ, α) = (γ, β1) + (γ, β2)

�C EJ��+��5��� %ëü
(γ, βi)

üLý �Eø��r%ëü	ú����®ÿ�� C G�ù$øbú:ø
β1

�=ø��
β2

%ëø@�7ù	!��7ü
�F�EøbüLý �$ø��F�Zûbø�ù	�$û�ú�����
®ý
ZZ
ð

�>ùEø���������
=ý&þ1����#	��ø�þ���
=ý.ú-
��ÀÇ é
γ
. é �:�³øq�$øÀø ��
�/Xü����)%ëü:ýëûÀø��AúEý'/Xø�þ.û"�ZüÆú$û��eü��Zø��:�Rþ.ú

���
®ý)û�þXûú

��

(γ, α)
.�3.ü���
���!
�7+��J�=ø��.ú-


α
%&ø]üLý �$ø��4� C G�ú-
���
 É

þ � � â [
α, β ∈ ∆(γ)

�-jA�Pc
(α, β) ≤ 0

Dxc
k=�-j	�Kk�\�?8\ [
α = β

K
ìm�����n%ëø�ú-
Ôø���
�#$üLý'�	
����Zü"�Zü,��ú-
���
:� C D þÊú
+å��
����7ÿ��Pÿ�ú��F#$ü��p��þ���6�ü
�¯ú

Ôþ1������!,ù$ø�þ��Zø�� R ÿ�ú$üø �7ÿÒú

�¶Æü��
ù$û��Zø�á�� Ð �7ù�
���6��Zú$ü
�µÿ"ú��!ú-


α − β
ü:ý �$ø��;ùEý'&$ø�� D /Xÿ7þ1
��bÿ���+��

β 6= −α 3µú$ÿ�ú$üú


α − β

o�ú


β − α

%ëø�ø��	o��®ü-�¯þÊú-

Φ+(γ)

� C EJ��+�� þÊú$û��"�7ù7�µú$ûp�7üLùEý��Zú�+
þXû@!���
����Zü]ÿ"ú��43
α = β + (α − β)

3�ø��7ÿÁú-
 
���
®ý�
8þ������7üLù$øZý �	
����Zü�ÿ�ú��
ú��
α
üLý �$ø���þ�6���%ëü,ú

 È �:�'�Hú$û��{�����Zû

�7ü,ùEý��Zú
+
þ.ûU!
��
����ZüIÿ�ú��0ú-

β
ü:ý �$ø��!þ16��7%ëü	ú-
 é

β = α + (β − α)
.�� C D ú$þ1�F�®ø�ú:ø���o��:
����Zü þ.ü

�"ú-
���
��
þ � � � a�ä þ

γ
� c
i�[�\�?ë97[�\$�-^�\
]r]M?ªk�e"\�[�c	N e¤^&�A<O��a � *�[
a£h1aEKæ ��
�%8!,ú

����ZüÀÿ�ú�� ∑

λαα = 0
�Zü	3

α ∈ ∆(γ)
�®ø��

λα ∈ IR
�ÁÇI�³ø���+
ùEý'&	
��$úLø���ú-
����$#$üLý��7ú$ü ð

�
α

���iøHú

����@
���
®ýW
����
λα > 0

�®ø��
λα < 0

3±ûT�7ù	
7û��:
�6��Zü��$ûÁþ���!,þXû;����
7ù$ü:ý?�$ø;����ù$ü-�
ú$û
��
7ù	/1o � ∑

sαα =
∑
tββ

3ëÿ���
��
sα, tβ > 0

é ú:ø þ16���
��Zø ú
+��
α, β

ü:ý �$ø��8# �iø�/1
®ù$ü	ú�������.�� C D þÊú
+
ε :=

∑
sαα

È ú$ÿ�ú$ü
(ε, ε) =

∑
α,β sαtβ(α, β) ≤ 0

3Zø��7ÿ�ú-
0O�o��Zø éãÐ .�3�
�#Eû �����Aú:ø��~!,ú$þ1��ú


ε = 0

�
R ÿ"ú$ü

0 = (γ, ε) =
∑
sα(γ, α)

3:
�#$û �����Aú:ø��­ÿ �Zø]úLø
sα = 0

�?EJ��
®ý�+���ÿ �Zøeú:ø
tβ = 0

�
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� ]Me$�QCQ[b��\=a�'	a	i�\,��^�i � k�a	["�P\�?�\�� � �A<
^:`�� � c5]¯?'\�'¤h�c
�¤^1e{c	[7j��U�®'	cá^1cA'�?U'$9�f	a�� � ��a7[­F�`�^(aIdk�\�? � F�<�]S\E�-iiÂ�a�� [@]Mc:��\�NE*H��a-���p\ [	eËÂ¤cL*��.<ZDJ\�]���h�c�i�c��{�=CQ[	i'cP� % aÅ^.��9��	D­�-jA�Pcq\��Z�-eË��\Tc�i�[�\�?
��^�\�]r]¯?ªk�`��t\�[�c	N e¤^&�A<O��\ZK
þ � � � a�ä þ

γ
� c�i�[�\�? �(e � <P��a-�Pè�K

G0/1
�6 ¦ ¶ Φ+(γ) ∪ −Φ+(γ) 34ú$ÿ"ú$ütO���þXûÀú-
��AO�o��Zø"ú-
�� é á	.�34ûPþ�����%8o��®û é B Ð .J�*�=ø���
���
��³üLýRú:ø��4�D �®ý�þ.û��0�7ù	
���6��Zú$ü
�.ÿ"ú��>ú-
IÇ é
γ
.?�7ø�ù	���Êü
�Oú-
�� D é �Zÿ ��+ O�o��Zø�ú-
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γ
� DM�>?'\"k�e�'	a$?�a � *�[E<=��c��

γ ∈ dqKC D þÊú�+�Çê���³ø5O���þ.û�� D ������!��:
����Zü
γ ∈ D ú	!,ú-
��W
p�
þÊú$ü�3

(γ, α) > 0 , ∀α ∈ ∆
� é G0��ú$ÿ$����
®ù$üLý

�$øbü���� ú$ü
����%&üLý43!ü��7ü-��#�obû�ú-
���o�ú
+��(ø��	
����Oú7���A%&ü	ú���������û����W���
ù7+���3;þ���þ��>ü	ú��'&$ÿ��Zü
�$û@�Zü,��� %ëü
O���þ.ûÁú-
�� D 3°üLý �$ø��s�Zû<�®ü��	o�.���n�ÿ ��+ ú-
�� é B Ð .�3Gú-
 γ

üLý �Eø��°þ16��Eû�%&ü��}�®ø��
Φ+ ⊂ Φ+(γ)

3
Φ− ⊂ −Φ+(γ) é !	ú$þ1�~�Rþ1
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þ.û�.�� D /Xÿ®þ�
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Φ+ = Φ+(γ)
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ÆÇ ø���
"ú$ü��ZüLýRúLø��"ø��7ÿ­ø��	� ��+V�Êø�þÊú-
����Oü:ý³ø)3�ü���
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�7+���Ç ⊂ ∆(γ)
�

GH�7ÿÀú$û��B�����Zûeÿ���+���3.Ç ¶ Card∆(γ) = `
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�6��Zü
�	
�����o����Zø�ú-
��T����
7ù	
�6��ZüT�$ø þ1�����7ü,ù	���	
����ZüÔÿ�ú��43J���³ø�������
���


j ≤ r
3K!
��
����ZüËÿ�ú��

(σ1 . . . σj−1)αj < 0
� C EJ��+��Pü�/ëÿ7þ�
��

αj > 0
3�ú$ÿ�ú$üq������ù	�>ü
�Q!��$ø��p#$ü:ý*�®ú$û��

i < j
3?�:�³øú

��>
���
®ýW


σi(σi+1 . . . σj−1)αj < 0
3�ü��7�

(σi+1 . . . σj−1)αj > 0
� é2� ú$û����7üLùEý��Zú
+
þ.û

i = j − 1
3!ú-


σi+1 . . . σj−1
ü,ù��Zû��Eü�6�ü	ú:ø��r+�� ë .�� R �
ù$ø�3µø���û[ì¬ùEÿ"ú:ø�þ.û43�� 9 ü
/Xø�ù	��
7þÊú$ü:ýþÊú-


σi
3²ú$ÿ"ú$ü2
�#$û���
�6��Zø�þÊú$ü`þÊú-
Pþ1������!,ù$ø�þ��ZøÀÿ"ú��4ûA%ëü	ú�����o�ùEý'&$ø

(σi+1 . . . σj−1)αj
�.ý �$ü	ú:ø��ø�ù��$û�ú��*�)o]ø��7ÿÀú$û��

σi
� D ��
���!��7+��J%ëø,�7ù	!��7ü
�1�$ø"�Rþ�
�6"ú:ø����Zü�ú-


αi
�
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(b)
EÆùEý'&	
����Zü

α := αj
�®ø��

w′ := σi+1 . . . σj−1
3r�)�0ü���
���!��7+��I�Zÿ ��+ ú-
��

(a)
!
��
����Zü

w′α = αi
� C EJ��+��½ø��7ÿ�ú-
p¶­ü��
ù$û��Zø73��83�38!
��
����Zü�ÿ�ú��

w′σαw
′−1 = σw′α = σi

3ëø��7ÿ�ú-
p
���
®ý�
þ����$ü���� �Êü,úLø��Êÿ�ú��
(σi+1 . . . σj−1)σj(σj−1 . . . σi+1) = σi .� ���$ü������ 3|��
 ���Zø�����ø�þ1�'��&	
��Aú:ø��}�=ø���ú��W�{#	��ÿ��ZüLù��'!�� 3¬ø��7ÿ8ú:ø<#$ü����'��3m�Zü�ú



σi+1 . . . σj−1
3ü
�	� �:
����Zü�ú-
Àü����W%8���Zû�ú$ÿÀø ��
�ú	!��ZüLþ��Zø��

(c)
GH��ú$ÿ���ü:ý �$ø���!
�$ø��Q������
��µú$ùEÿ���
��Q���³øm�$øGü���/Xù	��þ�
����Zü;ú-


(b)
� ��
 ����ø����Zø�þ1�'��&	
��Aú:ø��
ø��7ÿú:øK#$ü����'�K�®ø��Zú��W��#	��ÿB���Zü���ù	!
��ú-
��

(b)
�Zü±ú$û��

σi
3®ü��$ø�þ�/ëø �7ý'&	
����Zü�ú$û��¬þ���!Lþ.û

σi+1 . . . σj−1 =
σi . . . σj

3(�®ø��(�Zü�ú$û�� ø��$ú��*�=ø"ú	��þÊú:ø�þ.ûÀø���ú	o���3²þÊú$û��]ø�ù	�:�����p!���/ëù$ø�þ.ûÀú$û��
w
3(�7ù	
���6��Zú$ü
�²ú-


&$û�ú-
�6��Zü��	
��
· ý ù ý ø ý

ô[õ�ö�õ>/ZÍ�ö7Î&-¸ùGú³Ï
é 3	. C D ��
��Aú:ø��½ø���
�#$ü:ý'�$ü
�&ÿ"ú��8
)�ëþ����$ø�ùAú	o�þ.ü
���

`
�®ø��

n
ú:ø��"úEý'&	
��Aú:ø��431����
7ù	
�6��ZüK�EøI�Eø��Eø�# �iø�ú	� ð

���
þ�
����Züeú-
=¶­ü��
ù$û��Zø 9 � � 3!ø�������� ø��$ú��*�=ø�%(�RþÊú7���$úLø��eú-
 ` þ.ú$û$%8!,þXû�ú-
��
n
� R ÿ�ú$ü]ú



(c′)��
��I�7ù	
���6��Zú$ü
�Xþ.ú$û2%8!Lþ.ûeú

��
(c)

3�%ëø5
��	
�����&$ü	ú:ø��.þ1����%So �=û,#��³ø��Êù$ø�/1o�� È ü���
���!��	+��K!���
����Zü�3
a+9ë5�vµÎX1&Í ó úÃõ0ûÍö�õ�Þ0Î&Ï�� !,þÊú
+

w = σ1 . . . σr
���³øT!���/Xù$ø�þ.ûËú-
��

w
3±û�
���
®ý³ø>#$ü��Ãü:ý �$ø��

�Zü-�*+���!
�$û ð ü���ø�úAú
+���!��$û é #$û����
`(w) < r

.�� R ÿ�ú$üt������ù	��
����5#$üLý��7ú$ü
�
1 ≤ i < j ≤ r

3Xú	!,ú-
��W
��
�
þÊú$ü

w = σ1 . . . σ̂i . . . σ̂j . . . σr
� � ���$ü������`ûÀü����Rú	����o��B#��³ø��Êù$ø�/8oA&$ü��������_�7ø�ù$ø��Êÿ��$ú�+��ú-
��

w
3®ü���ú	!��Zü
��%ëøt#7�
þ.ü
�Zú$û��H�Zü-�*+���!
�$ût!���/ëù$ø�þ�oÆú-
����VL !���/ëù$ø�þ.û­ø���ú	oK#$ü���üLý �$ø�����
��$ø�#�����o��� ø��]ø��$ú��*�7ø�ù	��#$ü-� �:�ZøÀø��t����ù�
����ZüÆú-
Pþ�6�þÊú$û��Zø]ù��'&7���

A1 × A1
é ¶ ¦ .�� � ú-
Pþ�6�þÊú$û��Zø]ø���ú$ÿ:3ø�� {α, β} = ∆

é #$ü��­þ1��o��Zø 9 � Ð .�3���þ���6�ü
�
σασβ = σβσα

éãÐ .v�r�³ø]ú$û��B�®ø���6�ú$ü,ù$û,�®ø�ú:ø��$ÿ7û�þ.ûeú$û��xì�ù$ÿ�úLø�þ.û�� 9 � Y ø��$ø�/1!Lù	
����Zü�ú:ø]ø �=ÿ ��
���%&ø �
GH�7ÿbú$ûPþÊú�� �:��oq��
��

Card(A(w)) = n(w) = `(w)
34ú-
}�$ÿ®û��ZøPú$û��eþ����	��ùAú$û�þ.û��

n(w)
3(O7ùEý ðþ:�=ü	ú:ø��.þ.ú$û��`ü��Zø�úAú�+���!
�$û,!���/Xù$ø�þ.û

w = σ1 . . . σν (σi := σαi
)
�7ì�ù	���:�Zø"ú��43�#$ü�#�
���!��$û��t���iø��ú	!,ú

��³ø��K!���/Xù$ø�þ.û�� 3Êü��Eü	ú	��&	
����Zü�ú��W��ø �=ÿ ��
�� %ëü
�­ùEý'&$ü
� �

{
βi := σνσν−1 . . . σi+1(αi), i = 1, . . . , ν − 1,
βν := αν .


 þ�����ù���þ��Zÿ�� � A(w) = {β1, . . . , βν} 3.ÿ���
�� ú:ø βi üLý �$ø���#��³ø�/1
®ù$ü	ú��������GH�7ÿ�#$ü
�'�$û 
 þ�����ù��Rþ1��
�6 � C D þÊú
+
β ∈ A(w) � D /Xÿ7þ1
��

β > 0
ø������

wβ < 0
3M����
7ù	
�6��ZüI�Eø

O®ù	
�6��ZüI#$ü:ý*�®ú$û
i ≤ ν

ú	!	ú-
���
��$�
þ.ú$ü
(σi+1 . . . σν)β > 0

3;ü
�7�
(σiσi+1 . . . σν)β < 0

� � ú$û��
�7üLùEý��Zú�+
þXûK��
��

i = ν
3®ü,ù��Zû��Eü�6�
����Zü±ú-


σi+1 . . . σν
+��:3�� C D ú$þ8�®ûJ%ëü	ú�����o½ùEý'&$ø

(σi+1 . . . σν)β
3þÊú	!����$ü	ú:ø���ø �7ÿ¬ú-


σi
þ.ü!ø�ù	�$û�ú�����oGùEý�&Eø)� � ���$ü����Q�M�Zÿ ��+bú$û��?ì¬ù$ÿ�ú:ø�þXû���3�� 9 3�
�#$û �:
�6��Zø�þÊú$ü;þÊú-
þ�������!Lù$ø�þ��Zø�ÿ"ú��

(σi+1 . . . σν)β = αi
3¯ü��	�

β = βi
�Ik­ø��Mü���
���!
�7+�� A(w) ⊂ {β1, . . . , βν} ��x�7+
ù"ý�&�
��Aú:ø��qÿ���+��qÿ"ú��

CardA(w) = ν
37þ������7üLù$øZý �	
����Zü�ÿ"ú��7ûB�Rþ.ÿ�ú$û�ú:ø0�7ù	!��7ü
���$øt��þ���6�ü-� é �=ø��ú:ø

βi
�7ù	!��7ü
�1�$ø]ü:ý �$ø��1#��³ø�/8
7ù$ü	ú�������.��

é 9 . � ú$û��Jø�ù	��o]ú$û��­ø �7ÿ�#$ü
�'�$û��­ú-
��I��!Lù	
����
(a)

ü:ý�#Eø��ZüÆÿ�ú��1������ù��Oü-��#EüLý��7ú$û��
j
ú	!,ú-
��W
��K�
þÊú$ü

(σ1 . . . σj−1)αj ≺ 0
�
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 þ�����ù �Rþ��Zÿ�� � GH��ú	o°û°þ1��!Lþ.ûb%ëø��Rþ1��6�ü-� ∀k ÿ���
�� j ≤ k ≤ ν

�0Ç]û��Zø�#	ob%ëøs!���
����Zü
(σ1 . . . σk−1)αk ≺

0 , ∀k �Zü
j ≤ k ≤ ν

�
Gm�7ÿ�#Eü
�'�$û 
 þ�����ù���þ���
�6 ��é ü
6���
 ��
�.��
é § . ì�ø�ùEø"ú$û�ù	
�6��ZüÀÿ"ú��µø���þ.ú$û���þ�����%8o��®û{#��³ø��Êù$ø�/1o��q
>#$üLý��7ú$û��

j
����ùEü
�;ú$û��Pú�����o

r
3
ú$ÿ�ú$üû]þ�����%So �=ûeÇI�³ø��Êù$ø�/1o��0%ëø]ü:ý �$ø��1��þ�
�#	6��$ø��ZûI�Zü�ú$û�� ì�ù$ÿ"ú:ø�þ.û 9 �³h)�

z �³ø"���ZüLþ.ûeþ1����!��7ü
�³ø]ú

��,�7ù�
7û �:
�6��Zü
�	
��5%ëü�+
ù	o��Zø"ú-
��Æü:ý �$ø��.û ø��®ÿ ��
�� %ëû þ�����%8o��®û �
a+9X5�v;Îë1&Í _q¬�¬�õ
û¯Î&Ï C D þÊú
+

w = σ1 . . . σr
é ÿ��:�µø��7ø�ùEø�ýRú$û�úLø{�Zü
��+���!
�$û�.�3
ÿ���
��=��� %ëü

σiüLý �Eø��F���³øbø ����o�ø��	�����Zø�þ.û��"GH�
`(wσ) < `(w)

3r���³ø@�)� ��
)�iø ø�����o�ø��	�����Zø�þ.û
σ = σα

3¯ú$ÿ�ú$ü
� ����ù	�>ü-�n#EüLý��7ú$û��

i
ú	!,ú

)�W
��5�
þÊú$ü�3

wσ = σ1 . . . σ̂i . . . σr
é �=ø��r!	ú$þ1�

w = σ1 . . . σ̂i . . . σrσ
3r�Züú

��5�7ø�ù�� �:
��Aú:ø

σ
�$øA�7øZý³ù	�$ü
�&ú$ûI%S!,þ.ûIú

��"�®ø�ù	���:
��Aú:ø

σi
.�� � �����=ü��®ù��'��!
�$ø�3n


w
!��>ü
�(�Zü
��+ ð

��!��$ûI!���/ëù$ø�þ.û,��
��]ú$ü��Zü
�����$ü
�.þXü
σ

\�[2k�\�?:]Mj7[-a_\ [
`(wσ) < `(w)

�
.Hl0/�1 d ågf¸æ ç z ø��Ãü:ý �$ø��b����!�
��;�:�7+
þ.ú$ÿ8ÿ�ú���û<���7ÿ�%&ü,þ.û

`(wσ) < `(w)
3|����
��	
7ü:ý°ÿ"ú�� �

wα < 0
� � ���$ü������Jü��7ø��$ø��Zø�� O����	
��Aú:ø��­ú$û��]ø��7ÿ�#$ü-���Eû(ú

��"�7ù�
7û���
�6��Zü
�	
��p¶­ü�+
ù	o��Zø�ú

��t���³øú$û��5!���/Xù$ø�þ.û

wσ = σ1 . . . σrσ
3S����
®ù	
�6��ZüB�$øA����ù	
����Zü

j = r + 1
é ��ÿ ��+�ú$û��t�7ø�ù$ø�ú	o�ù$û�þ.û��

é 9 .s.°þÊú-
"��!,ù	
��
(a)

�®ø��1!��7ü
�Rú:ø5�Eø]þ������7üLù	���	
����Zü�þÊú-
A��!,ù�
��
(c)

ÿ�ú��
wσ = σ1 . . . σ̂i . . . σr,ú

q
���
®ý�
�ø���
�/8!,ù$ü-�Êú$û��`ü����W%8���Zû�ú	o,!��)/Xù$ø�þ.û5�:�³ø]ú-


w
�

��m E�n 
 E �'� 6���/�+��$ø<�Zü�ú$û��Ïì�ø�ù$ø�ú	o�ùEû�þXû é § .5�®ø���ú$û��{�7ù	
®û �:
�6��Zü
�$û�ø �®ÿ�#$ü
�'�$û�3Gü�6���
 �Zø
�®ø�úLø���o���
����Zü`þÊú-
bþ�������!,ùEø�þ1�ZøÀÿ�ú��

σi = σ
� D ��
���!
�7+���3F
}#$ü:ý��7ú$û��

i
üLý �$ø��n��
��$ø�#������p�7ù	
7þ ð

#��W
®ùEýRþ8����
����
ÕqÖ�ÕGÖ Õ <�Þm��=M�S�

Coxeter
EÆùEý'&	
����Zü2+�� - ® -0/ZÍ�ü¶õ

Coxeter
!��$øp&$ü
6 �:
��

(C, S) ø���
�ú$ü���
�6��Zü��	
 ø��7ÿU���³ø$
�����#Eø C �=ø��ø �7ÿ�!��$ø<�7ü��7ü,ùEø�þ1��!��	
pþ�6��	
 ��
 �Êü��	�$û�ú$ÿ7ù	+��Òø���ú	o��
S ⊆ C 3Gú

�
���
®ýW
 � �7ø���
�6�ü-�~�Zÿ��	
 þ.üþ���!,þ.ü-�W�Æú$û��K��
7ù	/8o��

(ss′)m(s,s
′) = 1 ,ÿ���
��

m(s, s) = 1 ,m(s, s′) = m(s′, s) ≥ 2 ,∀s, s′ ∈ S �Zü
s 6= s′

�
� ú$û��{�7ü,ù"ý*�Zú
+
þ.ûHÿ���
��>#$ü��=������ù	�>ü
��þ���!,þ.ûT�Zü,úLø��	6Ëú
+��

s
�®ø��

s′
3±ú$ÿ�ú$üq�)����
����Zü�ú$ûÒþ16�� ð

O7ø�þ.ûeÿ"ú��
m(s, s′) =∞ �VG0�0�7ø�ù$ø�ú$û�ù�o�þ1
����ZüGÿ�ú��.û,
�����#$ø C 3ÊüLý �$ø��.û5
�����#$ø,�7û �7ý���


F/N
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F
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�þ16��	
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S
�®ø��

N
üLý �$ø���ûH�®ø��	
�������o
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�
�����#$ø5��
��5�7ø�ù	���Êü	ú:ø��Êø��7ÿ(ÿ �Zøeú:ø]þÊú-
����>üLý³ø]ú$û��J��
®ù	/1o��
(ss′)m(s,s

′) .
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5����o %8
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+��­þÊú

)�W�>üLý�+��­ú-
��Jþ����$ÿ ��
��
S
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]þ���� O�
 �7ý'&	
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ú-
��
(C, S) �

C D ú$þ1�:��
����7ÿ��_�®ø"ú:ø���o���
����Zü�þÊú-
��`ø �=ÿ ��
���%S
q
7ù���þ��Zÿ:�
\][�æ$a`ç¤\(a T�ý�
  H?�eIa�]de�f-\ C '	a��]9öF~c,?4'	\�^�e � ��\ � <��A<)�0]xa£^.#²%)�

〈w1, . . . , wn|(wiwj)
mij = 1 , mii = 1 , i = 1, . . . , n〉

a	[
a�]de�Â¤c���\�?8aP]Me�f-\
Coxeter

K
��m E�n 
 E � Et�(
�����#$ü
�

Coxeter
üLý �$ø��(�®ø����p
7ù��Rþ1��!��$ü
��� ì¬ù�� �:�Zø�ú��434ø��I����ù	
����Zü2���³ø$
�����#$ø

�ZüI#	6�
ÒþÊú-
��W�>ü:ýiø?>
(G = {a, e} , ∗) 3;ú$ÿ"ú$ü a ∗ a = e

3Vo ø��AO�����
����Zü ÿ���
��
e = 1

3;ú$ÿ"ú$ü,%&ø
!
��
����Zü

a ∗ a = 1
� 
 þ�
�#	6��$ø��Zø

(a ∗ a)1 = 1
é #$û �Zø�#	o

m(a, a) = 1
3¯ÿ���+��5�®ø��¯ø��7ø�� ú$ü:ý ú:ø��'.��D ��
���!��7+�� 31���iøI
�����#$øI�Zü0#	6�
(þÊú-
��W�>ü:ýiøIüLý �Eø��1���³ø5
�����#Eø

Coxeter
�

ô _([½_�^`c�[½cÔa`c � . [H]M?�\Ba�]de�f-\
Coxeter

'	cá^&?õ9öF~c,?Ê��a���h1e�FG? � �Pa	[�97[�\½Â¤cL*���a��J��c7[�["<O�-j:@
^ÊCQ[�D09 � �QC

s, s′
Dn]Mc

m(s, s′) =∞ D;�-j���c­<pa�]de�f-\I\��Z�A%pc�i�[�\�?Se�'7cL? ^ë<OK . �Z�-j_c�i�[�\�?M'£^(a$#1\�[$9��
\�#1a$*

(ss′)m 6= (ss′)n, ∀ m 6= n ∈ IN ∗ þ cL#1j � a	[ (ss′)t 6= 1, ∀t ∈ IN ∗ � K
ÕGÖ ÕGÖ�@ ÙBADC&ÛH� Üx�ÔåE<�Þ|�'=d�Ôå Weyl

��ß�á
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C D ��
��Aú:ø��0��!��>ù��>þÊú��W�:��o��H#Eü
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σi . . . σj−1σj . . . σi+1 = 1.

G0�Aú����®ø %S�Rþ.ú7���Aú:ø���ú$û��½ú$ü��Zü
�"ú:øZý³øeþ���!Lþ.ûeþÊú$û]þ���!Lþ.ûeQf3�� 9 .b�7ù	
���6��Zú$ü-�Xÿ"ú��43
σ1 . . . σr = σ1 . . . σi(σi . . . σj−1)σj+1 . . . σr
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j , (i 6= j)
3b�$øÒü��7����
��Aú:ø��Q�Zü

4(εi, εj)
2���Zü���ù	!
��� � ��
��7ÿ��"�Zø��,��
)�*�7ÿ��(ü:ý �$ø��43r�$øp�7ù	
7þ�# �W
7ù"ýRþ�
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 ��øU#��³ø��	��þ����"ú
+��}QÑø��"ú$ÿÔþ1�����7üLù����Zø�� O����$ü
�¯ÿ �Zøbú:øþ����$ü��7ú������B�Êù$ø�/1o����Zø�úLø
Coxeter

.��MGH��ú$ÿ2%ëøt�.ý �$ü
�Oþ.übO�o��Zø�úLø�37ú-
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®ý³øJü:ý �$ø��
�7ù	
�/Xø��	!�� �
æ ��
®þ.û��ZüLý�+
þ.û �MR 
 � �®ø�ú C ø�ù	�����K#$ü��_� ��
�úEýW%ëü	ú:ø��Êþ1���Eü��7ú����®ÿ:�

Qx3	. G0�J������
��³øJø��7ÿeú:ø
εi
ø���
7ù$ù��'/:%S
�6���3=ú$ÿ�ú$ü°ú:ø`ü��$ø���
��Zü:ý �$ø��Aú:ø`ü
�$ø���
 ��
���%S
�6��K�$ø`ø���
?yú$ü���
�6��J!
�$ø`ø ��
�#$ü��7ú$ÿ þ�6��	
 ��
:3®ú-
��2
���
=ýW
��Jú-
_�Êù	��/ëû��ZøaQá���W%ëø��7���m�Zû½þ����$ü��7ú����®ÿ�.Q�7ù	
���6��Zú$ü
�ø��7ÿÀú

 � �7ø�ù$ø���ü:ý���
��Aú:ø��Æú����­ø��$úEýRþÊú-
����>ü��J�)
7ù	��/1!��K�®ø��.ú��W��ø��$úEýRþÊú-
����>ü��J���Zü���ù	!
���

Q Ð .åE�ø�ù��W%8�Zÿ��Æú
+��2&$ü
� �����`ú
+��B��
7ù���/1���`ú-
�� � 3:��
�� þ����	#�!�
��AúLø����Zü�ú-
�� �����:�Rþ.ú

��2���³ø
���Zü���ù	�]ü:ý �$ø��Xø���þÊú$û�ù	�,�����®ùEÿ"ú$üLù	
���ú

��

n
�

��ù	�����Zø�ú��43(
7ù"ý�&�
����7ü
ε =

∑n
i=1 εi

�JGH�7ÿPú$û(þ.ú�� �:��oA��
��(ú:ø
εi
üLý �Eø��(�Êù$ø������*�����Jø��$ü�����ùAú$û�ú:ø�3
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þ����$ü������Êü	ú:ø��Êÿ"ú��
ε 6= 0

� C D ú$þ1�
0 < (ε, ε) = n+ 2

∑

i<j

(εi, εj).

C D þÊú
+ ú7�
ù$ø
i, j (i 6= j)

3M!
�$øU&$ü
6 �:
��A#Eü
���7ú7���p�:�³ø ú-
����"
���
®ý�
����
(εi, εj) 6= 0

Q �:�'�S�}!,þÊú
+ÿ"ú���
��:��
7ù	��/8!��
i
�®ø��

j
üLý �$ø��.þ����	#$ü
#$ü���!
�$ü���.�� R ÿ�ú$ü

4(εi, εj)
2 = 1, 2

o 9 3>þ1���Eü������m%&ø_�7ù	!��7ü-�
2(εi, εj) ≤ −1

���~��þXü
�1��
����7ÿ�� ú$û���ú$ü��Zü���ú:ø�ý³ø���ø�����þ.ÿ�ú$û"ú:ø�� 38
Pø�ù��W%8�Zÿ��½ú	!	ú-
���+��5&Eü��������5#$ü��
�7ù	!��7ü-���$øI���7ü,ù-O®øZý �$ü-�Êú-


n− 1
�

Q 9 . R 
 � #$ü
�2����
7ùEüLý1�$ø,�®ü,ù��'!��>ü
�1��6�����
������
�¬ù	���:�Zø�ú��43�!,þÊú
+»ÿ�ú��=ú-
 � �7ü,ù ��!
�>ü
����6�����
:�?E �)6 ����
��m%ëø`ü:ý �$ø���!��$ø2�Êù	��/Xû��Zø � C ü��$ÿ���ø���
�#$ü�y
�7ú-
�6I� ��
®þ����$ÿ ��
�� U ′ ú

�� U � R ÿ"ú$üÆÿ���+��Æú-
"�Êù	��/Xû��Zø � C %&ø_�7ø�ù$ø�O)�'��&Eü
�>ú-
�Q Ð .�3:�Zü�ú



n
�$ø

!��>ü
�Xø��$ú��*�=ø"ú:ø�þÊú:ø %ëüLý>ø��7ÿÀú-

Card U ′ �

Q § . GH�7ÿ"��� %ëüm��
7ù���/8oeú-
�� � 3:#$ü��2����
7ù	
�6��2�$ø5�$ü��)� �	
�6��2�7üLù��RþXþ.ÿ"ú$üLù$ü��Æø��7ÿIú$ù$ü
���0���Zü���yù	!�� �
�¬ù	���:�Zø�ú��43F!,þ.ú�+å��
����7ÿ��

ε ∈ U �®ø��
η1, . . . , ηk

3F#��³ø��	6�þ��Zø�ú:ø$��
�� ø��	o���
�����þÊú-
 U �®ø��0þ����Ty
#	!�
��Aú:ø��|�Zü ú-


ε
Q��Zü~3�3 Ð o 9 ���Zü���ù	!��Ôú-
��=ø�%S!��$ø�.�3�ü���
���!��7+��

(ε, ηi) < 0
Q����iø��=�®ø��Gø��

(ε, ηi) = 0 ⇒ ε⊥ηi
�®ø��S��ù$øÀúLø

ε, ηi
#$ü��]ü
�7���	
��Aú:ø���.m�Zü

ε, η1, . . . , ηk
ø��	�A#	6�
@#��³ø�/8
7ù$ü,ú��*�)�)�C EJ��+���3��Zÿ ��+Òú

��\Q 9 .�3��®ø��	!��$øK&$ü
6 �:
���ú
+��

ηi
#$ü��¬þ����	#	!

��$úLø��43��®ø���!,ú$þ1�

(ηi, ηj) = 0 , ∀i 6= j
�D �7ü
�'#	oÔÿ���+��Àú-
 U üLý �$ø��F�Êù$ø������������(ø��$ü��	��ùAú$û�ú-
Ëþ�6��	
 ��
:3d%ëøU������ù	�>ü
�M!��$ø{��
��$ø�#��iøZý�
�#��'�Ýy

�	��þ��Zø
η0
þÊú-
T���
ù	
>��
��=�7ø�ù	���Êü	ú:ø��;ø��7ÿHú:ø

ε, η1, . . . , ηk
3
ú-
>
���
®ý�
�%ëøÔü:ý �$ø��V��� %ëü	ú-
HþÊú:ø

η1, . . . , ηk
����ù	
�/ëø��7���

(ε, η0) 6= 0
3����³øI!
�$øeú	!,ú

)�W


η0
� R �
ù$ø�3

ε =
∑k

i=0(ε, ηi)ηi =⇒
1 = (ε, ε) =

∑k
i=0(ε, ηi)

2 =⇒∑k
i=1(ε, ηi)

2 < 1 =⇒∑k
i=1 4(ε, ηi)

2 < 4 .

C EJ��+���ú


4(ε, ηi)

2 üLý �$ø��8
Pø�ù��W%8�Zÿ���ú
+��_���Zü���ù7���_��
��(ü��7���	
����eú-

ε
�ZüÆú-


ηi
þÊú-
A�Êù	��/ëû��Zø� � C D ú$þ1�:�7ù	
��)6 �Zú$ü-�.ú-
A&$û�ú-
�6��Zü��	
:�

Q � . R 
{�Zÿ��	
 þ1���Eü��7ú����®ÿU�Êù	��/ëû��Zø � ü
�$ÿ��]ø���
�#$ü��7ú-
�6�þ����$ÿ ��
�� U ú-
U
���
®ý�
=����
7ù$üLýx�Eø
�7ü,ù��'!��>ü-�Oú$ù�������o2���Zü���ù	�`üLý �$ø��=ú-
,�Êù	��/Xû��Zø

Coxeter G2
Q � ��o��Zø 9 ����.��MG0�"ú$ÿ5�7ù	
���6��Zú$ü
�>ø��7ÿú

}Q § .��

Q�©�. C D þÊú
+lÿ�ú��Êú-
 {ε1, . . . , εk} ⊂ U !��>ü
�1����
 �Êù	��/ëû��Zøeú$û��J��
7ù�/1o�� �
Qá#$û��Zø�#	oA���³ø(ø�����oÀø�����þXý'#$øÀþÊú-
 � .��8GH� U ′ = (U − {ε1, . . . , εk}) ∪ {ε}

3²ÿ���
��
ε =

∑k
i=1 εi

3ú$ÿ"ú$ü�ú-
 U ′ ü:ý �$ø��.ø���
�#Eü��7ú$ÿ:�
æ ��
7þ.û��ZüLý�+
þXû �VR 
q�Êù	��/Xû��Zøeú-
�� U ′ �7ù	
�!Lù	�>ü	ú:ø��Xø��7ÿÀú-
 � 3Êþ1�����Zú	6�þ.þ�
��Aú:ø���ú$û��`ø�����o]ø����ÝyþXý'#$ø]þ C !
�$ø þ.û��ZüLý�
:�
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� ��o��Zø 9 ��� �VR 
A�Êù	��/ëû��Zø
Coxeter G2

�

� ��o��Zø 9 �83 ¨ �VR 
A�Êù	��/Xû��Zø
Coxeter A`

�
L �Êù$ø���������o ø��$ü��Eø�ù$ú$û�þëýiø�ú-
�� U ′ üLý �$ø��r�7ù	
�/Xø��	o���� D �®ý�þ.û�� 3;ø��7ÿÃú$û��$���7ÿ�%ëüLþ.û}!���
����Zü ÿ�ú��
2(εi, εi+1) = −1 (1 ≤ i ≤ k − 1)

� C D ú$þ1�43
(ε, ε) = k + 2

∑
i<j(εi, εj)

= k − (k − 1)
= 1.

D ��
���!��7+��Àú


ε
ü:ý �$ø��d��
��$ø�#��³ø�ý�
T#��'���	��þ��Zø��pGH�®ÿ��ZøU�)��%&ü

η ∈ U − {ε1, . . . , εk}
��ÿ ��+ ú-
��

Q 9 .�3~����
7ù$ü:ý?�$øHþ����	#$ü�%ëü:ýµú-
>��
���6>�Zü$!
�$øHø��7ÿ�úLø
ε1, . . . , εk

� C D ú$þ8�
(η, ε) = 0

oHø������*���
(η, ε) = (η, εi)

31�:�³ø
1 ≤ i ≤ k

� � üJ��� %ëüJ�7ü,ùEý��Zú
+
þ.û5%ëøI!
��
����Zü
4(η, ε)2 = 0, 1, 2,

o 9 31��ù$ø
U ′ ø���
�#$ü��®ú$ÿ:�

Q�ô�. R 
 � #$ü��2�7ü,ù��'!��>ü-�1����
 �>ùEø�/8o��Zø�ú:øeú$û��J��
7ù	/8o�� �æ ��
�%8!	ú-
����Züqÿ�ú���������
���
 ø��7ÿeø���ú	�­ú:øB#��³ø��Êù	�����Zø�úLøt�7ü,ù ��!
�>ü	ú:ø��=þÊú-
 � ��GH�7ÿeú-
eQf37.�þ����$ü�����y

� ��o��7ø 9 �83;3 � Gm�7ø��:
7ù$ü
����!��$øI����
 �Êù$ø�/1o��Zø�úLø��
�Êü	ú:ø��Oÿ"ú��)%ëø`üLý �$ø���!
�$øB�Êù	��/ëû��Zø`ü
�$ÿ���ø ��
�#$ü��7ú-
�6eþ����$ÿ ��
���� C EJ��+��m�Zÿ ��+»ú-
��¯Q�©�.�3�����
7ù	
�6��Zü
�$øJø��Aú����®ø�ú:ø�þ.ú	o�þ1
����Zü�ú$û��­ø ����o`ø�����þXý'#$ø`ø��7ÿ5!
�$øJþ.û��ZüLý�
7Qá��
7ù	��/1o�.�3�#$û�����
���ù7�����Aú:ø��0�ZüGø���yú$ÿ��½ú-
��`ú$ù$ÿ���
}QÑø��AúEýRþ.ú

)�W�>ø�.±ú:ø5�>ùEø�/8o��Zø�ú:øeú

�� � ��o��Zø�ú-
�� 9 �83 Ð 3>ú:ø5
���
=ýiø"�7ø�ù$ø�O��'��&	
����`ú





©��8³��´om�6µ5ÍxiA���qÍgÅ�p¶o�kli°�­���ÆÄakli WEY L
©{ô

Q § .��

� ��o��Zø 9 �83 Ð)� Gm�®ø �:
7ù$ü
����!��$ø5�Êù$ø�/1o��Zø�ú:ø)�

Q�
�. �K� %ëübþ����$ü��®ú��*�=ÿ��Êù	��/Xû��Zø � ü��$ÿ��Ãø���
�#Eü��7ú-
�68þ����$ÿ ��
���3|!
�Oü-�~�7ý³ø»ø��7ÿ8ú����Ãø��®ÿ ��
���y
%ëü��K��
7ù	/8!�� �

� ��o��Zø 9 �83 9 � Gm��
�#$ü��7ú	�Iþ����$ü��®ú��*�)�5�>ù$ø�/8o��Zø�ú:ø��
�¬ù	���:�Zø�ú�� � ø��7ÿ½ú-
¯Q � .;þ������7üLù$øZý �	
����Zü�ÿ�ú����Zÿ��	
`ú-
 G2 Q�#$ü��qþ1�8� 9 ����.d�7ü,ù��'!��>ü-�7ú$ù�������oJ���Zü���ù	���C D �$øÔþ����$ü��7ú����®ÿT�Êù	��/ëû��Zø}��
��U�7üLù��'!��>ü
�M�7ø�ù$ø������7+ ø��7ÿ;�7ý³ø{#�������oU���Zü���ù	��3F%ëø}�7üLù��'!��>ü
�;ú


� ��
 �Êù	��/ëû��Zø �

� ��o��Zø 9 �83 § � GH�7ø��:
7ù$ü�����!
�	
q����
 �Êù	��/ëû��Zø)�
ú

@
���
=ýW
 ø��7ø��:
7ù$ü�6�ü	ú:ø��8�Zÿ ��+�ú$û��±Q�ô�.�� C D ú$þ8�ëú-
p��
 ��6$���³øq#�������oA���Zü���ù	�"%ëøq� ����ù	�>ü
�4� D ����y
����!

���3>ø��­ú-
 � !
�>ü
�����³ø_#�������o2���Zü
��ù��)3=ú$ÿ�ú$üm#$ü��t����
®ù$üLý>þ1� �:�>ù$ÿ��7+��0�$ø_!
�Oü-���®ø���!��EøJþ.û��ZüLý�

#��³ø ������#7+
þXû��\Qd�=ÿ�� O�
�. �

��� �����Zÿ ��+»ú-
��aQ2ô�. È C D ú$þ1�®ú-
,#Eü�6�ú$ü,ù	
,�>ù���/ëû��ZøK��
��`ø �®ü
����
��"ý�&Eü	ú:ø��ª3>ü:ý �$ø��=ú

5�Zÿ��	
,���W%&ø��$ÿ7Q�
��
��6�����
��!ø �7ø��:
7ù$ü
6�
��Aú:ø��r�Zÿ ��+ ú-
��~Q 9 .K.�� R !���
���3M!LþÊú
+ ÿ�ú��¯ú-
 � !��>ü
�F�Zÿ��	
Ëø�����!
�qQá��
��	!
�-.
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� ��o��Zø 9 �	3 � � æ ��
 �Êù	��/Xû��ZøI#��³ø ������#7+
þXû�� �
���Zü���ù	!
���MG0��ú-
 � #$ü��J!��>ü
�=þ.û��ZüLý�
_#��³ø�������#7+
þ.û���3®ú$ÿ�ú$üb%ëøK�7ù	!��7ü
�)�$ø½üLý �Eø��)���³ø½ø ����o�ø�����þXý'#$ø
Qá����������ÿ ��+Áú-
���ÿ�ú���#$ü
��ü���� ú$ù�!���
��AúLø�����6�����
)�'.�� D ���*����!

��J#Eü��0����
7ù$ü:ý��$øK�7üLù��'!��>ü
���7ü,ù���þ.þ.ÿ�ú$üOyù$øeø��7ÿ"!
�$øeþ.û��ZüLý³ø,#��³ø ������#7+
þXû���Qá�Zÿ ��+8ú-
��7Q�ô�.~. È !	ú$þ1�Oú-
 ú	!	ú:ø�ùAú-
5�>ù���/ëû��ZøJüLý �$ø��>ú

"�Zÿ��	

���W%ëø��$ÿ?ySü����Rú$ù$ü��Zú$ÿ:3:��
�� ø���
���!
�$ü
�4�

Q���. R 
_�Zÿ���
`þ����$ü��®ú��*�=ÿ � 3�ú

��J#Eü�6�ú$ü,ù	
��Æú	6���
��Æú-
��\Q�
�.�3Zü:ý �$ø���ú-
B�>ù	��/ëû��Zø
Coxeter F4

�

� ��o��Zø 9 �83G© ��� ù	��/ëû��Zø
Coxeter F4

�
o]ú

A�Êù	��/Xû��Zø

Coxeter Bn (= Cn)
�

� ��o��Zø 9 �	3Gô ��� ù	��/Xû��Zø
Coxeter Bn (= Cn)

�
��ù	�����Zø�ú��43�
7ùEý'&	
����Zü

ε =
∑p

i=1 iεi, η =
∑q

i=1 iηi
�MGm�7ÿ2���7ÿ�%ëüLþ.û0!
��
����Zü�3

2(εi, εi+1) = −1 =
2(ηi, ηi+1)

3:�®ø��Êú:ø5���7ÿ ��
����7ø"&$ü�6��Êû]ü:ý �$ø��1
7ù�%8
 �������³øwQá��� %ëü	ú:ø�.�� C D ú$þ1�:!
��
����Zü	3
(ε, ε) =

∑p
i=1 i

2 −∑p−1
i=1 i(i+ 1)

= p(p+ 1)/2,
(η, η) = q(q + 1)/2
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Gm�7ÿbú$û(þÊú��W�:��oA��
��$!
��
����Zü`ÿ�ú��
4(εp, ηq)

2 = 2
3²ú$ÿ�ú$üt%ëøq!
��
����Zü�3

(ε, η)2 = p2q2(εp, ηq)
2 =

p2q2/2
� C EJ��+�� 3x�Zü2�>ù	o�þ.û(ú$û��eø�� �Rþ.ÿ�ú$û�ú:ø��

Cauchy − Schwartz
QÑø��7ÿbú$û��IþÊú��W�:��oq��
���ú:ø

ε, η
ü:ý �$ø��:�7ù�
�/Xø��7����ø��Eü��	��ùAú$û�ú:ø�.~!���
����Zü�ÿ�ú�� �

(ε, η)2 < (ε, ε)(η, η) =⇒
p2q2/2 < p(p+ 1)q(q + 1)/4 =⇒

(p− 1)(q − 1) < 2 .

� ���Eü������ 3Êú:ø,���W%ëø��	�]ü
�	#$ü��>ÿ��Zü
�$ø ü:ý �$ø�� �
•p = q = 2

3.ø�� C ÿ���
��5�7ù�
���6��Zú$ü
�.ú-

F4

3
•p = 1, q =

ø�� %ëøZý³ù$ü,ú

:3
•q = 1, p =

ø�� %ëøZý³ù$ü,ú

:�ÿ���
��Gø��7ÿGú:øs#	6�
¬ú$ü��Zü���ú:øZýiø:Q úLøs
���
=ýiø¬üLý �Eø����Rþ1
�#	6��$ø��Zø�.8�7ù	
���6��Zú$ü
�$ú

m�Êù	��/Xû��Zø
Coxeter Bn (=

Cn)
�

Qx3 ¨ . R ø;�Zÿ��$øËþ����$ü��®ú��*�)�=�>ùEø�/8o��Zø"ú:ø � ú

��Ãú	!,ú:ø�ù$ú

�� ú	6���
��Ôú-
��cQ�
�.`ü:ý �$ø��µú
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cos2 θ1 + cos2 θ2 + cos2 θ3 < 1
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θ1 =
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η, ζ
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cos2 θ1 =
(ε, ψ)2

(ε, ε)(ψ, ψ)

=

∑p−1
i=1 (iεi, ψ)

2

(ε, ε) · 1
= (p− 1)2(εp−1, ψ)

2/(ε, ε)
= 1

4
(2(p− 1)2/p(p− 1))

= (p− 1)/2p
= 1

2
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•(p, 2, 2) = Dn

•(3, 3, 2) = E6
•(4, 3, 2) = E7
•(5, 3, 2) = E8
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