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Prìlogoc

Sthn paroÔsa diplwmatik  ergasÐa melet¸ntai oi p-adikoÐ arijmoÐ kai pa-

rousi�zetai mÐa efarmog  touc stic Diofantikèc exis¸seic. Pio sugkekrimè-

na, sto pr¸to kef�laio gÐnetai mÐa istorik  anadrom , sthn opoÐa faÐnetai

o arqikìc orismìc twn p-adik¸n arijm¸n wc to sÔnolo twn apì arister�

peperasmènwn ajroism�twn dun�mewn enìc pr¸tou p, kaj¸c kai ta kÐnhtra

pou od ghsan sthn kataskeu  touc. Aut�  tan h eÔresh akeraÐwn lÔsewn

k�poiwn Diofantik¸n exis¸sewn.

Sto deÔtero kef�laio eis�getai h ènnoia thc mh arqim deiac nìrmac kai

parousi�zontai oi kuriìterec idiìthtec thc, ìpwc to ìti se èna q¸ro me mh

arqim deia nìrma k�je trÐgwno eÐnai isoskelèc   to ìti k�je shmeÐo miac mp�lac

eÐnai kèntro thc mp�lac. EpÐshc, orÐzetai h p-adik  nìrma p�nw apì to s¸ma

twn rht¸n arijm¸n, h opoÐa eÐnai mh arqim deia. SÔmfwna me to Je¸rhma

Ostrowski (bl. Je¸rhma 5) k�je nìrma pou mporeÐ na oristeÐ p�nw sto QI

eÐnai isodÔnamh eÐte me th sun jh apìluth tim , eÐte me k�poia p-adik .

Sto trÐto kef�laio kataskeu�zetai to s¸ma twn p-adik¸n arijm¸n QIp

me mejìdouc an�lushc kaj¸c kai me algebrikèc mejìdouc, kai melet¸ntai oi

basikèc tou idiìthtec, oi opoÐec xeqwrÐzoun gia thn aplìtht� touc se sqèsh

me thn klassik  perÐptwsh twn pragmatik¸n arijm¸n me th sun jh apìluth

tim . Gia par�deigma, mÐa akoloujÐa p-adik¸n arijm¸n (an) eÐnai Cauchy an

kai mìno an limn→∞ |an+1 − an|p = 0. EpÐshc, eÐnai polÔ eÔkolo na brÐsk-

oume sto QIp rÐzec poluwnÔmwn, ìtan aut� èqoun rÐzec modulo p. Autì mac

lèei to L mma tou Hensel, to opoÐo diatup¸noume sto tètarto kef�laio (bl.

Je¸rhma 11).

Sto tètarto kef�laio, parousi�zetai epÐshc mÐa shmantik  efarmog  twn p-

adik¸n arijm¸n sthn epÐlush Diofantik¸n exis¸sewn pou eÐnai tetragwnikèc

morfèc n metablht¸n. H epÐlush basÐzetai sto l mma tou Hensel kai sthn

Topik -Olik  Arq , pou lèei ìti: ��mÐa Diofantik  exÐswsh èqei lÔseic sto QI

an kai mìno an èqei lÔseic se k�je QIp kai sto IR��. H Topik -Olik  Arq  den

isqÔei p�nta, all� isqÔei sthn perÐptwsh twn tetragwnik¸n morf¸n. Autì

eÐnai to Je¸rhma Hasse-Minkowski, tou opoÐou kai parajètoume thn apìdeixh.
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Tèloc, sto pèmpto kef�laio, parajètoume k�poiec �llec efarmogèc twn

p-adik¸n sth Fusik , th BiologÐa kai th JewrÐa Plhrofori¸n.

KleÐnontac aut  thn eisagwg  ja  jela na epishm�nw th diaforetikìthta,

wc proc ton trìpo skèyhc, pou dièpei ta majhmatik� twn p-adik¸n arijm¸n se

antÐjesh me ta klassik� majhmatik�. Aut  h diaforetikìthta up rxe gia mèna

mÐa prìklhsh kai mÐa euq�risth èkplhxh, kaj� ìti mìno me ta teleutaÐa eÐqa

epaf  kat� th di�rkeia twn spoud¸n mou. Ja  jela loipìn na euqarist sw

idiaÐtera thn epiblèpousa kajhg tria SofÐa LampropoÔlou gia to ìmorfo

jèma pou mou prìteine, kaj¸c kai gia thn polÔtimh bo jei� thc kaj� ìlh th

di�rkeia thc ekpìnhshc thc diplwmatik c mou ergasÐac.

2



Introduction

The subject of this diploma thesis is the field of p-adic numbers QIp and its

use in solving Diophantine equations. We first present the motivation for the

invention of p-adic numbers. In the next chapter we introduce the concept

of a non-archimedean norm and its corresponding valuation and define the

non-archimedean p-adic norm | · |p, where p is a prime number. We also study

the properties of a non-archimedean norm on a field.

In chapter 3 we construct the field of p-adic numbers QIp, both analytically

and algebraically. Analytically seen, the field QIp is the completion of the

rational numbers QI with respect to the p-adic norm | · |p. Algebraically, after

constructing the ring of p-adic integers ZZp as the inverse limit of the inverse

system (ZZ/pnZZ, θn
m), where θn

m(a) = a (mod pm), one may construct QIp as

the field of fractions of ZZp, ZZp[1/p]. Studying Analysis in QIp turns out to

be very interesting. Some of the most important results presented are the

following:

• Both ZZp and QIp are complete and ZZp is the completion of the integers

ZZ, with respect to the p-adic norm. Moreover ZZp is compact, whereas

QIp is locally compact.

• QIp is a totally disconnected Hausdorff topological space. QIp is not an

ordered field and it is not algebraically closed.

• A sequence of p-adic numbers (an) is a Cauchy sequence if and only if

limn→∞ |an+1 − an|p = 0.

• A series of p-adic numbers
∑∞

n=1 an converges, if and only if

limn→∞ |an|p = 0.

Combining some of the above results with the algebraic structure of QIp we

obtain Hensel’s Lemma, a method for approximating the roots of a polyno-

mial within finite time. Hensel’s Lemma states that a p-adic integer root of

a polynomial with p-adic integer coefficients exists if and only if there exists

a simple root modulo p. We present some simple applications of Hensel’s
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Lemma, like determining the roots of unity and the squares in QIp, and de-

ciding when a quadratic form has a p-adic solution.

Furthermore, in chapter 4, we analyse the importance of Hensel’s Lemma

in solving Diophantine equations. More precisely, it can be combined with

the Local-Global Principle, which states that an equation can be solved over

QI if and only if it can be solved over all the QIp and IR. We note that

the Local-Global Principle does not hold for any equation. But given the

Local-Global Principle and having a method for finding p-adic solutions of

an equation, rational roots can also be detected. For example, in the case

of quadratic forms the Local-Global Principle is successful, as the Hasse-

Minkowski Theorem states.

Finally, in chapter 5, we describe briefly some of the applications of the

fields of p-adic numbers in Physics, in Information Theory and in Biology.
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Kef�laio 1

MÐa sÔntomh istorik 

anadrom 

Kat� th di�rkeia tou perasmènou ai¸na oi p-adikoÐ arijmoÐ kai h p-adik 

an�lush èqoun anaptuqjeÐ idiaÐtera kai plèon èqoun kentrikì rìlo sth jew-

rÐa arijm¸n. Autì sumbaÐnei kurÐwc gia dÔo lìgouc: thn eukolÐa pou mac

parèqei h gl¸ssa twn p-adik¸n arijm¸n sto na ekfr�soume sqèseic isotimÐac

metaxÔ akeraÐwn kai thn aploÔsteush thc melèthc twn rht¸n apì th skopi�

thc an�lushc.

H idèa eÐnai na eisaqjeÐ ènac nèoc trìpoc mètrhshc thc �apìstashc� metaxÔ

rht¸n, mÐa nèa metrik , kai proèkuye apì sugkekrimèna probl mata thc Jew-

rÐac Arijm¸n kai thc 'Algebrac. Den up�rqei lìgoc na jewroÔme monadik 

dunatìthta gia touc rhtoÔc na èqoun th sun jh metrik . Gia par�deigma,

mia opoiad pote �llh sun�rthsh pou antistoiqÐzei se k�je zeÔgoc rht¸n è-

nan trÐto kai ikanopoieÐ ton orismì thc nìrmac ja  tan Ðswc exÐsou kal  gia

th melèth touc. An xekin soume apì th sun jh nìrma kai th metrik  pou

aut  ep�gei sto QI, kai p�roume thn pl rwsh tou QI prosjètontac ta ìria twn

akolouji¸n Cauchy rht¸n arijm¸n, katal goume sto s¸ma twn pragmatik¸n

arijm¸n IR. An dialèxoume diaforetik  nìrma, ja katal xoume se k�ti �llo.

Autì akrib¸c eÐnai kai to antikeÐmeno thc melèthc mac.

O pr¸toc majhmatikìc pou eis gage touc p-adikoÔc arijmoÔc  tan o Kurt

Hensel sta 1897 , an kai o E. Kummer qrhsimopoioÔse  dh tic p-adikèc

mejìdouc apì to 1894. O Kummer kratoÔse kaj' ìlh th di�rkeia thc zw c
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tou sqèsh di' allhlografÐac me to majht  tou Kronecker, o opoÐoc ègraye

kai th diplwmatik  tou ergasÐa p�nw se aut n thn kateÔjunsh. O Kronecker

 tan me th seir� tou kajhght c tou Hensel. O Hensel ìqi mìno spoÔdase

me touc Kronecker kai Kummer alla  tan epÐshc majht c tou Weierstrass

kai  xere kal� ton orismì twn pragmatik¸n arijm¸n apì ton Cantor kai tic

idèec twn Weber kai Detekind gia thn analogÐa metaxu swm�twn arijm¸n kai

swm�twn sunart sewn. Parak�tw ja doÔme giatÐ akrib¸c ènac majhmatikìc

pou gn¸rize ìla aut� ta ergaleÐa mpìrese na eis�gei tic ènnoiec kai touc

sumbolismoÔc twn p-adik¸n arijm¸n kai twn p-adik¸n mejìdwn.

1.1 H analogÐa tou Hensel

To kÐnhtro tou Hensel  tan kurÐwc h analogÐa metaxÔ tou daktulÐou ZZ twn

akeraÐwn, me to s¸ma-phlÐko tou, touc rhtoÔc QI, kai tou daktulÐou CI[x] twn

poluwnÔmwn me migadikoÔc suntelestec me to s¸ma-phlÐko touc CI(x). Ac

gÐnoume pio sugkekrimènoi: èna stoiqeÐo f(x) ∈ CI(x) eÐnai mÐa rht  sun�rthsh,
dhl. to phlÐko dÔo poluwnÔmwn p(x), q(x) ∈ CI[x] me q(x) 6= 0:

f(x) =
p(x)

q(x)
.

AntÐstoiqa, ènac rhtìc arijmìc x ∈ QI eÐnai to phlÐko dÔo akeraÐwn a, b ∈ ZZ

me b 6= 0:

x =
a

b
.

EpÐshc, oi idiìthtec twn dÔo daktulÐwn eÐnai arket� parìmoiec. Kai oi dÔo

eÐnai perioqèc monos manthc paragontopoÐhshc, ìpou ston men ZZ èqoume ìti

k�je akèraioc mporeÐ na ekfrasteÐ monadik� wc ±1 epÐ èna ginìmeno pr¸twn,

ston de CI(x) k�je polu¸nmo mporeÐ na ekfrasteÐ monadik� wc

p(x) = a(x− a1)(x− a2) . . . (x− an),

me touc a, a1, a2, . . . , an na eÐnai migadikoÐ arijmoÐ. Ta parap�nw mac dÐnoun

to pr¸to stoiqeÐo thc analogÐac pou diereÔnhse o Hensel: Oi pr¸toi arijmoÐ

p ∈ Z eÐnai an�logoi twn grammik¸n poluwnÔmwn (x− a) ∈ CI(x).
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H analogÐa p�ei akìma parapèra an skefteÐ kaneÐc ìti dojèntoc enìc

poluwnÔmou P (x) kai enìc sugkekrimènou a ∈ CI mporoÔme, k�nontac to an�p-

tugma Taylor, na gr�youme to polu¸numo sth morf :

P (x) = a0 + a1(x− a) + a2(x− a)2 + . . .+ an(x− a)n

=
n∑

i=0

ai(x− a)i, ai ∈ CI.

Profan¸c kai gia touc akeraÐouc (toul�qiston gia touc jetikoÔc akeraÐouc

gia arq ) èqoume ìti dojèntoc jetikoÔ akeraÐou m kai pr¸tou arijmoÔ p,

mporoÔme na gr�youme ton m se b�sh p, dhl. sth morf :

m = a0 + a1p+ a2p
2 + . . .+ anp

n =
n∑

i=0

aip
i,

ai ∈ ZZ, 0 ≤ ai ≤ p− 1.

Autèc oi ekfr�seic eÐnai endiafèrousec giatÐ mac dÐnoun �topikèc� plhro-

forÐec: gia par�deigma to an�ptugma se dun�meic tou (x − a) mac deÐqnei an

to a eÐnai rÐza tou P (x) kai ti bajmoÔ. Parìmoia to an�ptugma se b�sh p

deÐqnoun an o m diaireÐtai apì ton p kai me poi� pollaplìthta.

T¸ra, gia ta polu¸numa kai ta phlÐka touc mporoÔme na poÔme perissìtera

pr�gmata. An p�roume k�poio polu¸numo f(x) sto CI(x) kai èna a ∈ CI, up�rqei
p�nta an�ptugma thc morf c:

f(x) =
p(x)

q(x)
= an0(x− a)n0 + an0+1(x− a)n0+1 + . . . =

∑
i≥n0

ai(x− a)i,

to gnwstì apì th migadik  an�lush an�ptugma Laurent tou f(x), me touc

suntelestèc ai ∈ CI kai touc ekjètec ni ∈ ZZ. 'Omwc autì eÐnai èna pio

polÔploko antikeÐmeno apì to an�ptugma Taylor pou qrhsimopoi same prin:

• To n0 mporeÐ k�llista na eÐnai kai arnhtikì, gegonìc pou mac deÐqnei ìti

to a eÐnai rÐza tou q(x) kai ìqi tou p(x),   diaforetik�, an to kl�sma

den eÐnai se anhgmènh morf , ìti h pollaplìthta tou a wc rÐzac tou q(x)

eÐnai megalÔterh apì aut n wc rÐzac tou p(x). Me ìrouc thc An�lushc

ja lègame ìti h f(x) èqei pìlo t�xhc −n0 sto a.
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• To an�ptugma sun jwc den eÐnai peperasmèno. M�lista ja eÐnai pepe-

rasmèno tìte kai mìno tìte an to kl�sma eÐnai se anhgmènh morf  kai

to q(x) tuqaÐnei na eÐnai k�poia dÔnamh tou (x − a). Dhlad , sun jwc

ja eÐnai èna �peiro �jroisma, kai mporeÐ na apodeiqjeÐ ìti h seir� f(λ)

ja sugklÐnei ìpote to λ eÐnai arket� kont� all� ìqi Ðso me to a.

To shmantikì eÐnai ìti k�je rht  sun�rthsh mporeÐ na ekfrasteÐ mèsw

enìc anaptÔgmatoc tètoiac morf c gia k�je ènan apì touc �pr¸touc� (x− a).

Apì thn �llh meri� den antistoiqeÐ k�je tètoia seir� se rht  sun�rthsh. Gia

par�deigma oi seirèc gia to sin(x), exp(x) den apoteloÔn anaptÔgmata rht¸n

sunart sewn. Dhlad  èqoume dÔo s¸mata, to CI(x) kai to s¸ma ìlwn twn

seir¸n Laurent CI(x− a), me to pr¸to na emperièqetai gn sia sto deÔtero. H

sun�rthsh:

f(x) 7→ an�ptugma tou f(x) gÔrw apì to (x− a)

orÐzei ton akìloujo egkleismì twn swm�twn

CI(x) ↪→ CI(x− a).

Up�rqoun bèbaia �peirec tètoiec apeikonÐseic, mÐa gia k�je a, kai k�je mÐa mac

dÐnei �topikèc� plhroforÐec gia th sumperifor� twn rht¸n sunart sewn kont�

sto a.

O Hensel skèfthke na epekteÐnei thn analogÐa metaxÔ CI[x] kai ZZ ¸ste na

sumperil�bei thn kataskeu  tètoiwn anaptugm�twn kai sto QI. An jumhjoÔme

ìti to an�logo tou na epilèxoume èna a eÐnai na epilèxoume ènan pr¸to p,

kai ìti gia touc jetikoÔc akeraÐouc to zhtoÔmeno an�ptugma eÐnai h èkfras 

tou se b�sh p, mènei mìno na per�soume stouc jetikoÔc rhtoÔc. To pèrasma

autì gÐnetai me fusikì trìpo, gr�fontac arijmht  kai paronomast  se b�sh

p kai met� diair¸ntac formalistik�. To mìno pr�gma sto opoÐo prèpei na

eÐmaste prosektikoÐ eÐnai h �metafor��, me thn ènnoia ìti dÔo suntelestèc

ani
, ami

gia ton ìro pi mporoÔn na ajroÐzoun se k�ti megalÔtero tou p,

opìte kai metafèroun k�poio kratoÔmeno ston epìmeno ìro pi+1. Dhlad 

prèpei na skeftìmaste modulo p gia touc suntelestèc kai na mhn xeqn�me ta

kratoÔmena.

DÐnoume èna par�deigma tètoiac diaÐreshc. Ja broÔme thn 3-adik  èkfrash

tou rhtoÔ r = 32
7
:
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r =
32

7
=

2 + 1× 3 + 1× 33

1 + 2× 3

EkteloÔme th diaÐresh kai prosèqoume ìti −1 ≡ 2 (mod 3):

2 + 1× 3 + 1× 33 1 + 2× 3

− (2 + 4× 3) 2 + 0× 3 + 2× 32 + 2× 33 + · · ·

= 0 − 3× 3

= −1× 32 + 1× 33

− (2× 32 + 4× 33)

= −3× 32 − 3× 33

= −1× 33 − 1× 34

...

H skèyh gia thn parap�nw diaÐresh eÐnai an�logh aut c thc diaÐreshc

poluwnÔmwn. Oi ìroi tou phlÐkou an sumplhr¸nontai wc ex c: prèpei na

epalhjèuoun thn exÐswsh:

1 · an ≡ bn (mod 3),

ìpou bn oi suntèlestèc pou prokÔptoun kat� th diadikasÐa thc diaÐreshc.

Sthn parap�nw diaÐresh, ìpou b0 = 2, b1 = 0, b2 = −1, b3 = −1 k.l.p.

èqoume ìti gia ta a0 = 2, a1 = 0, a2 = 2, a3 = 2 k.l.p. epalhjeÔontai oi

akìloujec exis¸seic:

1 · 2 = 2 (mod 3)

1 · 0 ≡ 0 (mod 3)

1 · 2 = −1 (mod 3)

1 · 2 = −1 (mod 3)

k.o.k

SuneqÐzoume th didikasÐa ep� �peiron

'Etsi èqoume thn èkfrash gia ton r:

r = 2 + 2× 32 + 2× 33 + · · ·

Deqìmenoi ìlh aut  th diadikasÐa formalistik�, mporoÔme na doÔme ìti

eÐnai efarmìsimh se k�je jetikì rhtì x = a/b kai ìti h telik  seir� mac
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deÐqnei tic idiìthtec tou x se sqèsh me ton pr¸to p. 'Etsi, gia k�je pr¸to p

mporoÔme na gr�youme k�je (jetikì mèqri t¸ra) rhtì arijmì a/b sth morf :

x =
a

b
=

∑
n≥n0

anp
n, n0 ∈ ZZ.

An jewr soume ìti to kl�sma a/b eÐnai se anhgmènh morf , parathroÔme

ta akìlouja:

• n0 ≥ 0 an kai mìno an p - b,

• n0 > 0 an kai mìno an p - b kai p|a

• n0 < 0 an kai mìno an p|b kai p - a

Dhlad  to n0 eÐnai k�ti parìmoio me thn pollaplìthta mÐac rÐzac   pìlou stic

rhtèc sunart seic, kai se autì antanakl�tai h �pollaplìthta� tou p sto a/b.

QarakthrÐzetai de apì th sqèsh:

x = pn0
a1

b1
µε p - a1b1.

Mènei na doÔme p¸c mporoÔme na p�roume touc arnhtikoÔc rhtoÔc arijmoÔc.

All�, an skeftoÔme ìti oi seirèc mac mporoÔn na pollaplasiastoÔn, arkeÐ na

broÔme èna an�ptugma gia to −1. BrÐskoume ìti gia k�je p isqÔei:

−1 = (p− 1) + (p− 1)p+ (p− 1)p2 + · · · ,

afoÔ e�n prosjèsoume 1 paÐrnoume:

1 + (p− 1)︸ ︷︷ ︸
p

+(p− 1)p+ (p− 1)p2 + · · · =

= p+ (p− 1)p︸ ︷︷ ︸
p2

+(p− 1)p2 + (p− 1)p3 + · · · =

= p2 + (p− 1)p2︸ ︷︷ ︸
p3

+(p− 1)p3 + · · · =

= · · ·

= 0
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To sumpèrasma eÐnai ìti mporoÔme �toul�qiston tupik�, kaj¸c akìma den

èqoume idèa an oi seirèc mac sugklÐnoun� na antistoiqÐsoume se k�je rhtì mÐa

peperasmènh apì ta arister� �seir� Laurent� dun�mewn tou p:

x = an0p
n0 + an0+1p

n0+1 + . . . , n0 ∈ ZZ

Aut  h seir� kaleÐtai p-adikì an�ptugma tou x.

Den eÐnai dÔskolo na deÐxei kaneÐc ìti to sÔnolo ìlwn twn apì arister�

peperasmènwn seir¸n Laurent dun�mewn tou p eÐnai s¸ma, ìpwc kai to CI(x−a),
pou eÐnai s¸ma.

JewroÔme tic akìloujec pr�xeic thc prìsjeshc kai tou pollaplasiasmoÔ

sto sÔnolo twn p-adik¸n anaptugm�twn rht¸n arijm¸n:

Gia x =
∑

i≥n0
aip

i kai y =
∑

i≥m0
bip

i orÐzoume:

x+ y =
∑

i≥min{n0,m0}

(ai + bi)p
i

xy =
∑

i≥2min{n0,m0}

cip
i

me touc suntelestèc ci na eÐnai

ci =
∑

i1+i2=i

ai1bi2 .

QwrÐc bl�bh thc genikìthtac, mporoÔme na ��gemÐsoume�� k�poio apì ta

dÔo anaptÔgmata (autì me to megalÔtero apì ta n0, m0) me ìrouc me mh-

denikoÔc suntelestèc. PetuqaÐnoume ètsi kai oi dÔo seirèc na xekin�ne apì to

min{n0,m0}. Bèbaia den prèpei na xeqn�me th metafor� kratoumènwn, ìpou

eÐnai aparaÐthto. Me tic pr�xeic autèc to sÔnolì mac gÐnetai s¸ma, to opoÐo

ja sumbolÐzoume me QIp kai ja to kaloÔme s¸ma twn p-adik¸n arijm¸n.

Autìc eÐnai ènac trìpoc na p�roume toQIp, kai eÐnai autìc pou od ghse sthn

an�ptuxh thc jewrÐac twn p-adik¸n arijm¸n. Ja parousi�soume argìtera dÔo

akìma kataskeuèc, oi opoÐec jmeli¸noun th diaisjhtik  jewrÐa pou anaptÔxame

wc t¸ra.

'Opwc kai prin me ta s¸mata CI(x) kai CI(x− a), h sun�rthsh:

x 7→ p-adikì an�ptugma tou x
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orÐzei ènan egkleismì metaxÔ twn dÔo swm�twn:

QI ↪→ QIp.

To gegonìc ìti to QIp eÐnai gn sia megalÔtero tou QI ja to deÐxoume sthn

amèswc epìmenh enìthta.

SunoyÐzoume thn analogÐa pou melèthse o Hesnel ston akìloujo pÐnaka:

ZZ⊂ QI ↪→ QIp CI[x] ⊂ CI(x) ↪→ CI(x− a)

pr¸toi p ∈ ZZ polu¸numa (x− a) ∈ CI[x]

a ∈ ZZ⇔ a = ±1 p1 · p2 · · · pn p(x) ∈ CI[x] ⇔ p(x) = a(x− a1) · · · (x− am)

pi pr¸toi ∈ ZZ me a, ai ∈ CI

r ∈ QI ⇔ r = a/b f(x) ∈ CI(x) ⇔ f(x) = p(x)/q(x)

me a, b ∈ ZZ, b 6= 0 me p(x), q(x) ∈ CI[x], q(x) 6= 0

dojèntoc pr¸tou p ∈ ZZ kai m ∈ ZZ dojèntoc a ∈ CI kai p(x) ∈ CI[x]
m = a0 + a1p+ . . .+ anp

n, p(x) = a0 + a1(x− a) + . . .+ am(x− a)m

ai ∈ ZZ, 0 ≤ ai ≤ p− 1 aj ∈ CI

dojèntoc pr¸tou p ∈ ZZ kai q ∈ QI dojèntoc a ∈ CI kai f(x) ∈ CI(x)
q = an0p

n0 + an0+1p
n0+1 + . . . , f(x) = am0(x− a)m0 + am0+1(x− a)m0+1 + . . . ,

ai ∈ ZZ, 0 ≤ ai ≤ p− 1, n0 ∈ ZZ aj ∈ CI, m0 ∈ ZZ

1.2 Exis¸seic modulo pn

Oi p-adikoÐ arijmoÐ eÐnai sten� sundedemènoi me to prìblhma thc epÐlushc ex-

is¸sewn modulo dun�meic tou p. Ja doÔme merik� endiafèronta paradeÐgmata

p�nw se autì to jèma.

1. MÐa exÐswsh me lÔseic sto QI

Ja y�xoume na broÔme tic lÔseic thc exÐswshc

x2 ≡ 25 (mod pn) (1.1)
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gia k�je n ∈ IN . GnwrÐzoume ìti h exÐswsh èqei tic akèraiec lÔseic ±5. Apì

autèc autìmata paÐrnoume mÐa lÔsh gia k�je n: apl� paÐrnoume thn x ≡ ±5

(mod pn) gia k�je n.

Kat� arq n shmei¸noume ìti pr�gmati gia p 6= 2, 5 oi mìnec dunatèc lÔ-

seic wc proc isodunamÐa thc exÐswshc x2 ≡ 25 (mod pn) eÐnai oi ±5. Autì

prokÔptei apì th JewrÐa Arijm¸n melet¸ntac thn perÐptwsh n = 1 kai

diex�gontac ta sumper�smat� mac kai gia megalÔtera n:

H tetragwnik  exÐswsh isotimÐac thc morf c x2 ≡ a (mod p), a ∈ ZZ me

p - a, p 6= 2 èqei eÐte dÔo eÐte kammÐa lÔseic. Sthn prokeimènh perÐptwsh

o 25 eÐnai tèleio tetr�gwno, kai �ra èqei akrib¸c dÔo lÔseic, tic ±5. Sth

sunèqeia, me epagwg  sto n, apodeiknÔetai ìti gia thn x2 ≡ a (mod pn) me

p perittì pr¸to pou de diaireÐ to a, h exÐswsh epidèqetai eÐte dÔo eÐte kammÐa

lÔseic, an�loga me th sumperifor� thc modulo p.

Stic eidikèc peript¸seic ìpou eÐte p|a (p = 5 gia to dikì mac par�deigma)

  p = 2 èqoume ìti h exÐswsh èqei p�nw apì dÔo rÐzec, to pl joc twn opoÐwn

exart�tai apì to n. Gia n = 1, h exÐswsh x2 ≡ a (mod p) ìtan p = 2

èqei mÐa lÔsh, th mon�da. 'Otan p|a, dhlad  p = 5, k�je x = p b, b ∈ ZZ

eÐnai lÔsh. Gia uyhlìterouc ekjètec ìtan p = 2 oi lÔseic thc x2 ≡ 25

(mod 2n) gia n ≥ 3 eÐnai oi akìloujec tèsseric: ±5 kai ±5 + 2n−1. Tè-

loc, mporoÔme na broÔme pollèc lÔseic thc (1.1) kai ìtan p = 5. 'Ena aplì

par�deigma eÐnai h x2 ≡ 25 (mod 53), pou èqei, metaxÔ �llwn, lÔseic tic

x = ±5, ±20, ±30, ±45, ±55, ±70.

Ac epistrèyoume t¸ra sto arqikì prìblhma kai ac prospaj soume na

katano soume lÐgo parap�nw tic lÔseic thc exÐswshc (1.1), kai na tic susqe-

tÐsoume me thn p-adik  jewrÐa. Ac dialèxoume èna sugkekrimèno pr¸to, èstw

p = 3. 'Opwc eÐpame h exÐswsh èqei dÔo lÔseic. Ja broÔme gia kajemÐa ton

isoôpìloipo akèraio modulo 3n pou an kei sto sÔnolo {0, 1, . . . , 3n − 1}.
Dhlad :

x ≡ 5 ≡ 2 (mod 3)

x ≡ 5 ≡ 2 + 3 (mod 32)

x ≡ 5 ≡ 2 + 3 (mod 33)

k.o.k
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Autì paramènei to Ðdio ìso aux�nei to n. MporoÔme na doÔme to apotèlesma

wc èna 3-adikì an�ptugma:

x = 2 + 1× 3.

Me an�logo trìpo, xekin¸ntac apì th deÔterh lÔsh paÐrnoume k�ti pio endi-

afèron:

x ≡ −5 ≡ 1 (mod 3)

x ≡ −5 ≡ 4 ≡ 1 + 3 (mod 32)

x ≡ −5 ≡ 22 ≡ 1 + 3 + 2× 9 (mod 33)

x ≡ −5 ≡ 76 ≡ 1 + 3 + 2× 9 + 2× 27 (mod 34)

k.o.k

ìpou kai p�li mporoÔme na doÔme to apotèlesma wc èna �peiro 3-adikì an�p-

tugma:

x = −5 = 1 + 1× 3 + 2× 32 + 2× 33 + 2× 34 + · · ·

ParathroÔme pwc h p-adik  èkfrash pou prokÔptei apì thn epÐlush ex-

is¸sewn isotimÐac modulo pn gia k�je n sqetÐzontai metaxÔ touc. Sugkekrimè-

na, an �kìyoume� ta parap�nw anaptÔgmata ston ìro 3i ja p�roume mÐa lÔsh

thc exÐswshc x2 ≡ 25 (mod 3i+1).

M�lista, ta anaptÔgmata pou br kame me aut  th diadikasÐa den eÐnai par�

oi 3-adikèc lÔseic thc exÐswshc x2 = 25. Autì epalhjeÔetai eÔkola ektel¸n-

tac tic pr�xeic ìpwc tic orÐsame prohgoumènwc.

2. MÐa exÐswsh pou den èqei lÔseic sto QI

Ta pr�gmata gÐnontai polÔ pio endiafèronta an h exÐsws  mac den èqei

rÐzec stouc rhtoÔc, ìpwc gia par�deigma h exÐswsh:

x2 ≡ 2 (mod 7n).

Gia n = 1 oi rÐzec eÐnai oi x ≡ 3 (mod 7) kai x ≡ 4 ≡ −3 (mod 7). Gia

n = 2 prèpei na skeftoÔme ìti parmènec modulo 7 ja prèpei na eÐnai rÐzec kai

gia n = 1. Dhlad , an jèsoume x = 3 + 7k kai lÔsoume wc proc k èqoume:
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(3 + 7k)2 ≡ 2 (mod 72)

9 + 42k ≡ 2 (mod 72)

7 + 42k ≡ 0 (mod 72)

1 + 6k ≡ 0 (mod 7)

k ≡ 1 (mod 7)

kai antikajist¸ntac mac dÐnei th mÐa lÔsh, x ≡ 10 (mod 72). OmoÐwc, th

deÔterh lÔsh thn paÐrnoume xekin¸ntac apì th deÔterh lÔsh modulo 7, thn

x = 4. Aut  eÐnai x ≡ 39 ≡ −10 (mod 72).

SuneqÐzontac thn Ðdia diadikasÐa brÐskoume lÔseic x1i, x2j pou suneqÐzon-

tai ep' �peiron:

x1 = (x11 , x12 , x13 , . . .) = (3, 10, 108, . . .) kai

x2 = (x21 , x22 , x23 , . . .) = (4, 39, 235, . . .) ≡ (−3,−10,−108, . . .) = −x1.

'Opwc kai sto prohgoÔmeno par�deigma, mporoÔme na ekfr�soume ta prohgoÔ-

mena wc p-adik� anaptÔgmata:

x1 = (3, 10, 108, . . .)

3 = 3

10 = 3 + 1× 7

108 = 3 + 1× 7 + 2× 72

. . .

kai ètsi paÐrnoume thn 7-dik  èkfrash:

x1 = 3 + 1× 7 + 2× 72 + 6× 73 + · · · .

Parìmoia brÐskoume thn antÐstoiqh èkfrash gia to x2:

x2 = 4 + 5× 7 + 4× 72 + 0× 73 + · · · .

Parat rhsh 1 Sta parap�nw dedomèna axÐzei na parathr soume mia lepto-

mèreia pou ja analÔsoume argìtera: gia k�je lÔsh x1n me x2
1n
≡ 2 (mod 7n)

èqoume ìti x1n ≡ x1n−1 (mod 7n).

Dhlad :
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10 ≡ 3 (mod 7)

108 ≡ 10 (mod 72)

2166 ≡ 108 (mod 73)

k.o.k

Parat rhsh 2 Sto s¸ma QI7 h exÐswsh x2 = 2 èqei lÔseic, tic x1, x2.

SumperaÐnoume ètsi ìti to QI7 eÐnai gn sia megalÔtero apì to QI.

Me ta parap�nw paradeÐgmata prospajoÔme na d¸soume èmfash sto gego-

nìc ìti to na lÔnei kaneÐc exis¸seic modulo ìlo kai uyhlìterec dun�meic enìc

pr¸tou p eÐnai polÔ kont� sto na lÔnei thn an�logh exÐswsh sto QIp. EÐnai

m�lista apì touc pio shmantikoÔc lìgouc gia th qr sh p-adik¸n mejìdwn sth

JewrÐa Arijm¸n.

Melèth thc exÐswshc x = 1 + 3x

H parap�nw exÐswsh epilÔetai eÔkola kai brÐskoume ìti h lÔsh thc eÐnai

x = −1/2. An ìmwc th doÔme wc èna prìblhma stajeroÔ shmeÐou, dhlad  wc

èna prìblhma eÔreshc lÔshc miac exÐswshc f(x) = x gia th sun�rthsh f(x) =

1 + 3x, ja doÔme k�poia polÔ endiafèronta pr�gmata. Tètoia probl mata

epilÔontai tic perissìterec forèc me k�poia epanalhptik  mèjodo: xekin�me

apì mÐa arqik  prosèggish x0 kai upologÐzoume thn tim  thc f(x) sto x0. Aut 

thn tim  qrhsimopoioÔme wc deÔterh prosèggish x1 = f(x0) kai upologÐzoume

thn f(x1). SuneqÐzoume me autìn ton trìpo kai par�goume mia akoloujÐa (xi)i,

h opoÐa elpÐzoume ìti ja sugklÐnei sth lÔsh thc arqik c mac exÐswshc.

An efarmìsoume aut  th diadikasÐa sth dik  mac perÐptwsh, xekin¸ntac

apì thn arqik  prosèggish x0 = 1, ja p�roume ta parak�tw:

x0 = 1

x1 = 1 + 3x0 = 1 + 3

x2 = 1 + 3x1 = 1 + 3 + 32

. . .

xn = 1 + 3 + 32 + · · ·+ 3n
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Stouc pragmatikoÔc arijmoÔc me th sun jh nìrma aut  eÐnai mia apoklÐnousa

akoloujÐa. EÐnai mÐa gewmetrik  prìodoc me lìgo 3, thc opoÐac oi ìroi gÐnontai

ìlo kai megalÔteroi. An mporoÔsame na amel soume to gegonìc ìti o lìgoc

thc proìdou eÐnai 3, dhlad  to prìblhma ìti |3| > 1, kai qrhsimopoioÔsame

ton tÔpo gia �peiro �jroisma gewmetrik c proìdou, tìte ja paÐrname:

1 + 3 + 32 + 33 + · · · = 1

1− 3
= −1

2
,

pou eÐnai kai h swst  lÔsh.

An kai sto IR h akoloujÐa pou sqhmatÐsame eÐnai apoklÐnousa, den up�rqei

k�ti pou na mac empodÐzei na th doÔme wc akoloujÐa sto QI3, me touc ìrouc

thc na an koun sto QI. Profan¸c sto QI3 h akoloujÐa (xn) sugklÐnei ston

3-adikì arijmì

1 + 3 + 32 + 33 + · · · .

Autì den eÐnai par� to 3-adikì an�ptugma tou −1/2.

To endiafèron sthn perÐptwsh aut  eÐnai ìti k�ti to �apagoreumèno� sto IR

faÐnetai na leitourgeÐ kal� ìtan to doÔme apì p-adik  �poyh. Eis�gontac ta

s¸mata twn p-adik¸n arijm¸n dieurÔnoume thn prooptik  mac kai plèon mac

epitrèpontai epiqeir mata pou prohgoumènwc  tan adÔnato na epikalestoÔme.

1.3 Diofantikèc Exis¸seic

Sto deÔtero Diejnèc Sunèdrio twn Majhmatik¸n to 1900, o Hilbert parousÐ-

ase mÐa lÐsta apì 23 �luta wc tìte probl mata, diaforetikoÔ qarakt ra to

kajèna. To mìnadikì prìblhma apìfashc apì aut�  tan to dèkato sth lÐsta,

kai aforoÔse tic Diofantikèc exis¸seic. MÐa Diofantik  exÐswsh eÐnai mÐa

poluwnumik  exÐswsh f(x1, x2, . . . , xn) = 0 me rhtoÔc   akèraiouc sunte-

lestèc, sthn opoÐa oi aprosdiìristec mporoÔn na p�roun rhtèc   akèraiec

timèc. To dèkato prìblhma tou Hilbert diatup¸netai wc ex c:

DojeÐshc mÐa Diofantik c exÐswshc, up�rqei peperasmènh dia-

dikasÐa h opoÐa na apofaÐnetai gia to an h exÐswsh èqei lÔseic?

Dhlad , up�rqei apodotikìc algìrijmoc pou na apofasÐzei an mÐa

Diofantik  exÐswsh eÐnai epilÔsimh?
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To er¸thma apant jhke to 1970, opìte kai apodeÐqjhke ìti den mporeÐ na

up�rxei tètoioc algìrijmoc. H apìdeixh basÐsthke sth Majhmatik  Logik 

kai th JewrÐa thc Upologisimìthtac. Pio sugkekrimèna, orÐzoume wc Diofan-

tikì SÔnolo sqetikì me k�poia Diofantik  exÐswsh f , to sÔnolo:

{(x1, . . . , xn) ∈ INn|∃ y1, . . . , ym ∈ IN [f(x1, . . . , xn, y1, . . . , ym) = 0]} .

Akìma, èna anadromik� arijm simo sÔnolo A (recursively enumerable set)

eÐnai ekeÐno gia to opoÐo up�rqei algìrijmoc pou, gia tuqaÐo stoiqeÐo wc eÐso-

do, stamat� se kat�stash apodoq c an kai mìno an to stoiqeÐo autì an kei

sto A. Tèloc, èna upologistì sÔnolo B (computable, recursive set) eÐnai

ekeÐno to sÔnolo gia to opoÐo up�rqei algìrijmoc pou termatÐzei èpeita apì

peperamèno qrìno kai apofaÐnetai e�n èna stoiqeÐo x an kei   ìqi sto B. H

ap�nthsh sto dèkato prìblhma tou Hilbert eÐnai �mesh sunèpeia tou akìlou-

jou apotelèsmatoc twn Yuri Matiyasevich, Julia Robinson, Martin Davis kai

Hilary Putnam, gnwstì kai wc Je¸rhma MRDP:

K�je anadromik� arijm simo sÔnolo eÐnai Diofantikì.

Epeid  up�rqei anadromik� arijm simo sÔnolo, to opoÐo ìmwc den eÐnai upol-

ogistì to sumpèrasma èpetai �mesa. Gia perissìterec leptomèreiec parapèm-

poume sta [6], [2] kai [19].
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Kef�laio 2

Mh arqim deiec nìrmec p�nw

se s¸ma IK

Se aut  thn enìthta ja jemeli¸soume th jewrÐa pou diaisjhtik� anaptÔxame

sthn Eisagwg . Ja melet soume tic mh arqim deiec nìrmec p�nw se èna tuqaÐo

s¸ma IK kai telik� ja eis�goume mÐa tètoia nìrma sto s¸ma twn rht¸n arijm¸n

QI.

Oi mh arqim deiec nìrmec èqoun polÔ diaforetikèc idiìthtec, se sqèsh

toul�qiston me autì pou èqoume sunhj sei wc t¸ra. Eis�goun mia diafore-

tik  ènnoia thc apìstashc kai tou megèjouc twn pragm�twn me sunèpeiec mÐa

teleÐwc diaforetik  topologÐa kai an�lush. All� ac doÔme analutik� aut 

th diaforetik  prosèggish.

2.1 Nìrmec p�nw se s¸ma IK

Orismìc 1 'Estw IK s¸ma. MÐa apeikìnish ‖·‖ : IK −→ IR+ lègetai nìrma

an ikanopoieÐ tic akìloujec idiìthtec:

(i) ‖x‖ = 0 ⇔ x = 0

(ii) ‖xy‖ = ‖x ‖‖ y‖ gia k�je x, y ∈ IK

(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ gia k�je x, y ∈ IK
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MÐa nìrma p�nw sto IK lègetai mh arqim deia an epiplèon ikanopoieÐ

th sunj kh:

(iv) ‖x+ y‖ ≤ max {‖x‖ , ‖y‖} gia k�je x, y ∈ IK.

Diaforetik� ja lègetai arqim deia.

K�je mh arqim deia nìrma sundèetai me mÐa �ektÐmhsh� kai antistrìfwc.

Orismìc 2 MÐa ektÐmhsh (valuation) p�nw se s¸ma IK eÐnai mia sun�rthsh

υ : IK → IR,

tètoia ¸ste gia k�je x, y ∈ IK na isqÔoun:

(i) υ(0) = +∞, ex' orismoÔ

(ii) υ (xy) = υ(x) + υ(y)

(iii) υ(x+ y) ≥ min {υ(x), υ(y)} .

SugkrÐnontac tic idiìthtec (ii) kai (iii) tou orismoÔ thc ektÐmhshc me tic

idiìthtec (ii) (iv) tou orismoÔ thc mh arqim deiac nìrmac blèpoume ìti eÐnai

arket� parìmoiec. Oi diaforèc touc eÐnai ìti to ginìmeno thc pr¸thc eÐnai

�jroisma sth deÔterh kai ìti èqoun antÐstrofh for� anisìthtac. MporoÔme

na antistrèyoume th for� thc anisìthtac all�zontac to prìshmo, kai na meta-

trèyoume to �jroisma se ginìmeno k�nont�c to ekjetikì. 'Etsi pern�me apì

mÐa ektÐmhsh se mÐa mh arqim deia nìrma kai antistrìfwc.

Genikìtera, ektÐmhsh kai mh arqim deia nìrma mporoÔn isodÔnama na apote-

lèsoun thn afethrÐa mac gia th jewrÐa pou ja anaptÔxoume. Ja protim soume

thn ènnoia thc nìrmac, an kai eidik� gia thn p-adik  jewrÐa h p-adikh ektÐmhsh

eÐnai idiaÐtera shmantik .

Ja parajèsoume akìma merikèc apì tic pio shmantikèc idiìthtec mÐac nìr-

mac, arqim deiac   ìqi.

L mma 1 Gia k�je nìrma ‖·‖ p�nw se s¸ma IK èqoume:

(i) ‖1‖ = 1
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(ii) An x ∈ IK kai ‖xn‖ = 1 gia k�poio n ∈ ZZ, tìte ‖x‖ = 1.

(iii) ‖−1‖ = 1

(iv) Gia k�je x ∈ IK, ‖−x‖ = ‖x‖

(v) An to IK eÐnai peperasmèno s¸ma, tìte h ‖·‖ eÐnai h tetrimmènh nìrma.

Apìdeixh:

(i) An skeftoÔme ìti to pedÐo tim¸n thc nìrmac eÐnai oi jetikoÐ pragmatikoÐ

arijmoÐ kai ìti h mon�da eÐnai to monadikì stoiqeÐo gia to opoÐo 12 = 1

tìte èqoume:

‖1‖ = ‖12‖ = ‖1‖2 ⇒ ‖1‖ = 1.

(ii) ApodeiknÔetai apì th deÔterh idiìthta thc nìrmac kai apì to (i).

(iii) ArkeÐ na skeftoÔme ìti

1 = ‖1‖ = ‖(−1)(−1)‖ = ‖−1‖ ‖−1‖,

kai me to Ðdio skeptikì ìpwc sto (i) èqoume to zhtoÔmeno.

(iv) Profanèc, ef� ìson me qr sh tou (iii) èqoume:

‖−x‖ = ‖(−1) · x‖ = ‖−1‖ ‖x‖ = ‖x‖ .

(v) ArkeÐ na jumhjoÔme ìti se èna peperasmèno s¸ma k�je antistrèyimo

stoiqeÐo ki ∈ IK mazÐ me thn pr�xh tou pollaplasiasmoÔ par�gei kuklik 

upoom�da t�xhc n ≤ |IK|. Opìte, se sunduasmì me to (i) paÐrnoume to

zhtoÔmeno:

1 = ‖1‖ = ‖kn
i ‖ = ‖ki‖n

⇒ ‖ki‖ = 1 gia k�je stoiqeÐo ki ∈ IK.

�
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M�lista, gia tic mh arqim deiec nìrmec isqÔei k�ti polÔ endiafèron, pou

sqetÐzetai me thn idiìthta (iv) tou orismoÔ gia tic mh arqim deiec nìrmec:

Prìtash 1 'Estw IK s¸ma kai ‖·‖ mia mh arqim deia nìrma sto IK. An

x, y ∈ IK me ‖x‖ 6= ‖y‖ , tìte

‖x+ y‖ = max {‖x‖ , ‖y‖} .

Apìdeixh: QwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti

‖x‖ > ‖y‖ . Tìte, apì thn idiìthta (iv) gia mh arqim deiec nìrmec èqoume

ìti:

‖x+ y‖ ≤ ‖x‖ = max {‖x‖ , ‖y‖} . (2.1)

Akìma epeid  x = (x+ y)− y, paÐrnoume:

‖x‖ = ‖(x+ y)− y‖ ≤ max {‖x+ y‖ , ‖y‖} .

'Omwc, èqoume upojèsei ìti ‖x‖ > ‖y‖, opìte h parap�nw anisìthta mporeÐ

na isqÔei mìno an

max {‖x+ y‖ , ‖y‖} = ‖x+ y‖ .

Dhlad  paÐrnoume ìti ‖x‖ ≤ ‖x+ y‖ kai se sunduasmì me thn (2.1) mporoÔme

na sumper�noume ìti:

‖x‖ = ‖x+ y‖ .

�

Ja parousi�soume t¸ra apì mÐa �llh optik  gwnÐa to diaqwrismì ar-

qim deiac kai mh arqim deiac nìrmac. Jumìmaste ìti gia k�je s¸ma IK up�rqei

mia antistoÐqish h : ZZ→ IK pou orÐzetai wc:

n 7→


1 + 1 + · · ·+ 1︸ ︷︷ ︸

n

, an n > 0

0, an n = 0

− (1 + 1 + · · ·+ 1)︸ ︷︷ ︸
−n

, an n < 0.

24



Gia par�deigma, an èqoume QI ⊂ IK, tìte h h den eÐnai par� h sun jhc

apeikìnish tou ZZ sto QI. An to IK eÐnai peperasmèno, tìte h eikìna thc h eÐnai

èna upìswma tou IK, me plhjikìthta ènan pr¸to arijmì.

Je¸rhma 1 'Estw h(ZZ) ⊂ IK h eikìna tou ZZ se s¸ma IK. MÐa nìrma

‖·‖ sto IK eÐnai mh arqim deia an kai mìno an ‖a‖ ≤ 1 gia k�je a ∈ h(ZZ).

Sugkekrimèna, mia nìrma sto QI eÐnai mh arqim deia an kai mìno an ‖n‖ ≤ 1

gia k�je n ∈ ZZ.

Apìdeixh: To eujÔ apodeiknÔetai eÔkola me epagwg :

‖±1‖ = 1

kai apì thn idiìthta (iv) gia mh arqim deiec nìrmec èqoume ìti: gia k ∈ ZZ

‖k ± 1‖ ≤ max {‖k‖ , 1} .

'Ara, an h upìjesh isqÔei gia k, dhlad  ‖k‖ ≤ 1, tìte isqÔei kai gia k+ 1

kai to zhtoÔmeno apedeÐqjh.

Gia to antÐstrofo ja qrhsimopoi soume to an�ptugma tou NeÔtwna. Jè-

loume na deÐxoume ìti an ‖a‖ ≤ 1 gia k�je stoiqeÐo tou h(ZZ), tìte gia opoiad -

pote dÔo stoiqeÐa tou x, y ∈ IK ja èqoume ‖x+ y‖ ≤ max {‖x‖ , ‖y‖}. An

k�poio apì ta dÔo stoiqeÐa eÐnai mhdèn tìte h anisìthta prokÔptei amèswc.

An ìqi, tìte mporoÔme na diairèsoume me ‖y‖, opìte paÐrnoume thn isodÔnamh:∥∥∥∥xy + 1

∥∥∥∥ ≤ max

{∥∥∥∥xy
∥∥∥∥ , 1

}
.

Dhlad , arkeÐ na deÐxoume thn idiìthta (iv) tou orismoÔ thc mh arqim deiac

nìrmac, me to èna apì ta dÔo stoiqeÐa na eÐnai h mon�da.

'Estw loipìn ìti kai ta dÔo stoiqeÐa eÐnai mh mhdenik�, y = 1 kai èstw m

opoiosd pote jetikìc akèraioc. Tìte èqoume:

‖x+ 1‖m =
∥∥∑

k

(
m
k

)
xk

∥∥
≤

∑
k

∥∥(
m
k

)∥∥ ∥∥xk
∥∥

≤
∑

k ‖x‖
k (apì upìjesh, afoÔ

(
m
n

)
∈ ZZ )

≤ (m+ 1) max {‖x‖m , 1}
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PaÐrnontac thn m-ost  rÐza kai sta dÔo mèlh paÐrnoume:

‖x+ 1‖ ≤ m
√
m+ 1 max {1, ‖x‖} ,

anisìthta pou isqÔei gia k�je jetikì akèraio m. 'Omwc gnwrÐzoume ìti

lim
m→∞

m
√
m+ 1 = 1,

opìte an af soume to m na trèxei sto �peiro èqoume to zhtoÔmeno:

‖x+ 1‖ ≤ max {‖x‖ , 1} . �

Ekfr�zontac to parap�nw je¸rhma lÐgo diaforetik�, autì pou mac lèei

eÐnai to akìloujo:

Pìrisma 1 MÐa nìrma ‖·‖ eÐnai mh arqim deia an kai mìno an

sup {‖n‖ : n ∈ ZZ} = 1.

Gia na oloklhr¸soume th sÔgkrish metaxÔ miac arqim deiac kai miac mh

arqim deiac nìrmac ja qarakthrÐsoume tic arqim deiec nìrmec wc autèc pou

èqoun thn akìloujh idiìthta:

Arqim deia idiìthta: Dojèntwn x, y ∈ IK, x 6= 0, up�rqei jetikìc akèraioc n

tètoioc ¸ste ‖nx‖ > ‖y‖ .

Ousiastik�, h parap�nw idiìthta mac lèei ìti metr¸ntac to mègejoc twn

akeraÐwn me mia arqim deia nìrma, mporoÔme na p�roume aujaÐreta �meg�louc�

akèraiouc. Me �lla lìgia an h ‖·‖ eÐnai arqim deia tìte:

sup {‖n‖ : n ∈ ZZ} = +∞.

Tèloc, axÐzei na anafèroume ìti autèc oi dÔo peript¸seic eÐnai kai oi

monadikèc dunatèc. Pr�gmati, lìgw thc pollaplasiastik c idiìthtac thc nìr-

mac, e�n up�rqei k�poioc akèraioc k me nìrma megalÔterh tou èna, tìte

lim
n→∞

‖kn‖ = lim
n→∞

‖k‖n = +∞,

kai �ra:

sup {‖n‖ : n ∈ ZZ} = +∞.

An den up�rqei tètoio k tìte, ef� ìson ‖1‖ = 1, ja èqoume

sup {‖n‖ : n ∈ ZZ} = 1.
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2.2 'Ena par�deigma: h p-adik  nìrma sto

QI

Ja xekin soume apì thn p-adik  ektÐmhsh sto QI gia na katal xoume sthn p-

adik  nìrma sto QI, wc èna par�deigma mÐac mh arqim deiac nìrmac p�nw se

s¸ma. Autì ja eÐnai pou ja mac apasqol sei se aut  thn ergasÐa.

Orismìc 3 'Estw ènac pr¸toc p ∈ ZZ. H p-adik  ektÐmhsh sto ZZ orÐzetai

wc h sun�rthsh

υp : ZZ\ {0} → IN ∪ {0}

tètoia ¸ste: gia k�je mh mhdenikì n ∈ ZZ, h υp(n) eÐnai h mègisth dÔnamh tou

p pou ton diaireÐ, dhlad  o monadikìc mh arnhtikìc akèraioc pou ikanopoieÐ th

sqèsh:

n = pυp(n)n′, me p - n′.

MporoÔme na epekteÐnoume thn ektÐmhsh sto s¸ma twn rht¸n wc akoloÔ-

jwc:

Orismìc 4 H p-adik  ektÐmhsh sto QI eÐnai h epèktash thc υp pou orÐzetai

wc ex c:

υp : QI \ {0} → IR,

tètoia ¸ste an x = a/b ∈ QI \ {0} me a, b ∈ ZZ, b 6= 0, h p-adik  ektÐmhsh tou

x dÐnetai apì th sqèsh:

υp(x) = υp(a)− υp(b).

Gia to 0 orÐzoume υp(0) = +∞.

Se antistoiqÐa me ton Orismì 3 mporoÔme na doÔme ìti gia thn p-adik 

ektÐmhsh enìc rhtoÔ arijmoÔ x isqÔei:

x = pυp(x)a

b
, p - ab.

Je¸rhma 2 H p-adik  ektÐmhsh eÐnai ektÐmhsh, ìpwc aut  orÐsthke ston

Orismì 2.
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Apìdeixh: To mìno pou qrei�zetai na k�noume eÐnai na epalhjeÔsoume tic

idiìthtec thc sun�rthshc ektÐmhshc. Ex' orismoÔ èqoume ìti υp(0) = +∞. Gia

tic idiìthtec (ii) kai (iii) èqoume ìti an x = a/b, y = c/d ∈ QI tìte:

υp(xy) = υp(
a

b

c

d
) = υp(

ac

bd
) = υp(ac)− υp(bd) =

= υp(a) + υp(c)− υp(b)− υp(d) =

= υp(x) + υp(y).

Epiplèon, me υp(x) = n, υp(y) = m èqoume:

υp(x+ y) = υp(p
na
′

b′
+ pm c

′

d′
) = υp(p

min{n, m}x′) ≥ min {n, m} ,

afoÔ o rhtìc x′ mporeÐ na diaireÐtai   ìqi apì ton p. �

Orismìc 5 Gia k�je x ∈ QI orÐzoume thn p-adik  nìrma tou x wc:

|x|p = p−υp(x)

an x 6= 0, kai |0|p = 0.

Parat rhsh 3 O orismìc gia th nìrma tou mhdenìc eÐnai apolÔtwc sum-

batìc me ton orismì gia thn ektÐmhsh sto mhdèn.

Parat rhsh 4 AxÐzei na prosèxoume ìti to pedÐo tim¸n thc p-adik c nìr-

mac eÐnai to sÔnolo {pn : n ∈ ZZ}. Dhlad , èqoume diakritì kai arijm simo

pedÐo tim¸n.

Mènei na deÐxoume ìti autì pou orÐsame wc p-adik  nìrma eÐnai pr�gmati

mia nìrma.

Je¸rhma 3 H sun�rthsh |·|p eÐnai mÐa mh arqim deia nìrma sto QI.

Apìdeixh: Oi idiìthtec thc nìrmac prokÔptoun �mesa, efarmìzontac to

L mma 1 gia thn p-adik  ektÐmhsh. �
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Wc par�deigma, ac upologÐsoume ta akìlouja: υ7(902), υ7(902/35), υ5(400)

kai tic antÐstoiqec p-adikèc nìrmec.

902 = 2 · 11 · 41 ⇒ υ7(902) = 0

35 = 5 · 7 ⇒ υ7(35) = 1

}
⇒ υ7(902/35) = υ7(902)− υ7(35) = −1

400 = 52 · 24 ⇒ υ5(400) = 2

kai gia tic nìrmec twn parap�nw stoiqeÐwn èqoume:

|902|7 = 7−υ7(902) = 70 = 1∣∣902
35

∣∣
7

= 7−υ7(902/35)7−(−1) = 7

|400|5 = 5−υ5(400) = 5−2

2.3 Oi diaforetikèc nìrmec sto QI

Ac doÔme ti akrib¸c k�nei h p-adik  nìrma: ìso pio �polu� ènac arijmìc x di-

aireÐtai apì ton pr¸to p pou èqoume epilèxei, tìso pio meg�lh eÐnai h ektÐmhs 

tou υp(x) kai tìso mikrìterh h p-adik  tou nìrma |x|p. H p-adik  nìrma èqei

ènan teleÐwc diaforetikì trìpo mètrhshc tou megèjouc enìc arijmoÔ se sqèsh

me th sun jh nìrma sto QI. H pr¸th mac lèei ìti ènac arijmìc eÐnai �mikrìc�

ìtan diaireÐtai polÔ me ton p, en¸ h deÔterh ìti eÐnai �mikrìc� ìtan eÐnai kont�

sto mhdèn.

Ja kleÐsoume aut  thn enìthta anafèrontac ìti oi dÔo autoÐ tÔpoi norm¸n

eÐnai oi monadikèc, wc proc isodunamÐa, mh tetrimmènec nìrmec pou mporoÔn na

oristoÔn sto QI.

SumbolÐzoume th sun jh apìluth tim  |·| sto QI wc |·|∞. EÐnai bolikì na

skeftìmaste to sÔmbolo ∞ san ènan pr¸to arijmì sto ZZ kai na anaferì-

maste se autìn wc ��o �peiroc pr¸toc��, kurÐwc diìti mporoÔme ètsi na uio-

jet soume to sumbolismì |·|p gia k�je p ≤ ∞.

M�lista, eÐnai polÔ endiafèron to akìloujo:

Je¸rhma 4 Gia k�je x ∈ QI \ {0} , èqoume ìti:∏
p≤∞

|x|p = 1.
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Apìdeixh: ArkeÐ na deÐxoume to zhtoÔmeno gia ènan jetikì akèraio, ka-

j¸c ta upìloipa èpontai eÔkola apì autì. GnwrÐzoume apì to Jemeli¸dec

Je¸rhma thc Arijmhtik c ìti ènac jetikìc akèraioc x gr�fetai monadik� wc

ginìmeno dun�mewn pr¸twn:

x = pa1
1 p

a2
2 . . . pak

k .

Tìte gia thn p-adik  nìrma tou x èqoume ìti:

|x|p =


1, anp 6= pi gia k�je i

p−ai
i , an p = pi gia k�poio i = 1, 2, . . . , k

x = pa1
1 p

a2
2 . . . pak

k , an p = ∞

To ìti to ginìmeno ìlwn twn p-adik¸n norm¸n tou x èinai Ðso me th mon�da

prokÔptei �mesa. �

Dedomènou ìti, orÐzontac mia nìrma p�nw se èna s¸ma IK, tautìqrona

ep�getai kai mia topologÐa se autì, ja orÐsoume pìte dÔo nìrmec eÐnai isodÔ-

namec wc akoloÔjwc:

Orismìc 6 DÔo nìrmec ‖·‖1 kai ‖·‖2 p�nw se s¸ma IK eÐnai isodÔnamec an

orÐzoun thn Ðdia topologÐa sto IK, dhlad  e�n k�je sÔnolo pou eÐnai anoiktì

wc proc th mÐa nìrma eÐnai anoiktì kai wc proc thn �llh.

Pern�me ètsi sto Je¸rhma Ostrowski, pou mac lèei ìti èqoume brei ìlec

tic nìrmec p�nw sto QI, to opoÐo parajètoume qwrÐc apìdeixh.

Je¸rhma 5 (Ostrowski) K�je mh tetrimmènh nìrma sto QI eÐnai isodÔ-

namh me k�poia apì tic nìrmec |·|p, ìpou o p eÐnai eÐte ènac pr¸toc arijmìc  

p = ∞.

2.4 TopologÐa se s¸ma me mh arqim deia

nìrma

K�je nìrma perikleÐei mÐa ènnoia �megèjouc� twn stoiqeÐwn sta opoÐa efar-

mìzetai. EpÐshc ep�gei mia metrik  sto s¸ma mac, dhlad  mporoÔme na metr -

soume apost�seic metaxÔ twn stoiqeÐwn tou. 'Eqontac th metrik  mporoÔme
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na orÐsoume anoikt� kai kleist� sÔnola, na melet soume th sunektikìthta

tou s¸matoc, kai genikìtera na ereun soume thn topologÐa pou orÐzetai se

autì. 'Otan h nìrma mac èqei idiaÐterec idiìthtec, tìte kai h metrik  pou ep�ge-

tai dÐnei sto q¸ro idiaÐterh topologÐa. Aut  thn idiaÐterh topologÐa twn mh

arqim deiwn norm¸n ja melet soume se aut  thn enìthta.

Orismìc 7 'Estw IK s¸ma kai ‖·‖ opoiad pote nìrma sto IK. OrÐzoume wc

apìstash d(x, y) metaxÔ dÔo stoiqeÐwn x, y ∈ IK wc:

d(x, y) = ‖x− y‖ .

H sun�rthsh d(x, y) kaleÐtai metrik  pou ep�getai apì th nìrma. MÐa

metrik  ikanopoieÐ tic akìloujec idiìthtec:

(i) gia k�je x, y ∈ IK isqÔei: d(x, y) ≥ 0 kai d(x, y) = 0 ⇔ x = y

(ii) gia k�je x, y ∈ IK isqÔei: d(x, y) = d(y, x)

(iii) gia k�je x, y ∈ IK isqÔei: d(x, z) ≤ d(x, y) + d(x, z).

H teleutaÐa idiìthta kaleÐtai kai trigwnik  anisìthta, kaj¸c ekfr�zei to

gegonìc ìti to �jroisma dÔo pleur¸n enìc trig¸nou eÐnai p�nta megalÔtero

  Ðso apì thn trÐth pleur�.

'Enac q¸roc p�nw ston opoÐo eÐnai orismènh mÐa metrik  kaleÐtai metrikìc

q¸roc. H parap�nw prìtash mac lèei ìti opoiod pote s¸ma p�nw sto opoÐo

èqei oristeÐ mÐa nìrma metatrèpetai se metrikì q¸ro an orÐsoume th metrik 

d(x, y) ìpwc parap�nw. M�lista aut  h metrik  sumperifèretai kal� wc proc

tic pr�xeic tou s¸matoc. Sugkekrimèna, h prìsjesh, o pollaplasiasmìc kai

to antÐstrofo stoiqeÐo eÐnai wc proc th d(x, y) suneqeÐc sunart seic, kai to

s¸ma lègetai topologikì s¸ma.

Prìtash 2 H metrik  d(x, y) = ‖x− y‖ pou ep�getai apì th nìrma ‖·‖
sto s¸ma IK k�nei to IK topologikì s¸ma.

Apìdeixh: Ja deixoume ìti h prìsjesh, o pollaplasiasmìc kai to an-

tÐstrofo stoiqeÐo eÐnai suneqeÐc sunart seic.
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H sun�rthsh thc prìsjeshc + : IK × IK → IK eÐnai suneq c sto (x0, y0)

an kai mìno an gia k�je ε > 0 up�rqei δ > 0, tètoio ¸ste opoted pote

d(x, x0) < δ kai d(y, y0) < δ tìte d(x+ y, x0 + y0) < ε.

Pr�gmati, gia k�je ε > 0 mporoÔme na epilèxoume δ = ε/2 > 0 kai èqoume:

d(x+ y, x0 + y0) = ‖(x+ y)− (x0 + y0)‖ = ‖(x− x0) + (y − y0)‖
≤ ‖x− x0‖+ ‖y − y0‖ = δ + δ = ε

ParathroÔme k�ti pou ja qrhsimopoi soume parak�tw: gia k�je δ ¸ste

d(x, x0) = ‖x− x0‖ < δ isqÔei:

|‖x‖ − ‖x0‖| ≤ ‖x− x0‖ < δ

⇔ −δ < ‖x‖ − ‖x0‖ < δ

⇔ ‖x0‖ − δ < ‖x‖ < ‖x0‖+ δ.

H sun�rthsh tou pollaplasiasmoÔ · : IK × IK → IK eÐnai suneq c sto

(x0, y0) an kai mìno an gia k�je ε > 0 up�rqei δ > 0 tètoio ¸ste opoted pote

d(x, x0) < δ kai d(y, y0) < δ tìte d(xy, x0y0) < ε.

Gia k�je ε mpor¸ na epilèxw δ = −a+
√
a2 + ε′ > 0, ìpou a = max {‖x0‖ , |y0‖}

kai ε′ lÐgo mikrìtero tou ε. 'Etsi prokÔptei:

d(xy, x0y0) = ‖xy − x0y0‖ = ‖xy − xy0 + xy0 − x0y0‖
≤ ‖x‖ ‖y − y0‖+ ‖y0‖ ‖x− x0‖
= ‖x‖ δ + ‖y0‖ δ
≤ (δ + ‖x0‖)δ + ‖y0‖ δ
= (−a+

√
a2 + ε′ + a)(−a+

√
a2 + ε′) + ‖y0‖ − a+

√
a2 + ε′

=
√
a2 + ε′ (‖y0‖ − a) + a(‖y0‖ − a) + ε′

≈ (a+ a′)(‖y0‖ − a) + a(‖y0‖ − a) + ε′, me a′ < ε′

= a′(‖y0‖ − a) + ε′ ≤ ε′ < ε.

H sun�rthsh tou antistrìfou h : IK → IK eÐnai suneq c sto x0 an kai

mìno an gia k�je ε > 0 up�rqei δ > 0, tètoio ¸ste opoted pote d(x, x0) < δ

tìte d(1/x, 1/x0) < ε.

Gia k�je ε mporoÔme na epilèxoume δ = ε′‖x0‖2
1−ε′‖x0‖ , ìpou ε

′ lÐgo mikrìtero

tou ε, kai ètsi èqoume:
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d( 1
x
, 1

x0
) =

∥∥∥ 1
x
− 1

x0

∥∥∥ =
∥∥∥x0−x

x0x

∥∥∥ = d(x, x0)
‖x‖‖x0‖

< δ
‖x‖‖x0‖ <

δ
(‖x0‖−δ)‖x0‖

= ε′‖x0‖2

(1−ε′‖x0‖)‖x0‖2−ε′‖x0‖2‖x0‖

= ε′ < ε.

�

Prìtash 3 MÐa nìrma ‖·‖ p�nw se s¸ma IK eÐnai mh arqim deia an kai mìno

an gia th metrik  pou aut  ep�gei sto s¸ma isqÔei:

d(x, z) ≤ max {d(x, y), d(y, z)} gia k�je x, y, z ∈ IK.

Apìdeixh: Gia to eujÔ, apl¸c efarmìzoume th mh arqim deia idiìthta (bl.

Orismì 1 (iv) ) sthn isìthta:

(x− z) = (x− y) + (y − z).

Gia to antÐstrofo, epilègoume y = −y1 kai z = 0 kai ta antikajistoÔme sthn

anisìthta, opìte èqoume:

d(x, y) ≤ max {d(x, z), d(z, y)} ⇒ d(x, −y1) ≤ max {d(x, 0), d(0,−y1)}

dhlad :

‖x+ y1‖ ≤ max {‖x‖ , ‖y1‖}

gia k�je x, y1 ∈ IK. �

H anisìthta sthn prìtash eÐnai gnwst  wc oultrametrik  anisìthta kai ènac

metrikìc q¸roc ston opoÐo aut  epalhjeÔetai lègetai oultrametrikìc.

Prìtash 4 Se ènan oultrametrikì q¸ro IK ìla ta �trÐgwna� eÐnai isoskel .

Apìdeixh: 'Estw x, y, z ∈ IK. MporoÔme na doÔme tic metaxÔ touc apos-

t�seic wc ta m kh twn pleur¸n enìc trig¸nou:

d(x, y) = ‖x− y‖

d(y, z) = ‖y − z‖
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d(x, z) = ‖x− z‖ .

Jumìmaste thn Prìtash 1 pou mac lèei ìti gia mia mh arqim deia nìrma isqÔei:

gia x, y ∈ IK an ‖x‖ 6= ‖y‖ tìte ‖x− y‖ = max {‖x‖ , ‖y‖} .

Sth dik  mac perÐptwsh èqoume ìti:

(x− y) + (y − z) = (x− z) ⇔ (x− z)− (y − z) = (x− y) ,

gia k�je x, y, z ∈ IK.

Epomènwc, an dÔo pleurèc eÐnai �nisec, èstw d(x, z) 6= d(y, z), tìte h trÐth

pleur�, h d(x, y), eÐnai Ðsh me th megalÔterh apì tic dÔo. Se k�je perÐptwsh,

afoÔ ta x, y, z mporoÔn na enall�ssontai sthn parap�nw isìthta, dÔo apì

tic treic pleurèc eÐnai Ðsec, dhlad , k�je trÐa shmeÐa sqhmatÐzoun isoskelèc

trÐgwno. �

Mia shmantik  ènnoia stouc metrikoÔc q¸rouc eÐnai aut  thc mp�lac. Se

ènan oultrametrikì q¸ro oi mp�lec pou orÐzontai èqoun idiìthtec pou ja mac

fanoÔn asun jistec. 'Estw a ∈ IK kai r ∈ IR+. SumbolÐzoume me B(a, r) thn

anoikt  mp�la me kèntro to a kai aktÐna r, en¸ sumbolÐzoume me B(a, r) thn

kleist  mp�la me kèntro to a kai aktÐna r.

Prìtash 5 'Estw (IK, ‖·‖) topologikì s¸ma me mh arqim deia nìrma. Tìte

isqÔoun:

(i) Gia k�je b ∈ B(a, r) isqÔei B(a, r) = B(b, r). Dhlad  k�je shmeÐo

miac anoikt c mp�lac eÐnai kèntro thc mp�lac.

(ii) Gia k�je b ∈ B(a, r) isqÔei B(a, r) = B(b, r). Dhlad  k�je shmeÐo miac

kleist c mp�lac eÐnai kèntro thc mp�lac.

(iii) To sÔnolo B(a, r) eÐnai anoiktì kai kleistì sÔnolo.

(iv) An r 6= 0, to sÔnolo B(a, r) eÐnai anoiktì kai kleistì sÔnolo.

(v) 'Estw a, b ∈ IK kai r, s mh mhdenikoÐ jetikoÐ arijmoÐ. IsqÔei B(a, r) ∩
B(b, s) 6= 0 an kai mìno an B(a, r) ⊂ B(b, s)   B(a, r) ⊃ B(b, s).

Dhlad  k�je dÔo anoiktèc mp�lec eÐte ja eÐnai xènec metaxÔ touc   h mÐa

ja perièqetai sthn �llh.
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(vi) 'Estw a, b ∈ IK kai r, s mh mhdenikoÐ jetikoÐ arijmoÐ. IsqÔei B(a, r) ∩
B(b, s) 6= 0 an kai mìno an B(a, r) ⊂ B(b, s)   B(a, r) ⊃ B(b, s).

Dhladh k�je dÔo kleistèc mp�lec eÐte ja eÐnai xènec metaxÔ touc   h mÐa

ja perièqetai sthn �llh.

Apìdeixh:

(i) Ex� orismoÔ èqoume: b ∈ B(a, r) ⇔ ‖b− a‖ < r. An t¸ra p�roume

opoiod pote x ∈ B(a, r), apì th mh arqim deia idiìthta paÐrnoume:

‖x− b‖ = ‖x− a+ a− b‖ ≤ max {‖x− a‖ , ‖b− a‖} < r,

dhlad  x ∈ B(b, r) kai �ra B(a, r) ⊂ B(b, r). Gia na deÐxoume ìti

kai B(a, r) ⊃ B(b, r), arkeÐ na all�xoume ta a kai b sthn parap�nw

an�lush. 'Etsi oi dÔo mp�lec eÐnai Ðsec.

(ii) Akrib¸c ta Ðdia b mata me to (i), mìno pou antÐ gia ��<�� b�zoume ��≤��.

(iii) K�je anoikt  mp�la se metrikì q¸ro eÐnai anoiktì sÔnolo. Autì pou

jèloume na deÐxoume eÐnai ìti sth mh arqim deia perÐptwsh eÐnai epÐshc

kleistì. Pr�gmati, èstw x oriakì shmeÐo thc B(a, r). Dhlad  isqÔei

ìti gia k�je ε > 0, B(x, ε) 6= 0/. Akìma, èstw s ≤ r kai èstw h

antÐstoiqh mp�la me kèntro x kai aktÐna s, B(x, s). AfoÔ to x eÐnai

oriakì shmeÐo, tìte:

B(a, r) ∩B(x, s) 6= 0/ ⇔ ∃ y ∈ B(a, r) ∩B(x, s)

⇔ ‖y − a‖ < r kai ‖y − x‖ < s ≤ r.

Efarmìzontac th mh arqim deia idiìthta paÐrnoume:

‖x− a‖ ≤ max {‖x− y‖ , ‖y − a‖} < max {s, r} = r,

dhlad  x ∈ B(a, r). Dhlad  èqoume ìti k�je oriakì shmeÐo thc B(a, r)

an kei sthn B(a, r), kai �ra h B(a, r) eÐnai èna kleistì sÔnolo.
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(iv) H apìdeixh ìti h mp�la B(a, r) eÐnai kleist  eÐnai akrib¸c ìpwc tou

(iii). Ja deÐxoume ìti eÐnai kai anoikt . 'Estw x ∈ B(a, r) kai èstw

s = ‖x− a‖ ≤ r. Jètoume r′ = r − s ≤ r. Tìte, B(x, r′) ⊂ B(a, r).

Pr�gmati, èstw y ∈ B(x, r′). Tìte èqoume:

‖y − a‖ = ‖y − x+ x− a‖ ≤ max {‖y − x‖ , ‖x− a‖} ≤ r,

kai �ra y ∈ B(a, r).

Prosèqoume th leptomèreia r 6= 0. An r = 0 tìte h kleist  mp�la me

kèntro x kai aktÐna 0 eÐnai to monosÔnolo {x}, to opoÐo eÐnai kleistì

all� ìqi anoiktì, afoÔ den up�rqei mh ken  anoikt  mp�la me kèntro to

x pou na perièqetai gn sia sto {x}.

(v) QwrÐc bl�bh thc genikìthtac upojètoume ìti s ≤ r. An oi dÔo mp�lec den

eÐnai xènec, tìte up�rqei k�poio c ∈ B(a, r)∩B(b, s). Tìte, gnwrÐzoume

apì to (i), ìti B(a, r) = B(c, r) kai B(b, s) = B(c, s). Dhlad :

B(b, s) = B(c, s) ⊂ B(c, r) = B(a, r),

kai to zhtoÔmeno apedeÐqjh.

(vi) Akrib¸c ìpwc to (iv) me qr sh tou (ii). �

Pìrisma 2 H sfaÐra S(a, r) = {x ∈ IK : |x− a| = r} eÐnai anoiktì kai k-

leistì sÔnolo.

Apìdeixh: Einai anoiktì diìti, an p�roume tuqaÐo shmeÐo x ∈ S(a, r) kai

0 ≥ ε < r, tìte h B(x, ε) ⊂ S(a, r), afoÔ gia k�je y ∈ B(x, ε) èqoume apì

Prìtash (1):

‖y − a‖ = ‖y − x+ x− a‖ = max {‖y − x‖ , ‖x− a‖} = r,

afoÔ ‖y − x‖ 6= ‖x− a‖.
EÐnai kleistì, diìti eÐnai h tom  dÔo kleist¸n sunìlwn, twn B(a, r) kai

IK\B(a, r). �
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To gegonìc ìti up�rqoun tìsa poll� anoikt�-kleist� sÔnola se ènan oul-

trametrikì q¸ro (k�je mp�la pou mporeÐ na oristeÐ eÐnai anoikt -kleist ) mac

lèei poll� pr�gmata gia thn topologÐa tou. KleÐnontac aut  thn par�grafo

ja melet soume th sunektikìthta se ènan tètoio q¸ro, qrhsimopoi¸ntac pol-

l� apì ta apotelèsmata thc prohgoÔmenhc an�lushc.

Orismìc 8 'Ena sÔnolo S kaleÐtai mh sunektikì an mporoÔn na brejoÔn

dÔo anoikt� sÔnola S1, S2, tètoia ¸ste:

(i) S1 ∩ S2 = 0/,

(ii) S = (S ∩ S1) ∪ (S ∩ S2),

(iii) ta S1, S2 eÐnai mh ken�.

Prìtash 6 Se s¸ma IK me mh arqim deia nìrma ‖·‖ k�je kleist  mp�la

aktÐnac r > 0 eÐnai mh sunektik . OmoÐwc kai gia tic anoiktèc mp�lec.

Apìdeixh: Gia k�je kleist  mp�la B(a, r) isqÔei ìti mporeÐ na grafeÐ wc

ènwsh dÔo anoikt¸n, mh ken¸n kai xènwn metaxÔ touc sunìlwn wc ex c:

B(a, r) = B(a, r) ∪ {x ∈ IK : ‖x− a‖ = r} .

Gia k�je mh ken  anoikt  mp�la B(a, r) mporoÔme na epilèxoume s < r kai

na sqhmatÐsoume ta ex c anoikt� mh ken� sÔnola:

B(a, s) kai B(a, r)\B(a, s).

To pr¸to sÔnolo eÐnai anoiktì epeid  eÐnai mp�la. To deÔtero wc sumpl -

rwma enìc kleistoÔ sunìlou se anoiktì sÔnolo. MporoÔme na epilèxoume to

s ¸ste kai ta dÔo sÔnola na eÐnai mh ken�. Profan¸c ta dÔo sÔnola eÐnai

xèna metaxÔ touc kai h ènws  touc mac dÐnei ìlh thn anoikt  mp�la. Sunep¸c

k�je anoikt  mp�la eÐnai mh sunektikì sÔnolo. �

Orismìc 9 'Estw x ∈ IK. OrÐzoume wc sunektik  sunist¸sa tou x na eÐnai

h ènwsh ìlwn twn sunektik¸n sunìlwn pou perièqoun to x. IsodÔnama eÐnai

to megalÔtero sunektikì sÔnolo pou perièqei to x.
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Prìtash 7 Se s¸ma IK me mh arqim deia nìrma ‖·‖ h sunektik  sunist¸sa

k�je shmeÐou x ∈ IK eÐnai to monosÔnolo {x}. Dhlad  to IK eÐnai olik� mh

sunektikì topologikì s¸ma.

Apìdeixh: 'Estw ìti h sunektik  sunist¸sa S tou x perièqei k�poio y 6= x

kai èstw r = ‖x− y‖ h apìstash twn dÔo stoiqeÐwn. Tìte oi dÔo mp�lec

B(x, r/2)kai B(y, r/2) eÐnai dÔo sÔnola pou plhroÔn tic idiìthtec tou orismoÔ

thc mh sunektikìthtac.

'Eqoume: S ⊃ {x, y} = (S ∩B(y, r/2)) ∪ (S ∩B(x, r/2)).

Epiplèon ènai xènec metaxÔ touc, afoÔ e�n eÐqan k�poio koinì stoiqeÐo, tìte

apì thn Prìtash 5 h mÐa ja perieÐqeto sthn �llh. Tìte ìmwc ‖x− y‖ ≤ r/2,

to opoÐo eÐnai �topo, afoÔ ‖x− y‖ = r > r/2. Tèloc eÐnai anoikt� sÔnola,

wc mp�lec, kai mh kenèc, afoÔ perièqoun ta stoiqeÐa x kai y antÐstoiqa.

Sunep¸c k�je sÔnolo megalÔtero apì to monosÔnolo paÔei na eÐnai sunek-

tikì. �

2.5 TopologÐa sto QI me thn p-adik  nìrma

EÐdame p¸c ìla ta trÐgwna eÐnai isoskel  se s¸ma IK me mÐa mh arqim deia

nìrma. Ac doÔme t¸ra p¸c faÐnetai h idiìthta aut  sto QI me thn p-adik 

nìrma. Ja p�roume treic akeraÐouc x, y, z kai tic metaxÔ touc apost�seic:

α = x− y, β = y − z kai γ = x− z.

Ja deÐxoume ìti p�nta dÔo apì autèc ja eÐnai Ðsec. Profan¸c α, β, γ ∈ ZZ
kai isqÔei γ = α+ β. Gia tic nìrmec touc èqoume:

|α|p = p−υp(α) = p−n, | β|p = p−υp(β) = p−m kai | γ|p = p−υp(γ) = p−k,

ìpou υp(α) = n, υp(β) = m, υp(γ) = k. IsodÔnama, mporoÔme na gr�youme

touc α, β, γ wc:

α = pnα′, β = pmβ′, γ = pkγ′, me p - α′β′γ′.

'Estw |α|p > | β|p. Tìte n < m kai èstw m = n+ ε. Gia to γ èqoume:

38



γ = α+ β = pnα′ + pmβ′ = pn(α′ + pεβ′).

AfoÔ p - α′, tìte p - (α′ + pεβ′). 'Ara k = υp(γ) = n kai

| γ|p = p−n = |α|p ,

pou eÐnai kai to zhtoÔmeno thc prìtashc.

Ac upojèsoume t¸ra ìti |α|p = | β|p, dhlad  n = m, opìte paÐrnoume:

γ = α+ β = pn(α′ + β′), me p - α′β′.

'Omwc, mporeÐ k�llista na isqÔei ìti p|(α′+β′). Se k�je perÐptwsh mporoÔme

na poÔme υp(γ) ≥ min {υp(α), υp(β)}, pou metafr�zetai sto:

| γ|p = |α+ β|p ≤ max
{
|α|p , | β|p

}
= |α|p = | β|p .

'Eqoume dhlad  kai p�li dÔo apì tic treic nìrmec |α|p , | β|p , kai | γ|p na eÐnai

Ðsec. M�lista, kai stic dÔo peript¸seic, autèc pou eÐnai Ðsec eÐnai autèc pou

èqoun th megalÔterh tim .

Oi mp�lec sto QI me thn p-adik  nìrma èqoun meg�lo endiafèron. Lìgw

thc fÔshc thc p-adik c nìrmac, h perÐptwsh twn anoikt¸n mpal¸n me kèntro

k�poion rhtì kai aktÐna r ∈ IR+ an�getai sthn perÐptwsh twn kleist¸n mpa-

l¸n. To pedÐo tim¸n thc p-adik c nìrmac eÐnai to {pn : n ∈ ZZ}. Apì thn

�llh, lìgw thc arqim deiac idiìthtac kai thc kal c di�taxhc tou IR, gia k�je

r ∈ IR+ up�rqei n ∈ ZZ ¸ste 1/pn ≤ r < 1/pn+1. Dhlad  èqoume x ∈ B(a, r)

tìte kai mìno tìte ìtan x ∈ B(a, 1/pn).

Prìtash 8 K�je kleist  mp�la B(a, 1/pn), �ra kai k�je anoikt , mporeÐ

na grafeÐ wc ènwsh anoikt¸n kai xènwn metaxÔ touc mpal¸n.

Apìdeixh: Epeid  gia k�je rhtì arijmì a isqÔei:

B(a, 1/pn) = a+B(0, 1/pn) = a+
(
B(0, 1/pn) ∪

{
y ∈ QI : | y|p = 1/pn

})
,

arkeÐ na deÐxoume to zhtoÔmeno gia to sÔnolo
{
y ∈ QI : | y|p = 1/pn

}
.
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'Estw ènac rhtìc x = a/b. Tìte:∣∣∣ a
b

∣∣∣
p

=
1

pn
⇔ pn | a, an n > 0,   p−n | b, an n < 0.

Profan¸c o p|n|+1 den diaireÐ oÔte ton a oÔte ton b, miac kai tìte h nìrma tou

x ja  tan diaforetik  tou 1/pn. Shmei¸noume ìti oi a, b mporoÔn na èqoun

mìno mh arnhtik  pollaplìthta tou p sthn paragontopoÐhs  touc. Epomènwc,

o n eÐnai jetikìc ìtan o p diareÐ ton a en¸ eÐnai arnhtikìc ìtan o p diaireÐ ton

b.

Epeid  p|n|+1 - b mporeÐ na oristeÐ mÐa èna proc èna kai epÐ apeikìnish, tètoia
¸ste gia k�je i ∈ IF p|n|+1 na up�rqei monadikì j ∈ IF p|n|+1 tètoio ¸ste ib ≡ j

(mod p|n|+1). EÐnai èna proc èna diìti an upojèsoume ìti up�rqei kai k�poio

k ∈ IF p|n|+1 tètoio ¸ste ib ≡ k (mod p|n|+1), tìte k ≡ j (mod p|n|+1),

kai �ra j = k. Einai epÐ, diìti ta sÔnola
{
ib : i ∈ IF p|n|+1

}
kai IF p|n|+1 èqoun

peperasmèno pl joc stoiqeÐwn. Akìma, p|n|+1 - a, dhlad  a ≡ j (mod p|n|+1)

gia k�poio j ∈ IF p|n|+1 .

SunoyÐzontac èqoume ìti gia ton rhtì x = a/b up�rqoun monadik� i, j ∈
IF p|n|+1 ¸ste ìtan a ≡ j (mod p|n|+1) na up�rqei i me ib ≡ j (mod p|n|+1).

Me th bo jeia twn parap�nw ja deÐxoume ìti k�je rhtìc x = a/b ∈{
y ∈ QI : | y|p = 1/pn

}
an kei se monadik  anoikt  mp�la, sugkekrimèna thn

B(i, 1/pn), me i ∈ IF p|n|+1 . Pr�gmati, epilègoume ta monadik� ekeÐna i, j ¸ste

a ≡ j (mod p|n|+1) kai ib ≡ j (mod p|n|+1). Tìte èqoume:∣∣∣a
b
− i

∣∣∣
p

=

∣∣∣∣a− ib

b

∣∣∣∣
p

=
|a− ib|p
|b|p

.

All�

|b|p =

{
1, an p−n - b⇔ n > 0

1
p|n|
, an p−n | b⇔ n < 0

kai

|a− ib|p =
1

pk
me k > |n| .

Sunep¸c, an�loga me th nìrma tou b, dhlad  an�loga me to an n jetikìc  

arnhtikìc, èqoume:∣∣∣a
b
− i

∣∣∣
p

=
1

pk
<

1

pn
, ìtan |b|p = 1 ⇔ n > 0

40



kai∣∣∣a
b
− i

∣∣∣
p

=
1/pk

1/p−n
=
p−n

pk
=

1

pn+k
<

1

pn
, ìtan |b|p = 1

p−n ⇔ n < 0 .

Ousiastik� èqoume deÐxei ìti:{
y ∈ QI : | y|p = 1/pn

}
= B(1, 1/pn)∪B(2, 1/pn)∪ . . . ∪B(pn+1 − 1, 1/pn).

'Ara

B(a, 1/pn) = B(0 + a, 1/pn) ∪ . . . ∪B(pn+1 − 1 + a, 1/pn).

�

Parat rhsh 5 AxÐzei na doÔme thn prìtash aut  wc ènan �llon trìpo na

apodeÐxoume ìti h kleist  mp�la B(a, 1/pn) eÐnai kai anoiktì sÔnolo, afoÔ

eÐnai peperasmènh ènwsh anoikt¸n sunìlwn.

Parat rhsh 6 Apì thn parap�nw prìtash faÐnetai kai h mh sunektikìthta

k�je mp�lac. Ta anoikt�, mh ken� kai xèna metaxÔ touc sÔnola pou jèloume

na broÔme gia thn epal jeush tou orismoÔ thc mh sunektikìthtac prosvdio-

rÐzontai eÔkola. Apl� paÐrnoume dÔo xèna metaxÔ touc uposÔnola I1 kai

I2 ¸ste I1 ∪ I2 = {0, 1, . . . , pn+1 − 1} kai tètoia ¸ste gia toul�qiston èna

i ∈ I1 kai toul�qiston ena j ∈ I2 oi mp�lec B(i, 1/pn) kai B(j, 1/pn) eÐnai

mh kenèc. Ta S1, S2 tou orismoÔ eÐnai tìte ta S1 = ∪i∈I1B(i, 1/pn) kai

S2 = ∪j∈I1B(j, 1/pn).

Ac doÔme k�poia paradeÐgmata twn parap�nw, pou ja bohj soun th di-

aÐsjhs  mac gia to p¸c dra h p-adik  nìrma sto s¸ma twn rht¸n.

1) Ja perigr�youme me thn p-adik  nìrma thn kleist  mp�la sto QI me kèntro

to x = 0 kai aktÐna 1:

B(0, 1) =
{
x ∈ QI : |x|p ≤ 1

}
=

{
a/b ∈ QI : a, b ∈ ZZ, |a/b|p ≤ 1

}
= {a/b ∈ QI : a, b ∈ ZZ, υp(a/b) ≥ 0}
= {a/b ∈ QI : a, b ∈ ZZ, p - b} .

'Ara h kleist  mp�la me kèntro to 0 kai aktÐna 1 eÐnai ìloi ekeÐnoi oi rhtoÐ me

ton paronomast  touc na mh diaireÐtai apì ton p.
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2)Ja perigr�youme epÐshc thn anoikt  mp�la me kèntro to x = 3 kai aktÐna

1 :

B(3, 1) =
{
x ∈ QI : |x− 3|p < 1

}
=

{
a/b ∈ QI : a, b ∈ ZZ, |a/b− 3|p < 1

}
=

{
a/b ∈ QI : a, b ∈ ZZ, |(a− 3)/b|p < 1

}
= {a/b ∈ QI : a, b ∈ ZZ, υp((a− 3)/b) ≥ 1}
= {a/b ∈ QI : a, b ∈ ZZ, p - b kai p | (a− 3)} .

ParathroÔme ìti se aut  th mp�la an koun kai ìloi ekeÐnoi oi akèraioi a ∈ ZZ
tètoioi ¸ste a ≡ 3 (mod p). Genikìtera h mp�la B(i, 1) perièqei ìlouc

ekeÐnouc touc rhtoÔc a/b, me p - b kai a ≡ i (mod p).

3) Me autì to par�deigma ja doÔme mia apl  perÐptwsh thc Prìtashc 8. H

kleist  mp�la B(0, 1) mporeÐ na grafeÐ wc ènwsh xènwn metaxÔ touc anoikt¸n

mpal¸n:

B(0, 1) = B(0, 1) ∪B(1, 1) ∪B(2, 1) ∪ . . . ∪B(p− 1, 1).

Elègqoume pr¸ta ìti oi anoiktèc mp�lec eÐnai pr�gmati xènec metaxÔ touc.

Pr�gmati èstw ìti k�poiec apì autèc den eÐnai xènec metaxÔ touc, dhlad  ìti

gia k�poia i 6= j èqoume B(i, 1) ∩B(j, 1) 6= 0/. Tìte isodÔnama:

up�rqei rhtìc y =
a

b
∈ B(i, 1) ∩B(j, 1)

⇔ p - b kai p | (a− i) kai p | (a− j).

'Omwc, ta parap�nw mac lène ìti o a prèpei na eÐnai isoôpìloipoc me dÔo

diaforetikoÔc akeraÐouc, oi opoÐoi an koun se diaforetikèc kl�seic modulo

p, �topo.

Ja deÐxoume t¸ra kai thn isìthta, isodÔnama ìti:

B(0, 1) ⊃ B(0, 1) ∪B(1, 1) ∪B(2, 1) ∪ . . . ∪B(p− 1, 1),

kai

B(0, 1) ⊂ B(0, 1) ∪B(1, 1) ∪B(2, 1) ∪ . . . ∪B(p− 1, 1).

Gia thn pr¸th sqèsh, èstw x = a/b ∈ B(i, 1) gia k�poio i ∈ {0, 1 . . . p− 1}.
Ja deÐxoume ìti tìte kai x ∈ B(0, 1). Kat� arq n isqÔei:
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x ∈ B(i, 1) ⇔ |x− i|p < 1,

Akìma parathroÔme ìti, gia k�je i ∈ {0, 1 . . . p− 1} isqÔei |i|p = 1, an i 6= 0

kai |i|p = 0, an i = 0.

Opìte gia th nìrma tou x èqoume:

|x|p = |x− i+ i|p ≤ max
{
|x− i|p , |i|p

}
≤ 1

⇒ x ∈ B(0, 1).

Ja apodeÐxoume t¸ra kai th deÔterh sqèsh, ìti dhlad  an x =∈ B(0, 1)

tìte up�rqei k�poio i ∈ {0, 1 . . . p− 1} ¸ste x ∈ B(i, 1). Ousiastik� mac

endiafèrei h perÐptwsh x ∈ B(0, 1) kai |x|p = 1, ef� ìson, an eÐnai mikrìterh,

tìte to x ja an kei sthn anoikt  mp�la B(0, 1).

'Estw loipìn x = a/b tètoio ¸ste |x|p = 1. Tìte èqoume:

|x|p = 1 ⇔
∣∣∣a
b

∣∣∣
p

= 1 ⇔ υp(a/b) = 0 ⇔ p - a kai p - b.

AfoÔ p - a, tìte a ≡ i (mod p) gia k�poio i ∈ {1, 2, 3 . . . , p− 1}. Akìma

p - b, sunep¸c, sÔmfwna me to prohgoÔmeno par�deigma, x = a/b ∈ B(i, 1)

kai to zhtoÔmeno apedeÐqjh.

2.6 'Algebra se s¸ma me mh arqim deia nìr-

ma

Sthn teleutaÐa enìthta autoÔ tou kefalaÐou ja rÐxoume mia algebrik  mati�

sta mh arqim deia topologik� s¸mata. M�lista ja doÔme ìti h algebrik  dom 

tou topologikoÔ s¸matoc sundèetai �mesa me th nìrma pou èqoume orÐsei p�nw

sto s¸ma mac. Topologikèc kai algebrikèc idiìthtec sumplhr¸noun h mÐa

thn �llh, kai mac dÐnoun mia oloklhrwmènh eikìna gia touc oultrametrikoÔc

q¸rouc.

K�je mh arqim deia nìrma mporeÐ na orÐsei ènan upodaktÔlio p�nw sto

s¸ma pou mac endiafèrei, o opoÐoc èqei polÔ endiafèrousec idiìthtec.
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Prìtash 9 'Estw IK s¸ma kai ‖·‖ mia mh arqim deia nìrma. To sÔnolo:

O = B(0, 1) = {x ∈ IK : ‖x‖ ≤ 1}

eÐnai upodaktÔlioc tou IK. To uposÔnolì tou:

B = B(0, 1) = {x ∈ IK : ‖x‖ < 1}

eÐnai ide¸dec tou O. Epiplèon, to B eÐnai mègisto ide¸dec tou O kai k�je

stoiqeÐo tou O \B eÐnai antistrèyimo sto O.

Apìdeixh: Dedomènou ìti to IK eÐnai s¸ma, exasfalÐzoume thn antimeta-

jetikìthta thc prìsjeshc, thn prosetairistikìthta tou pollaplasiasmoÔ kai

touc epimeristikoÔc nìmouc sto uposÔnolì tou O. Akìma, to prosjetikì

oudètero tou IK ja eÐnai kai to prosjetikì oudètero gia ton O, o opoÐoc epi-

plèon ja eÐnai daktÔlioc me monadiaÐo stoiqeÐo th mon�da tou s¸matoc, afoÔ

‖1‖ = 1.

Mènei mìno na deÐxoume thn kleistìthta thc prìsjeshc kai tou pollapla-

siasmoÔ. 'Estw x, y ∈ O. Tìte:

‖x+ y‖ ≤ max {‖x‖ , ‖y‖} ≤ 1, �ra (x+ y) ∈ O,

‖xy‖ = ‖x‖ ‖y‖ ≤ 1, �ra (xy) ∈ O.

DeÐxame ìti o O eÐnai pr�gmati upodaktÔlioc.

'Oti to B eÐnai ide¸dec tou O prokÔptei eÔkola: gia k�je x ∈ O, y ∈ B
isqÔei:

‖xy‖ = ‖x‖ ‖y‖ < 1 ⇒ (xy) ∈ B.

Gia to teleutaÐo parathroÔme ìti an deÐxoume ìti k�je stoiqeÐo tou O \B
eÐnai antistrèyimo sto O, tìte amèswc prokÔptei ìti to B eÐnai mègisto. Den

ja mporoÔse na perièqei kanèna �llo stoiqeÐo tou daktulÐou kai na mhn tautis-

teÐ me autìn. Epeid  to IK eÐnai s¸ma, k�je stoiqeÐo èqei antÐstrofo sto IK.

'Estw x ∈ O. 'Estw x ∈ O\B. Tìte ‖x‖ = 1 kai gia ton antÐstrofì tou,

x−1, èqoume:
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1 = ‖1‖ =
∥∥xx−1

∥∥ = ‖x‖
∥∥x−1

∥∥
⇒

∥∥x−1
∥∥ = 1/ ‖x‖ = 1.

⇒ x−1 ∈ O\B.

Genik� gia k�je x ∈ O ja eÐnai x−1 ∈ O an kai mìno an ‖x‖ = 1. Dhlad  ta

antistrèyima stoiqeÐa tou O eÐnai akrib¸c ekeÐna me nìrma Ðsh me èna.

�

Parat rhsh 7 To ide¸dec B eÐnai to monadikì mègisto ide¸dec pou mporeÐ

na oristeÐ sto daktÔlio O, afoÔ perièqei ìla ta dunat� stoiqeÐa pou ja mpo-

roÔse na perièqei èna ide¸dec. K�je �llo ide¸dec diaforetikì tou B   ja eÐqe

ligìtera stoiqeÐa   den ja  tan gn sio ide¸dec tou O.

Parat rhsh 8 'Eqoume èna daktÔlio kai èna ide¸dec tou. MporoÔme loipìn

na orÐsoume to daktÔlio phlÐko tou O wc proc to B, to opoÐo m�lista ja eÐnai

s¸ma, afoÔ to B eÐnai mègisto ide¸dec.

Orismìc 10 KaloÔme topikì daktÔlio k�je daktÔlio pou perièqei monadikì

mègisto ide¸dec tou opoÐou to sumpl rwma apoteleÐtai apì antistrèyima s-

toiqeÐa.

Orismìc 11 'Estw s¸ma IK me mÐa mh arqim deia nìrma ‖·‖.
Onom�zoume daktÔlio ektÐmhshc thc ‖·‖ sto IK ton upodaktÔlio:

O = B(0, 1) = {x ∈ IK : ‖x‖ ≤ 1} ,

pou orÐsame parap�nw.

Onom�zoume ide¸dec ektÐmhshc thc ‖·‖ sto IK to ide¸dec:

B = B(0, 1) = {x ∈ IK : ‖x‖ < 1} ,

pou orÐsame parap�nw.

Tèloc, onom�zoume s¸ma phlÐko thc ‖·‖ sto IK ton daktÔlio-phlÐko k =

O/B.
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2.7 'Algebra sto QI me thn p-adik  nìrma

Prìtash 10 Sto s¸ma QI twn rht¸n arijm¸n me thn p-adik  nìrma o dak-

tÔlioc ektÐmhshc eÐnai to sÔnolo:

O = ZZ(p) = {a/b ∈ QI : p - b} .

To ide¸dec ektÐmhshc eÐnai to sÔnolo:

B = pZZ(p) = {a/b ∈ QI : p - b kai p | a.}

Tèloc to s¸ma phlÐko eÐnai to k = IF p.

Apìdeixh: Ta pr¸ta apodeiknÔontai eÔkola, ta èqoume analÔsei ex� �llou

kai sthn prohgoÔmenh enìthta me tic mp�lec. Ja stajoÔme sto teleutaÐo

z thma, ja deÐxoume dhlad  ìti ZZ(p)/pZZ(p) = IF p = ZZ/pZZ.

Ja broÔme ènan isomorfismì metaxÔ twn dÔo swm�twn, kai epeid  to IF p

eÐnai peperasmèno oi domèc ja tautÐzontai. OrÐzoume thn akìloujh apeikìnish:

h : ZZ/pZZ→ ZZ(p)/pZZ(p):

h(n) + pZZ= n+ pZZ(p),

p�ei dhlad  k�je akèraio n sto sÔmplokì tou ston daktÔlio phlÐko k.

H apeikìnish aut  eÐnai ènac omomorfismìc:

h(x+ y) = (x+ y) + pZZ(p) = x+ pZZ(p) + y + pZZ(p) = h(x) + h(y),

h(xy) = (xy) + pZZ(p) = (x+ pZZ(p))(y + pZZ(p)) = h(x) · h(y),

apì tic pr�xeic metaxÔ sumplìkwn enìc daktulÐou phlÐkou.

EpÐshc, h h eÐnai èna proc èna:

ker(h) =
{
n ∈ ZZ/pZZ : h(n) = pZZ(p)

}
=

{
n ∈ ZZ/pZZ : n ∈ pZZ(p)

}
= pZZ.

Tèloc eÐnai epÐ: gia k�je x + pZZ(p), x = a/b ∈ ZZ(p), mpor¸ na brw

n ∈ ZZ/pZZ ¸ste h(n) = x+ pZZ(p):

h(n) = x+ pZZ(p) ⇔ n+ pZZ(p) = x+ pZZ(p)

⇔ (x− n) ∈ pZZ(p) ⇔ (x− n) =
c

d
me p - d kai p | c
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⇔ a− bn

b
=
c

d
me p - d kai p | c⇔ p | (a− bn)

⇔ bn ≡ a (mod p) ⇔ n ≡ b−1a (mod p),

afoÔ sto IF p ìla ta stoiqeÐa eÐnai antistrèyima kai �ra orÐzetai o antÐstrofoc

tou b. Sunep¸c to n pou ja epalhjeÔei thn parap�nw sqèsh ja èqei eikìna

tou to sÔmploko x+ pZZ(p). �

Parat rhsh 9 H anoikt  mp�la B(a, 1) sto QI mporeÐ na perigrafeÐ t¸ra

kai me algebrikoÔc ìrouc. Blèpoume ìti eÐnai to sÔmploko tou ide¸douc ek-

tÐmhshc a+ pZZ(p) = a+B(0, 1).

Prìtash 11 Sto QI me thn p-adik  nìrma, to ide¸dec ektÐmhshc eÐnai kÔ-

rio ide¸dec, apoteleÐtai dhlad  apì ìla ta pollapl�sia k�poiou prwtarqikoÔ

stoiqeÐou.

Apìdeixh: Sto ide¸dec ektÐmhshc an koun ìloi oi rhtoÐ a/b tètoioi ¸ste

p - b kai p | a. Dhlad  mporoÔme na gr�youme ton a/b wc:

a

b
= pna

′

b′
, me p - a′b′, n > 0.

⇔ a

b
= pnx, |x|p ≤ 1,   x ∈ ZZ(p).

To n den eÐnai aparaÐthto na eÐnai kai h ektÐmhsh tou a, mporeÐ na eÐnai k�poioc

mikrìteroc fusikìc arijmìc, gi� autì kai h nìrma tou x eÐnai mikrìterh   Ðsh

tou èna.

'Eqoume ètsi ìti k�je rhtìc sto ide¸dec ektÐmhshc gr�fetai wc k�poio

pollapl�sio tou pr¸tou p epÐ k�poio stoiqeÐo tou daqtulÐou, dhlad  ìti eÐnai

èna prwtarqikì ide¸dec pou par�getai apì ton pr¸to p. �
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Kef�laio 3

To s¸ma twn p-adik¸n

arijm¸n

Se autì to kef�laio ja anaptÔxoume formalistik� ìsa anafèrame sto eis-

agwgikì kef�laio. Ja kataskeu�soume ta s¸mata twn p-adik¸n arijm¸n ta

opoÐa ja sumbolÐzoume me QIp. Arqik� ja efarmìsoume th jewrÐa pou anap-

tÔxame sto deÔtero kef�laio, p�nw sto s¸ma QI me thn p-adik  nìrma, kai

ja kataskeu�soume ta QIp qrhsimopoi¸ntac An�lush. Katìpin ja akolou-

j soume diaforetik  prosèggish kai ja kataskeu�soume ta s¸mata QIp al-

gebrik�. Tèloc ja doÔme tic kuriìterec apì tic idiìthtec twn nèwn aut¸n

swm�twn. Shmei¸noume ìti oi mèjodoi kataskeu c twn swm�twn aut¸n den

eÐnai tìso shmantikèc ìso oi idiìthtec pou prokÔptoun se aut�. EÐnai ìmwc

mh paraleÐyimh, kaj¸c katoqur¸nei thn Ôparx  touc.

3.1 H analutik  kataskeu  tou QIp

Orismìc 12 'Estw s¸ma IK kai èstw nìrma ‖·‖ p�nw sto IK.

(i) MÐa akoloujÐa (xn)n me xn ∈ IK lègetai Cauchy an kai mìno an gia k�je

ε > 0 up�rqei n0 tètoio ¸ste ‖xn − xm‖ < ε gia ìla ta n, m > n0.

(ii) To s¸ma IK lègetai pl rec wc proc th nìrma ‖·‖ an kai mìno an k�je

akoloujÐa Cauchy stoiqeÐwn tou IK èqei ìrio sto IK.
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(iii) 'Ena uposÔnolo S tou IK lègetai puknì sto IK an kai mìno an k�je

anoikt  mp�la me kèntro k�poio stoiqeÐo tou IK perièqei k�poio stoiqeÐo

tou S. Dhlad  ìtan gia k�je x ∈ IK kai k�je ε isqÔei:

B(x, ε) ∩ S 6= 0/.

Oi akoloujÐec Cauchy qarakthrÐzontai polÔ eÔkola se èna q¸ro me mh

arqim deia nìrma. Sugkekrimèna isqÔei to akìloujo:

L mma 2 MÐa akoloujÐa (xn) stoiqeÐwn enìc s¸matoc IK eÐnai Cauchy wc

proc th mh arqim deia nìrma ‖·‖ an kai mìno an:

lim
n→∞

‖xn+1 − xn‖ = 0.

Apìdeixh: 'Estw m = n+ r > n. Tìte:

‖xm − xn‖ = ‖xn+r − xn+r−1 + xn+r−1 − xn+r−2 + xn+r−2 − · · ·+ xn+1 − xn‖
≤ max {‖xn+r − xn+r−1‖ , ‖xn+r−1 − xn+r−2‖ , . . . , ‖xn+1 − xn‖} .

To l mma prokÔptei amèsa. �

Parat rhsh 10 Shmei¸noume ìti se arqim deiec nìrmec h parap�nw sun-

j kh eÐnai asjenèsterh thc sunj khc Cauchy. Gia par�deigma ac p�roume wc

s¸ma to IR me th sun jh nìrma. Tìte h akoloujÐa xn =
∑n

k=1 1/k epalhjeÔei

thn limn→∞ |xn+1 − xn| = limn→∞ 1/(n+ 1) = 0, all� den eÐnai sugklÐnousa,

kai sunep¸c oÔte Cauchy, afoÔ to IR eÐnai pl rec.

Sto Kef�laio 2 anafèrame ìti oi monadikèc, wc proc isodunamÐa, mh tetrim-

mènec nìrmec pou orÐzontai sto QI eÐnai oi diaforetikèc p-adikèc kai h sun jhc

nìrma. H teleutaÐa eÐnai kai h mình arqim deia nìrma. GnwrÐzoume ìti m-

poroÔme na epekteÐnoume to QI me th sun jh nìrma, ¸ste na peril�boume ta

ìria twn akolouji¸n Cauchy . Wc apotèlesma ja p�roume to s¸ma twn prag-

matik¸n arijm¸n IR me th sun jh nìrma, ìpwc aut  epekteÐnetai sto IR, kai

me to QI na eÐnai puknì sto IR wc proc thn epèktash thc nìrmac. Epiplèon

to s¸ma IR ja eÐnai èna pl rec s¸ma. Dhlad  to s¸ma twn pragmatik¸n
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arijm¸n IR eÐnai h pl rwsh tou s¸matoc QI twn rht¸n arijm¸n wc proc th

sun jh nìrma.

Shmei¸noume ìti to IR eÐnai to el�qisto s¸ma me thn parap�nw idiìthta.

K�je pl rwsh tou QI diaforetik  tou IR ja perieÐqe to ìrio k�je akoloujÐac

Cauchy stoiqeÐwn tou QI, kai efìson to QI eÐnai puknì sto IR, k�je stoiqeÐo

tou IR eÐnai ìrio miac tètoiac akoloujÐac.

Parìmoia, gia k�je mÐa apì tic p-adikèc nìrmec, mporoÔme na kataskeu�-

soume mi� pl rwsh an�logh tou IR. Parak�tw ja deÐxoume ìti gia k�je pr¸to

p up�rqei k�poio s¸ma sto opoÐo mporoÔme na epekteÐnoume thn p-adik  nìrma,

to opoÐo ja eÐnai pl rec wc proc thn epèktash aut , kai sto opoÐo to QI eÐnai

puknì. Pr¸ta ìmwc ac deÐxoume ìti to QI apì mìno tou den eÐnai pl rec wc

proc kami� apì tic p-adikèc nìrmec.

L mma 3 To s¸ma QI twn rht¸n arijm¸n den eÐnai pl rec gia kammÐa apì

tic mh tetrimmènec nìrmec pou mporoÔn na oristoÔn se autì.

Apìdeixh: Apì to Je¸rhma Ostrowski (Je¸rhma 5) kai apì ta parap�nw

gia na apodeÐxoume to je¸rhma arkeÐ na to apodeÐxoume gia k�poia tuqaÐa

p-adik  nìrma.

'Estw pr¸toc p 6= 2 kai |·|p h antÐstoiqh p-adkik  nìrma. Ja kataskeu�-

soume mia akoloujÐa Cauchy sto QI h opoÐa den èqei ìrio sto QI.

MporoÔme na dialèxoume ènan akèraio a ∈ ZZ tètoio ¸ste:

• o p de diaireÐ ton a,

• o a den eÐnai tetr�gwno sto QI,

• o a eÐnai tetragwnikì upìloipo modulo p, dhlad  h exÐswsh x2 ≡ a

(mod p) na èqei lÔsh sto QI.

'Ena par�deigma pou eÐdame sthn arq   tan h exÐswsh x2 ≡ 2 (mod 7).

Ja kataskeu�soume t¸ra thn akoloujÐa Cauchy:

Epilègoume mÐa lÔsh x0 thc exÐswshc x2 ≡ a (mod p).

Katìpin mporoÔme na epilèxoume x1 tètoio ¸ste x1 ≡ x0 (mod p) kai

x2
1 ≡ a (mod p2).
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Sto pr¸to kef�laio eÐqame anafèrei ìti oi exis¸seic x2 ≡ a (mod pn)

ìtan p 6= 2 kai p - a èqoun eÐte dÔo eÐte kammÐa lÔseic. Epiplèon ìsec lÔseic

up�rqoun modulo p tìsec ja up�rqoun kai modulo pn. Sunep¸c, afoÔ up�rqei

to x0, up�rqei kai x1 tètoio ¸ste x2
1 ≡ a (mod p2). Apì th sunj kh aut 

prokÔptei ìti:

x2
1 ≡ a (mod p) ⇔ x2

1 ≡ x2
0 (mod p) ⇔ x2

1 − x2
0 ≡ 0 (mod p)

⇔ (x1 − x0)(x1 + x0) ≡ 0 (mod p) ⇔ p|(x1 − x0)   p|(x1 + x0)

⇔ x1 ≡ x0 (mod p)   x1 ≡ (−x0) (mod p).

EmeÐc epilègoume ekeÐno to x1 me x1 ≡ x0 (mod p).

Genikìtera mporoÔme na epilèxoume xn tètoia ¸ste xn ≡ xn−1 (mod pn)

kai x2
n ≡ a (mod pn+1). 'Etsi sqhmatÐzoume mÐa akoloujÐa stoiqeÐwn (xn) me

xn ∈ QI.
T¸ra, h akoloujÐa mac eÐnai akoloujÐa Cauchy, gegonìc pou eÐnai �meso

apì thn kataskeu  thc. Pr�gmati:

|xn+1 − xn|p =
∣∣κpn+1

∣∣
p
≤ p−(n+1) −→ 0,

kai �ra, apì L mma 2, h akoloujÐa (xn) eÐnai Cauchy.

'Omwc, p�li apì kataskeu , h akoloujÐa den èqei ìrio sto QI, afoÔ:∣∣x2
n − a

∣∣ =
∣∣µpn+1

∣∣ ≤ p−n+1 −→ 0,

dhlad  to ìriì thc eÐnai h tetragwnik  rÐza tou a, h opoÐa ìmwc den an kei

sto QI.

'Ara to QI den eÐnai pl rec wc proc tic p-adikèc nìrmec gia p 6= 2.

'Oso gia thn perÐptwsh p = 2 mporeÐ na jewr sei kaneÐc thn akoloujÐa

pou prokÔptei apì thn epÐlush thc x3
n ≡ 3 (mod 2n+1). �

AfoÔ loipìn to QI den eÐnai pl rec wc proc thn p-adik  nìrma, mporoÔme

na kataskeu�soume thn pl rws  tou. Jèloume na prosjèsoume ta ìria twn

akolouji¸n Cauchy, ta opoÐa ìmwc den ak koun sto QI. Ja antikatast soume

ta ìria, pou den èqoume, me tic akoloujÐec pou teÐnoun se aut�, tic opoÐec

èqoume. JewroÔme wc isodÔnamec autèc pou èqoun to Ðdio ìrio, kataskeu�-

zontac ètsi kl�seic isodunamÐac.
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Orismìc 13 SumbolÐzoume me C to sÔnolo ìlwn twn akolouji¸n Cauchy

sto QI wc proc thn p-adik  nìrma, dhlad :

C =
{

(xn) : (xn) eÐnai akoloujÐa Cauchy wc proc thn |·|p
}
.

Prìtash 12 OrÐzontac tic akìloujec pr�xeic p�nw sto C:

(xn) + (yn) = (xn + yn)

(xn) · (yn) = (xnyn)

tìte to C eÐnai antimetajetikìc daktÔlioc me mon�da.

Apìdeixh: H prìtash apodeiknÔetai eÔkola. Ja stajoÔme se k�poia

endeiktik� shmeÐa, sthn kleistìthta twn pr�xewn, sto prosjetikì kai pol-

laplasiastikì oudètero.

Gia tic akoloujÐec (xn), (yn) èqoume:

(xn) ∈ C ⇔ ∀ε ∃n0 : ∀ n, m > n0 |xn − xm|p < ε

(yn) ∈ C ⇔ ∀ε ∃m0 : ∀ n, m > m0 |yn − ym|p < ε.

Jètontac N = max {n0, m0} isqÔei:

∀ n, m > N tote |xn − xm|p < ε kai |yn − ym|p < ε.

Tìte h (xn + yn) eÐnai Cauchy, afoÔ gia ìla ta n, m > N isqÔei:

|(xn + yn)− (xm + ym)|p = |(xn − xm) + (yn − ym)|p
≤ max

{
|(xn − xm)|p , |(yn − ym)|p

}
< ε.

Parìmoia apodeiknÔetai kai h kleistìthta gia ton pollaplasiasmì. To

prosjetikì oudètero stoiqeÐo eÐnai h mhdenik  akoloujÐa, h opoÐa eÐnai Cauchy

wc proc thn p-adik  nìrma, kai to pollaplasiastokì oudètero h (1, 1 . . . , 1, . . .).

�

Parat rhsh 11 Shmei¸noume ìti ta antistrèyima stoiqeÐa tou daktulÐou

eÐnai ekeÐnec oi akoloujÐec pou den èqoun mhdenikì ìro se kamÐa jèsh. Sunep¸c

to C den eÐnai s¸ma. Epiplèon, parathroÔme ìti ìlec oi stajerèc akoloujÐec

(x) = (x, x, . . .), x ∈ QI an koun sto C. Ja tic sumbolÐzoume me (x).
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L mma 4 H apeikìnish h : x→ (x) dÐnei ènan egkleismì tou QI sto C.

Apìdeixh: H apìdeixh tou l mmatoc prokÔptei eÔkola apì ta parap�nw.

�

Parat rhsh 12 To gegonìc ìti to QI perièqetai sto C mac deÐqnei ìti è-

qoume p�rei k�ti megalÔtero, qwrÐc na q�soume to arqikì mac s¸ma. Par� ìla

aut� den èqoume katafèrei akìma na oloklhr¸soume th diadikasÐa prosj khc

twn orÐwn twn akolouji¸n, me thn ènnoia ìti dÔo akoloujÐec me to Ðdio ìrio

eÐnai diaforetik� stoiqeÐa sto C. Gia na petÔqoume thn taÔtish ìlwn aut¸n

twn stoiqeÐwn ja prèpei na per�soume se ènan daktÔlio-phlÐko.

Orismìc 14 OrÐzoume wc N ⊂ C na eÐnai to ide¸dec:

N = {(xn) : xn → 0} =
{

(xn) : lim
n→∞

|xn|p = 0
}
.

L mma 5 To N eÐnai mègisto ide¸dec tou C.

Apìdeixh: Ja deÐxoume ìti an up rqe ide¸dec pou na perieÐqe to N kai

epiplèon perieÐqe k�poia mh mhdenik  akoloujÐa tou C, tìte autì ja perieÐqe

kai to monadiaÐo stoiqeÐo. 'Ara ja tautizìtan me to C.
'Estw (xn) ∈ C mÐa akoloujÐa C pou ìmwc den eÐnai mhdenik , kai èstw I

to ide¸dec pou par�getai apì thn (xn) kai to N , dhlad :

I = 〈(xn) ∪N 〉 = (xn)(yn) + (xn)(zn), me (yn) ∈ C kai (zn) ∈ N .

Ef� ìson h (xn) den teÐnei sto mhdèn, ja prèpei na up�rqei k�poioc jetikìc

arijmìc c > 0 kai k�poioc akèraioc N , ¸ste gia k�je n > N na isqÔei

|xn|p ≥ c > 0. Dhlad , gia n > N ja èqoume xn 6= 0, opìte kai mporoÔme na

orÐsoume mia nèa akoloujÐa (yn) wc ex c:

yn = 0, gia k�je n < N, kai yn =
1

xn

, gia n ≥ N.

H akoloujÐa pou kataskeu�same an kei sto C, afoÔ gia k�je n > N

èqoume:

|yn+1 − yn|p =

∣∣∣∣ 1

xn+1

− 1

xn

∣∣∣∣
p

=
|xn+1 − xn|p
|xn+1xn|p

≤
|xn+1 − xn|p

c
→ 0.
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Akìma parathroÔme to akìloujo:

xnyn =

{
0, an n < N

1, an n ≥ N ,

eÐnai dhlad  mÐa akoloujÐa thc morf c: (0, 0, . . . , 0, 1, 1, . . . , 1, . . .). Sugke-

krimèna an thn afairèsoume apì to 1 ja p�roume mÐa akoloujÐa pou teÐnei sto

mhdèn. Tìte ìmwc:

1− (xn)(yn) ∈ N ⇔ 1− (xn)(yn) = (zn), (zn) ∈ N

⇔ 1 = (xn)(yn) + (zn) ⇔ 1 ∈ I.

'Ara k�je �llo ide¸dec megalÔtero tou N ja tautÐzetai me ìlo to dak-

tÔlio, sunep¸c to N eÐnai mègisto. �

Jèloume na tautÐsoume tic akoloujÐec pou diafèroun kat� stoiqeÐa tou

N , me thn ènnoia ìti tìte ja èqoun to Ðdio ìrio. Gia na to epitÔqoume autì

paÐrnoume to daktÔlio-phlÐko tou daktulÐou C proc to ide¸dec N . M�lista,

paÐrnontac to N pou eÐnai mègisto ide¸dec, o daktÔlioc-phlÐko pou prokÔptei

eÐnai s¸ma.

Orismìc 15 OrÐzoume wc s¸ma twn p-adik¸n arijm¸nQIp na eÐnai o daktÔlioc-

phlÐko tou daktulÐou C proc to mègisto ide¸dec tou N :

QIp =
C
N

.

Shmei¸noume ìti exakoloujoÔme na èqoume egkleismì tou QI sto QIp. Mìno

h mhdenik  akoloujÐa an kei sto ide¸dec, afoÔ k�je �llh stajer  èqei ìrio

diaforetikì tou mhdenìc. Epomènwc, k�je dÔo diaforetikèc stajerèc akolou-

jÐec an koun se diaforetikì sÔmploko:

(x) 6= (y) ìpou x, y ∈ QI ⇔ (x)− (y) 6= (0) ⇔

(x)− (y) = (x− y) /∈ N ⇔ (x) +N 6= (y) +N .

'Eqoume apokt sei èna s¸ma pou perièqei gn sia to QI. Ja deÐxoume epi-

plèon ìti autì eÐnai mia pl rws  tou. Kat� arq�c ja epekteÐnoume thn p-adik 

nìrma tou QI sto QIp.
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L mma 6 'Estw (xn) ∈ C , (xn) /∈ N . Tìte h akoloujÐa twn pragmatik¸n

arijm¸n |xn|p eÐnai telik� stajer , dhlad  up�rqei akèraioc n0, tètoioc ¸ste

gia k�je n, m > n0 èqoume |xn|p = |xm|p.

Apìdeixh: H akoloujÐa (xn) den an kei sto N , dhlad  den teÐnei sto

mhdèn. Epomènwc, up�rqoun jetikoÐ arijmoÐ N1, c, tètoioi ¸ste:

n ≥ N1 ⇒ |xn|p ≥ c > 0.

Epiplèon h eÐnai akoloujÐa Cauchy, �ra up�rqei N2 ∈ IN ¸ste gia ε = c

èqoume:

n, m > N2 ⇒ |xn − xm|p < c.

Jètoume N = max {N1, N2}. Tìte isqÔei:

n, m > N ⇒ |xn − xm|p < c ≤ max
{
|xn|p , |xm|p

}
,

�ra, apì thn idiìthta twn mh arqim deiwn q¸rwn ìti ��ìla ta trÐgwna eÐnai

isoskel ��, |xn|p = |xm|p. �

'Eqontac to parap�nw l mma èqei nìhma na epekteÐnoume thn p-adik  nìrma

p�nw sto QIp.

Orismìc 16 'Estw λ ∈ QIp stoiqeÐo tou QIp kai (xn) akoloujÐa Cauchy

rht¸n arijm¸n pou an kei sto sÔmploko tou λ. OrÐzoume wc p-adik  nìrma

tou λ to jetikì arijmì |λ|p, tètoio ¸ste:

|λ|p = lim
n→∞

|xn|p .

Parat rhsh 13 H p-adik  nìrma p�nw sto QIp eÐnai kal� orismènh. Pr�g-

mati, gia k�je stoiqeÐo tou QIp orÐzetai h p-adik  tou nìrma, diìti to ìrio

twn norm¸n thc akoloujÐac-ekpros¸pou p�nta up�rqei, afoÔ h akoloujÐa

twn norm¸n akolouji¸n Cauchy eÐnai telik� stajer    mhdenik . Epiplèon,

h nìrma k�je p-adikoÔ eÐnai anex�rthth apì thn akoloujÐa-ekprìswpo pou

epilègoume.

Parat rhsh 14 To sÔnolo tim¸n thc p-adik c nìrmac p�nw sto QIp eÐnai

to Ðdio me autì thc p-adik c nìrmac sto QI. Dhlad  h eikìna tou QIp mèsw thc

|·|p eÐnai h Ðdia me thn eikìna tou QI mèsw thc |·|p.
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Prìtash 13 H p-adik  nìrma p�nw sto QIp eÐnai mh arqim deia nìrma.

Apìdeixh: H apìdeixh eÐnai profan c apì to gegonìc ìti telik� h nìrma

enìc p-adikoÔ arijmoÔ eÐnai Ðsh me aut  enìc rhtoÔ, kai h p-adik  nìrma sto QI

eÐnai mh arqim deia. �

Parat rhsh 15 H p-adik  ektÐmhsh epÐshc epekteÐnetai sto QIp. Gia k�je

p-adikì arijmì x ∈ QIp, x 6= 0, up�rqei akèraioc υp(x), tètoioc ¸ste |x|p =

p−υp(x).

Sth sunèqeia èqoume to ex c:

Prìtash 14 H eikìna tou QI mèsw thc sun�rthshc egkleismoÔ tou sto QIp,

h(x) = (x), eÐnai puknì uposÔnolo tou QIp.

Apìdeixh: Ja deÐxoume ìti k�je anoikt  mp�la gÔrw apì k�poion p-adikì

arijmì λ perièqei mÐa stajer  akoloujÐa, dhlad  èna stoiqeÐo thc eikìnac tou

QI.

'Estw loipìn ε > 0 kai èstw h mp�la B(λ, ε) me kèntro to λ kai aktÐna

ε. Epiplèon, èstw (xn) akoloujÐa Cauchy pou an kei sto sÔmploko tou λ

kai èstw ε′ < ε. Epeid  h (xn) eÐnai Cauchy, tìte up�rqei arijmìc N , tètoioc

¸ste:

gia k�je n, m > N isqÔei |xn − xm|p < ε′.

Jètoume y = xN , kai jewroÔme th stajer  akoloujÐa (y). Ja deÐxoume ìti

aut  h akoloujÐa, pou eÐnai èna stoiqeÐo thc eikìnac tou QI, an kei sth mp�la

B(λ, ε).

SÔmfwna me ton orismì thc p-adik c nìrmac, gia to stoiqeÐo λ − y ∈ QIp

isqÔei:

|λ− y|p = lim
n→∞

|(xn − y)|p ,

kai gia thn p-adik  nìrma thc akoloujÐac (xn − y) èqoume:

|(xn − y)|p = lim
n→∞

|xn − xN |p ≤ ε′ < ε gia k�je n > N.

Sunep¸c, paÐrnontac ta ìria èqoume:
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|λ− y|p ≤ ε′ < ε⇔ (y) ∈ B(λ, ε).

�

Gia na oloklhr¸soume thn apìdeixh ìti to QIp eÐnai h pl rwsh tou QI mènei

na deÐxoume ìti to QIp eÐnai pl rec me thn p-adik  nìrma, ìti dhlad  k�je

akoloujÐa stoiqeÐwn tou QIp sugklÐnei se k�poio stoiqeÐo tou QIp.

Prìtash 15 To s¸ma QIp twn p-adik¸n arijm¸n eÐnai pl rec wc proc thn

p-adik  nìrma.

Apìdeixh: 'Estw λ1, λ2, . . . akoloujÐa Cauchy p-adik¸n arijm¸n. EÐnai

eÔkolo na broÔme akoloujÐa rht¸n arijm¸n y1, y2, . . ., tètoia ¸ste:

lim
n→∞

|λn − (yn)|p = 0,

ìpou (yn) h eikìna tou rhtoÔ yn stoQIp, dhlad  h stajer  akoloujÐa yn, yn, . . ..

MporoÔme na skeftìmaste ta λn wc akoloujÐec Cauchy rht¸n arijm¸n. Ta

yn prokÔptoun apì thn puknìthta twn rht¸n arijm¸n sto s¸ma twn p-adik¸n

arijm¸n.

Isqurizìmaste ìti h akoloujÐa y1, y2, . . . eÐnai akoloujÐa Cauchy sto QI.

Kat� arq�c ja deÐxoume ìti h akoloujÐa (y1), (y2), . . . eÐnai akoloujÐa Cauchy

sto QIp, opìte o isqurismìc mac èpetai fusiologik�, pern¸ntac apì th stajer 

akoloujÐa (yn) ∈ QIp sto rhtì yn ∈ QI.
'Estw ε > 0. 'Eqoume epilexei ta yn ¸ste:

lim
n→∞

|λn − (yn)| = 0

kai �ra up�rqei N1 > 0, tètoio ¸ste gia k�je n > N1 na isqÔei:

|λn − (yn)| < ε.

Epiplèon, h akoloujÐa λ1, λ2, . . . , λn, . . . eÐnai akoloujÐa Cauchy, opìte up-

�rqei N2 > 0, tètoio ¸ste gia k�je n,m > N2:

|λn − λm| < ε.
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'Estw N = max {N1, N2}. Tìte, gia n, m > N èqoume:

|(yn)− (ym)|p = |((yn)− λn) + (λn − λm) + (λm − (ym))|p
≤ max {|(yn)− λn| , |λn − λm| , |λn − (ym)|} < ε,

dhlad  h akoloujÐa y1, y2, . . . , yn, . . . eÐnai Cauchy sto QIp, kai �ra kai sto QI.

'Estw λ = [(yn)] ∈ QIp o p-adikìc arijmìc ston opoÐo sugklÐnei h akoloujÐa

(yn). Ja deÐxoume ìti o p-adikìc arijmìc λ eÐnai to ìrio thc akoloujÐac

λ1, λ2, . . . , λn, . . ..

'Estw ε > 0. AfoÔ h akoloujÐa (yn) èqei ìrio to λ, isqÔei ìti:

up�rqei n0 ¸ste gia k�je n > n0 isqÔei |yn − λ|p < ε.

Epiplèon, apì ton trìpo pou èqoume epilèxei ta yn, up�rqei k�poio n′0,

tètoio ¸ste gia k�je n > n0 èqoume:

|λn − (yn)| < ε.

'Etsi paÐrnoume:

|λn − λ|p = |λn − (yn) + (yn)− λ|p ≤ max
{
|λn − (yn)|p , |(yn)− λ|p

}
< ε,

gia k�je n > max {n0, n
′
0}. IsodÔnama:

lim
n→∞

λn = λ.

SunoyÐzontac, èqoume brei ìti h tuqaÐa akoloujÐa Cauchy p-adik¸n ari-

jm¸n èqei ìrio ènan p-adikì arijmì, ìti dhlad  to QIp eÐnai pl rec wc proc thn

p-adik  nìrma. �

Apì to L mma 6 kai ton orismì thc p-adik c nìrmac sto QIp kai apì tic

Prot�seic 14 kai 15, èpetai to akìloujo je¸rhma Ôparxhc kai monadikìthtac

tou QIp.

Je¸rhma 6 Gia k�je pr¸to arijmì p up�rqei èna s¸ma QIp me mÐa mh ar-

qim deia nìrma |·|p, tètoio ¸ste:

(i) up�rqei egkleismìc QI ↪→ QIp, kai h nìrma |·|p eÐnai epèktash thc p-adik c

nìrmac sto QI,

58



(ii) h eikìna tou QI mèsw tou egkleismoÔ autoÔ eÐnai pukn  sto QIp,

(iii) to QIp eÐnai pl rec wc proc th nìrma |·|p.

To s¸ma QIp pou ikanopoieÐ kai tic treic parap�nw idiìthtec eÐnai monadikì

wc proc monadikì isomorfismì pou diathreÐ tic nìrmec.

Apìdeixh: 'Eqoume apodeÐxei tic treic idiìthtec. Mènei na deÐxoume ton

isqurismì gia th monadikìthta tou isomorfismoÔ pou diathreÐ tic nìrmec. 'E-

stw k�poio �llo s¸ma IK pou ikanopoieÐ tic idiìthtec (i), (ii) kai (iii). Tìte

mporoÔme na skeftìmaste ton egkleismì QI ↪→ IK wc mÐa sun�rthsh me pedÐo

orismoÔ èna puknì uposÔnolo tou QIp.

O egkleismìc autìc eÐnai mÐa sun�rthsh pou prèpei na diathreÐ tic nìrmec

twn stoiqeÐwn tou QI, to opoÐo èqei pukn  eikìna sto IK. 'Ara eÐnai mÐa suneq c

sun�rthsh.

GnwrÐzoume ìti mÐa suneq c sun�rthsh orismènh p�nw se puknì uposÔno-

lo, epekteÐnetai monadik� se olìklhro to s¸ma. Sunep¸c mporoÔme na p�roume

mÐa sun�rthsh apì to QIp sto IK, h opoÐa eÐnai h monadik  ekeÐnh epèktash thc

sun�rthshc egkleismoÔ tou QI sto IK.

EÐnai eÔkolo na deÐxei kaneÐc ìti aut  h sun�rthsh eÐnai isomorfismìc pou

diathreÐ tic nìrmec kai h monadikìtht� tou eÐnai profan c apì kataskeu . �

H monadikìthta tou parap�nw isomorfismoÔ eÐnai polÔ shmantik . Mac

lèei ìti mporoÔme na �xeq�soume� thn kataskeu  tou QIp kai na doulèuoume me

tic idiìthtec pou to qarakthrÐzoun. 'Oti dhlad  eÐnai h pl rwsh tou QI wc

proc thn p-adik  nìrma.

3.2 O daktÔlioc ektÐmhshc tou QIp

'Eqontac sta qèria mac to s¸ma twn p-adik¸n arijm¸n sunodeuìmeno apì th

mh arqim deia p-adik  metrik , mporoÔme na melet soume thn topologÐa tou.

Protrèqontac thc enìthtac ��An�lush sto QIp��, ja doÔme ed¸ ton daktÔlio

ektÐmhshc tou QIp, kaj¸c kai merikèc idiìthtèc tou, qr simec gia thn amèswc

epìmenh enìthta.
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Orismìc 17 O daktÔlioc ektÐmhshc tou QIp wc proc thn p-adik  nìrma eÐnai

to sÔnolo:

Op =
{
x ∈ QIp : |x|p ≤ 1

}
.

Prìtash 16 O daktÔlioc Op eÐnai topikìc daktÔlioc me mègisto ide¸dec to

kÔrio ide¸dec pOp =
{
x ∈ QIp : |x|p < 1

}
. Epiplèon,

(i) QI ∩ Op = ZZ(p) =
{

a
b
∈ QI : p - b

}
.

(ii) H eikìna tou ZZ eÐnai pukn  sto Op. Pio sugkekrimèna, dojèntoc x ∈ Op

kai dojèntoc n ≥ 1, up�rqei monadikìc a ∈ ZZ, me 0 ≤ a ≤ pn−1, tètoioc

¸ste |x− a|p ≤ p−n.

(iii) Gia k�je x ∈ Op up�rqei monadik  akoloujÐa Cauchy (an) pou na sug-

klÐnei sto x, me tic ex c idiìthtec:

an ∈ ZZ kai 0 ≤ an ≤ pn−1

kai

an+1 ≡ an (mod pn) gia k�je n.

Apìdeixh: ApodeiknÔoume mÐa mÐa tic idiìthtec thc prìtashc. Kat� arq n,

o Op orÐsthke na eÐnai o daktÔlioc ektÐmhshc thc, mh arqim deiac, p-adik c

nìrmac p�nw sto QIp, sunep¸c eÐnai ènac topikìc daktÔlioc.

Ja deÐxoume ìti to ide¸dec ektÐmhshc tou Op eÐnai kÔrio, kai ìti to prw-

tarqikì stoiqeÐo apì to opoÐo par�getai eÐnai to p. ArkeÐ na deÐxoume ìti to

ide¸dec ektÐmhshc perièqetai sto pOp, diìti xèroume ìti to ide¸dec ektÐmhshc

eÐnai mègisto kai profan¸c pOp 6= Op.

Ja deÐxoume ìti an x ∈
{
y ∈ QIp : | y|p < 1

}
, tìte x ∈ pOp = {p a : a ∈ Op}:

|x|p < 1 ⇒ |x|p ≤
1

p
⇒

∣∣∣∣xp
∣∣∣∣
p

≤ 1 ⇒ x

p
∈ Op ⇒ x ∈ pOp.

Dhlad 
{
y ∈ QIp : | y|p < 1

}
⊂ pOp.
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(i) H idiìthta aut  èpetai fusiologik� apì to gegonìc ìti ZZ(p) eÐnai o

daktÔlioc ektÐmhshc tou QI me thn p-adik  nìrma:

x ∈ QI ∩ Op ⇒ x ∈ QI kai |x|p < 1 ⇒ x ∈ ZZ(p) =
{a
b
∈ QI : p - b

}
.

(ii) Ja deÐxoume ìti oi akèraioi arijmoÐ eÐnai puknoÐ sto Op. 'Estw x ∈ Op

kai n ≥ 1. AfoÔ to QI eÐnai puknì sto QIp kai Op ⊂ QIp, mporoÔme na

broÔme ènan rhtì arijmì a/b ∈ QI, tètoio ¸ste:∣∣∣x− a

b

∣∣∣
p
≤ p−n < 1.

Ja deÐxoume ìti o x mporeÐ na proseggisteÐ kai apì ènan akèraio. ParathroÔme

ta ex c:

y ∈ ZZ⇒ | y|p ≤ 1 kai | y|p = 1 ⇔ p - y.

Akìma, ∣∣∣a
b

∣∣∣
p

=
∣∣∣a
b
− x+ x

∣∣∣
p
≤ max

{
|x|p ,

∣∣∣x− a

b

∣∣∣} ≤ 1,

dhlad  a/b ∈ Op kai �ra p - b. 'Omwc p - b shmaÐnei ìti to b eÐnai

antistrèyimo stoiqeÐo sto ZZ/pZZ, isodÔnama up�rqei b′ ∈ ZZ, tètoioc

¸ste:

bb′ ≡ 1 (mod pn) ⇔ 1− bb′ = kpn.

Tìte ìmwc, gia to stoiqèio ab′ ∈ ZZ kai gia ton rhtì a/b isqÔei:

∣∣∣a
b
− ab′

∣∣∣
p

= |a|p

∣∣∣∣1− bb′

b

∣∣∣∣
p

≤
|κpn|p
|b|p

= p−n.

Tèloc, prokÔptei eÔkola apì th sqèsh metaxÔ p-adik c nìrmac kai ex-

is¸sewn isotimÐac ìti mporoÔme na broÔme akèraio α ∈ {0, 1, . . . , pn − 1}
pou na ep�lhjeÔei thn anisìthta |x− α|p ≤ p−n. Pr�gmati, èstw α ∈ ZZ
o monadikìc ekeÐnoc akèraioc, tètoioc ¸ste:
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0 ≤ α ≤ pn − 1 kai α ≡ ab′ (mod pn).

Tìte èqoume:

|x− α|p =
∣∣x− a

b
+ a

b
− ab′ + ab′ − α

∣∣
p

≤ max
{∣∣x− a

b

∣∣
p
,
∣∣a

b
− ab′

∣∣
p
, |ab′ − α|p

}
≤ p−n.

(iii) Apì to (ii) gia k�je n mporoÔme na p�roume monadik  akoloujÐa (an)

gia x ∈ Op, me tic ex c idiìthtec:

an ∈ ZZ kai 0 ≤ an ≤ pn−1.

H akoloujÐa aut  eÐnai Cauchy. 'Estw ε > 0. Tìte, gia n0 tètoio ¸ste

1/pn0 < ε ≤ 1/pn0+1 isqÔei:

|an − am|p = |an − x+ x− am|p
≤ max

{
|x− am|p , |an − x|p

}
≤ p−n < ε gia k�je n, m > n0.

Epiplèon, h (an) sugklinei sto x:

lim
n→∞

|an − x|p = lim
n→∞

p−n → 0.

Tèloc gia th sunèpeia thc akoloujÐac (an), èqoume:

|x− an|p ≤ p−n ⇔ pn | x− an gia k�je n ∈ IN.

Opìte, gia ta n, n+ 1 èqoume:

x− an = κpn kai x− an+1 = λpn+1,

kai afair¸ntac kat� mèlh paÐrnoume:

an+1 − an = λpn − κpn+1 = pn(λ− κp) ⇔

pn | an+1 − an ⇔ an+1 ≡ an (mod pn).
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H prohgoÔmenh prìtash epishmaÐnei poll� endiafèronta pr�gmata gia to

Op, ìpwc gia par�deigma ìti to Op eÐnai h pl rwsh tou ZZ wc proc thn p-

adik  nìrma. O daktÔlioc ektÐmhshc eÐnai èna polÔ shmantikì uposÔnolo twn

p-adik¸n arijm¸n, ìpwc ja faneÐ kai sth sunèqeia.

Thn teleutaÐa idiìthta pou qarakthrÐzei ta stoiqeÐa tou p-adikoÔ daktulÐou

ektÐmhshc eÐqame sunant sei kai sto eisagwgikì kef�laio. Epeid  ja mac

apasqol sei arket�, dÐnoume èna onoma stic akoloujÐec pou ikanopoioÔn thn

idiìthta aut :

Orismìc 18 AkoloujÐec (an), tètoiec ¸ste gia k�je ìro an isqÔei an ≡
an−1 (mod pn−1), lègontai sunepeÐc (coherent).

3.3 H algebrik  kataskeu  tou QIp

MporoÔme na ft�soume sto s¸ma QIp kai me diaforetikì trìpo apì thn diadi-

kasÐa pl rwshc tou QI wc proc thn p-adik  nìrma. Ja qrhsimopoi soume tic

algebrikèc ènnoiec twn antistrìfwn susthm�twn kai ja kataskeu�soume to

daktÔlio twn p-adik¸n akeraÐwn. To s¸ma twn p-adik¸n arijm¸n ja prokÔyei

tìte wc to s¸ma ìlwn twn poluwnÔmwn metablht c 1
p
, me touc suntelestèc

p-adikoÔc akeraÐouc.

3.3.1 AntÐstrofa sust mata kai antÐstrofa ìria

Orismìc 19 'Ena antÐstrofo sÔsthma (inverse system) (Xi, φ
i
j) topologi-

k¸n q¸rwn p�nw se èna kal� diatetagmèno sÔnolo deikt¸n I, apoteleÐtai apì

mÐa oikogèneia topologik¸n q¸rwn (Xi : i ∈ I) kai mÐa oikogèneia suneq¸n

apeikonÐsewn (φi
j : Xi → Xj, i, j ∈ I, i ≥ j), tètoiec ¸ste:

φi
i = idXi

kai φj
k ◦ φ

i
j = φi

k opoted pote i ≥ j ≥ k.

Sthn perÐptwsh pou taXi eÐnai topologikèc om�dec tìte oi suneqeÐc apeikonÐ-

seic φi
j apaiteÐtai na eÐnai epiplèon omomorfismoÐ. AntÐstrofa sust mata to-

pologik¸n daktulÐwn, topologik¸n dianusmatik¸n q¸rwn k.o.k. orÐzontai

an�loga.
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Orismìc 20 To antÐstrofo ìrio (inverse limit) lim←Xi tou antistrìfou

sust matoc (Xi, φ
i
j) orÐzetai wc to akìloujo uposÔnolo tou kartesianoÔ

ginomènou
∏
Xi:

lim
←−

Xi :=
{
z ∈

∏
Xi : (φi

j ◦$i)(z) = $j(z) opoted pote j ≥ i
}
,

ìpou me $i sumbolÐzoume thn probol  tou
∏
Xi sto Xi.

To lim←Xi eÐnai monadik� orismèno kai klhronomeÐ thn epagìmenh topologÐ-

a tou topologikoÔ q¸rou
∏
Xi, dhlad  thn topologÐa tou kartesianoÔ ginomè-

nou. EÔkola epalhjeÔetai h kleistìthta tou lim←Xi sto
∏
Xi. Akìma, to

lim←Xi eÐnai mh kenì ìtan k�je Xi eÐnai ènac mh kenìc sumpag c topologikìc

q¸roc Hausdorff.

An taXi eÐnai topologikèc om�dec, tìte to lim←Xi eÐnai epÐshc topologik 

om�da me pr�xh aut n pou ep�getai fusiologik� sto
∏
Xi apì tic pr�x-

eic twn topologik¸n om�dwn Xi. Se aut  thn perÐptwsh to lim←Xi eÐ-

nai p�nta mh kenì. Parìmoia apotelèsmata isqÔoun gia topologikoÔc dak-

tulÐouc, topologikoÔc dianusmatikoÔc q¸rouc k.o.k. Tèloc shmei¸noume ìti

an Xi = X gia ìla ta i kai φi
j eÐnai h tautotik  sun�rthsh gia ìla ta i, j,

tìte to lim←Xi = lim←X mporeÐ na tautisteÐ fusiologik� me to X. Apl�

antistoiqÐzoume se k�je stajer  akoloujÐa (x, x, . . .) to x ∈ X.

Orismìc 21 'Enac morfismìc metaxÔ dÔo antistrìfwn susthm�twn (Xi, φ
i
j)

kai (Yi, ψ
i
j), orismènwn sto Ðdio sÔnolo deikt¸n I, eÐnai mÐa sullog  suneq¸n

apeikonÐsewn me thn akìloujh idiìthta:

(ρi : Xi −→ Yi, i ∈ I) ¸ste ψi
j ◦ ρi = ρj ◦ φi

j gia k�je i ∈ I.

E�n epiplèon ta antÐstrofa sust mata eÐnai topologikèc om�dec, tìte oi

apeikonÐseic ρi prèpei na eÐnai kai omomorfismoÐ om�dwn. An�loga orÐzon-

tai oi morfismoÐ ìtan èqoume topologikoÔc daktulÐouc, topologikoÔc dianus-

matikoÔc q¸rouc, k.t.l.

Parak�tw parajètoume tic pio shmantikèc idiìthtec twn antÐstrofwn orÐwn

paraleÐpontac tic apodeÐxeic.
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'Enac morfismìc (ρi : i ∈ I) apì to antÐstrofo sÔsthma (Xi, φ
i
j) sto

antÐstrofo sÔsthma (Yi, ψ
i
j) ep�gei ènan morfismì metaxÔ twn antistrìfwn

orÐwn touc:

lim
←−

ρi : lim
←−

Xi −→ lim
←−

Yi

jètontac

lim
←−

ρi((xi)) := (ρi(xi)).

An èqoume egkleismoÔc ιi apì touc Xi stouc Yi, tìte autoÐ ep�goun ènan

egkleismì metaxÔ twn antÐstrofwn orÐwn touc:

lim
←−

ιi : lim
←−

Xi −→ lim
←−

Yi.

Epiplèon, an h akoloujÐa

0 −→ Xi
ιi−→ Yi

ϕi−→ Zi −→ 0

eÐnai akrib c gia k�je i, tìte kai h akoloujÐa

0 −→ lim
←−

Xi
lim←− ιi−→ lim

←−
Yi

lim←− ϕi−→ lim
←−

Zi

eÐnai akrib c.

Akìma, gia opoiod pote uposÔnolo J tou sunìlou deikt¸n I, tètoio ¸ste

gia k�je i ∈ I up�rqei j ∈ J me j ≤ i isqÔei:

lim
←−
i∈I

Xi
∼= lim

←−
j∈J

Xj.

Gia par�deigma, an parathr soume ìti to sÔnolo twn diagwnÐwn stoiqeÐwn

tou I× I eÐnai èna tètoio uposÔnolo, mporoÔme na sumper�noume to akìloujo

apotèlesma:

X × Y ∼= lim
←−
(i,i)

(Xi × Yi) ∼= lim
←−

(i,j)∈I×I

(Xi × Yj),

ìpou X, Y na eÐnai antÐstoiqa ta antÐstrofa ìria twn antistrìfwn susth-

m�twn (Xi, φ
i
j) kai (Yj, ψ

j
m) me i, j ∈ I.

H èna proc èna kai epÐ sun�rthsh metaxÔ twn X × Y kai lim←−
(i,i)

(Xi ×
Yi) apeikonÐzei zeug�ria akolouji¸n ((xi), (yi)) ∈ X × Y sthn akoloujÐa

(xi, yi) ∈ lim←−
(i,i)

(Xi × Yi). EÐnai m�lista isomorfismìc ìtan ta Xi, Yi eÐnai

om�dec, daktÔlioi, k.t.l. Ta parap�nw genikeÔontai gia opoiod pote pepera-

smèno kartesianì ginìmeno antÐstrofwn orÐwn.

65



3.3.2 H kataskeu  twn p-adik¸n akeraÐwn ZZp

Gia k�je n ≥ 1 jètoume An na eÐnai o daktÔlioc twn kl�sewn isodunamÐac twn

akeraÐwn modulo pn, dhlad  An = ZZ/pnZZ.

MporoÔme eÔkola na per�soume apì èna stoiqeÐo tou An se èna stoiqeÐo

tou Am, ìpou 0 ≤ m ≤ n. PaÐrnoume ètsi ènan epimomorfismì

θn
m : An → Am,

me pur na pn−mA1.

Gia na gÐnoun ta parap�nw pio xek�jara, mporoÔme na skeftìmaste k�je

akèraio a grammèno se b�sh p, dhlad  th monadik  tou anapar�stash wc

a = a0 + a1p + · · · + arp
r, me touc suntelestèc ai na an koun sto A1 =

ZZ/pZZ = {0, 1, . . . , p− 1} kai r ∈ IN . Tìte, jewr¸ntac ton epimorfismì

ρn : ZZ→ ZZ/pnZZ, pou stèlnei k�je akèraio ston isoôpìloipo akèraio modulo

pn, èqoume ìti k�je stoiqeÐo tou An mporeÐ na grafeÐ wc ex c:

ρn(a) =

{
a0 + a1p+ · · ·+ arp

r + pnZZ, r < n

a0 + a1p+ · · ·+ an−1p
n−1 + pnZZ, r ≥ n.

Opìte gia touc epimorfismoÔc θn
m èqoume θn

m(ρn(x)) = ρm(x). Dhlad :

θn
m(x0 + x1p+ · · ·+ xn−1p

n−1 + pnZZ) = x0 + x1p+ · · ·+ xm−1p
m−1 + pmZZ.

H akoloujÐa

. . .→ An → An+1 → . . .→ A2 → A1

mazÐ me touc epimorfismoÔc θn
m apoteloÔn èna antÐstrofo sÔsthma topologi-

k¸n daktulÐwn, me sÔnolo deikt¸n to sÔnolo twn fusik¸n arijm¸n IN .

Orismìc 22 To antÐstrofo ìrio tou sust matoc (An, θ
n
m), me ta An kai θn

m

ìpwc orÐsthkan parap�nw, eÐnai o daktÔlioc twn p-adik¸n akeraÐwn ZZp.

Apì ton orismì, èna stoiqeÐo tou ZZp = lim←(An, θ
n
m) eÐnai mÐa akoloujÐa

a = (a1, . . . , an, . . . , ), me an ∈ An kai me θn
n−1(an) = an−1 gia k�je n ≥ 2.

Dhlad , to ZZp eÐnai to sÔnolo twn akolouji¸n:

ZZp = {(an) : an ∈ ZZ, an+1 ≡ an (mod pn)} .

66



Genikìtera, ta stoiqeÐa tou ZZp sumbolÐzontai wc:

a← := (a1, a2, a3, . . .) ∈ ZZp.

To ZZp, wc antÐstrofo ìrio, klhronomeÐ tic pr�xeic thc prìsjeshc kai tou

pollaplasiasmoÔ apì ton daktÔlio
∏

n≥1An, dhlad  suntetagmènh proc sun-

tetagmènh. M�lista, apoteleÐ upodaktÔlio tou
∏

n≥1An. Efodi�zontac ta An

me th diakrit  topologÐa, kai to
∏
An me thn topologÐa tou kartesianoÔ gi-

nomènou, o daktÔlioc ZZp klhronomeÐ topologÐa, tètoia ¸ste na eÐnai sumpag c

metrikìc q¸roc. Th sump�geia tou ZZp ja thn melet soume se epìmenh enìth-

ta.

Prìtash 17 H akoloujÐa 0 → ZZp
pn

→ ZZp
$n→ An → 0 eÐnai akrib c. Me pn

sumbolÐzoume ton pollaplasiasmì k�je stoiqeÐou me pn, ìpou n ∈ IN , kai me

$n sumbolÐzoume th sun�rthsh probol  tou p-adikoÔ akeraÐou x sto n-ostì

tou ìro xn.

Apìdeixh: Gia na eÐnai h akoloujÐa akrib c prèpei kat� arq�c na deÐxoume

ìti Im(0) = Ker(pn) gia k�je n. ArkeÐ na to deÐxoume gia n = 1 kai tìte o

isqurismìc �gia k�je n� prokÔptei �mesa.

Ac prosdiorÐsoume ton pur na thc sun�rthshc x → p x. O pollaplasi-

asmìc me to p eÐnai sun�rthsh èna proc èna sto ZZp. An gia k�poio p-adikì

akèraio x = (xk) èqoume p x = 0, tìte p xk+1 = 0 (mod pk+1) gia k�je

k ∈ IN , kai �ra xk+1 = 0 (mod pk) gia k�je k ∈ IN .

ParathroÔme ìti k�ti tètoio den mporoÔme na isquristoÔme gia thn perÐptwsh

k = 0, diìti apì thn isodunamÐa px0 ≡ 0 (mod p) den mporoÔme na sumper�noume

ìti x0 ≡ 0 (mod p). 'Omwc, apì th sunj kh thc sunèpeiac èqoume ìti an

xk+1 ≡ 0 (mod p)k, tìte:

0 ≡ xk+1 ≡ xk (mod pk) ⇒ xk ≡ 0 (mod pk).

'Ara, h apaÐthsh p x = 0 sunep�getai xk = 0 gia k�je mh arnhtikì akèraio

k, dhlad  Im(0) = Ker(p), epomènwc h sun�rthsh p eÐnai èna proc èna.

Epiplèon, prèpei na dèixoume ìti Im(pn) = ker($n). Dhlad  ìti h eikìna

k�je p-adikoÔ akeraÐou mèsw thc pn, eÐnai èna stoiqeÐo x′ ∈ ZZp, tètoio ¸ste
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$n(x′) = 0 ⇔ x′n ≡ 0 (mod pn), kai antistrìfwc, ìti k�je stoiqeÐo tou

pur na thc $n eÐnai thc morf c pn y, ìpou y ∈ ZZp.

O pr¸toc isqurismìc prokÔptei �mesa, afoÔ:

x′ = pn x⇒ x′n = pn xn ⇒ $n(x′) = x′n ≡ 0 (mod pn) → x′ ∈ kern($n).

O deÔteroc isqurismìc prokÔptei apì thn idiìthta thc sunèpeiac thc akolou-

jÐac x = (xn) wc akoloÔjwc:

x ∈ ker($n) ⇔ xn ≡ 0 (mod pn) ⇔ xn = apn, a ∈ An.

'Estw m ≤ n. An èqoume ìti gia k�poion ìro xm isqÔei xm ≡ 0 (mod pn),

pou eÐnai kai h dik  mac perÐptwsh, tìte:

xm−1 ≡ xm ≡ apn ≡ 0 (mod pm−1).

Dhlad , ìloi oi prohgoÔmenoi ìroi eÐnai mhdèn modulo p uywmèno se dÔnamh

Ðsh me to deÐkth tou ìrou.

'Estw t¸ra m > n. Kai p�li, an èqoume ìti gia k�poion ìro xm isqÔei xm ≡ 0

(mod pn), tìte:

xm+1 ≡ xm ≡ apn ≡ 0 (mod pn) ⇔ pn | xm+1.

Epomènwc mporoÔme na bg�loume koinì par�gonta to pn apì ìlouc touc

ìrouc thc akoloujÐac. Dhlad , x = pny, ìpou to y eÐnai èna stoiqeÐo tou ZZp.

Pr�gmati, gia m > n, èqoume:

ym+1 ≡
xm+1

pn
≡ xm

pn
(mod pm),

dhlad  h akoloujÐa (yn) eÐnai sunep c, kai �ra to y ∈ ZZp. �

Prìtash 18 O daktÔlioc ektÐmhshc tou QIp wc proc thn p-adik  nìrma eÐnai

to sÔnolo twn p-adik¸n akeraÐwn, dhlad 

Op = ZZp.

Apìdeixh: To ìti Op ⊂ ZZp prokÔptei �mesa apì thn Prìtash 16. Gia to

antÐstrofo èqoume ta ex c:
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• K�je x ∈ ZZp an kei kai sto QIp, afoÔ eÐnai mia akoloujÐa Cauchy rht¸n

arijm¸n.

• Gia k�je x ∈ ZZp isqÔei ìti |x|p ≤ 1. Pr�gmati, h nìrma tou p-adikoÔ

arijmoÔ x eÐnai Ðsh me to ìrio twn norm¸n twn ìrwn xn. 'Omwc, apì to

L mma 6, h akoloujÐa twn norm¸n twn ìrwn xn eÐnai stajer  kai Ðsh me

th nìrma enìc akeraÐou, gia thn opoÐa gnwrÐzoume ìti eÐnai mikrìterh  

Ðsh tou èna.

�

L mma 7 H sun�rthsh h : QIp → QIp me h(x) = p x eÐnai omoiomorfismìc.

Apìdeixh: H h eÐnai profan¸c èna proc èna kai epÐ. Epiplèon, h h ìpwc

kai h h−1 eÐnai suneqeÐc, afoÔ oi pr�xeic tou pollaplasiasmoÔ sto s¸ma QIp

eÐnai suneqeÐc sunart seic wc proc thn p-adik  metrik . �

Prìtash 19 To s¸ma twn p-adik¸n arijm¸n QIp eÐnai to s¸ma ZZp[1/p].

Apìdeixh: 'Estw x ∈ ZZp[1/p]. Tìte:

x = x0 + x1
1
p

+ · · ·+ xn
1
pn , xi ∈ ZZp, n ≥ 0 ⇔

x = p−n(x0p
n + x1p

n+1 + · · ·+ xn) ⇔
x = p−nα, α ∈ ZZp ⇒
x ∈ QIp,

apì L mma 7 kai Prìtash 17.

'Estw x ∈ QIp. Tìte |x|p = pυp(x). An υp(x) > 0, tìte x ∈ ZZp kai �ra x ∈
ZZp[1/p]. 'Estw loipìn υp(x) < 0. Tìte p−υp(x)x ∈ ZZp, afoÔ

∣∣p−υp(x)x
∣∣
p

= 0.

Dhlad  èqoume:

p−υp(x)x = α, α ∈ ZZp ⇔ x = pυp(x)α ∈ ZZp[1/p].

�

Pìrisma 3 K�je p-adikìc arijmìc x mporeÐ na grafeÐ wc:

x = pυp(x)α, α ∈ ZZp.

Epiplèon, isqÔei ìti p - α.
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Apìdeixh: To zhtoÔmeno prokÔptei apì to deÔtero komm�ti thc prohgoÔ-

menhc apìdeixhc. 'Oso gia ton teleutaÐo isqurismì gia to α, autìc prokÔptei

�mesa apì ton orismì thc p-adik c ektÐmhshc. �

3.4 O daktÔlioc ZZp

Sthn prohgoÔmenh enìthta kataskeu�same touc p-adikoÔc akeraÐouc gia na

p�roume to s¸ma twn p-adik¸n arijm¸n. M�lista, o daktÔlioc autìc tautÐsthke

me to daktÔlio ektÐmhshc tou QIp. To pr¸to pr�gma pou ja doÔme se aut  thn

enìthta eÐnai to p¸c mporoÔme na apeikonÐsoume ta stoiqeÐa tou ZZp. Sth

sunèqeia, ja doÔme shmantikèc idiìthtèc tou, efodiasmènoi pia me thn p-adik 

metrik .

Epistrèfoume sthn Prìtash 16 gia na doÔme p¸c mporoÔme na skeftì-

maste ta stoiqeÐa tou ZZp. 'Eqoume apodeÐxei ìti gia k�je x p-adikì akèraio

mporoÔme na broÔme akoloujÐa Cauchy akeraÐwn (an) pou sugklÐnei sto x,

tètoia ¸ste:

• an ≡ x (mod pn)

• an+1 ≡ an (mod pn)

• 0 ≤ an ≤ pn − 1.

Oi ìroi an wc akèraioi arijmoÐ, mporoÔn na grafoÔn wc peperasmèna a-

jroÐsmata thc morf c:

an = b0 + b1p+ · · ·+ bn−1p
n−1,

ìpou oi suntelestèc bi an koun sto sÔnolo {0, 1, . . . , p− 1}. Epitugq�noume
ètsi na aplopoi soume thn pr�xh modulo pn, pou isodunameÐ ètsi me thn

apokop  ìlwn twn ìrwn, ektìc twn n pr¸twn. Apì aut  thn optik , h sun-

j kh thc sunèpeiac thc akoloujÐac (an) lèei apl¸c ìti oi n + 1 pr¸toi ìroi

twn anaptugm�twn twn dÔo diadoqik¸n arijm¸n an, an+1 eÐnai oi Ðdioi:
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a0 = b0 0 ≤ b0 ≤ p− 1

a1 = b0 + b1p 0 ≤ b1 ≤ p− 1

a2 = b0 + b1p+ b2p
2 0 ≤ b2 ≤ p− 1

a3 = b0 + b1p+ b2p
2 + b3p

3 0 ≤ b3 ≤ p− 1

k.o.k.

PaÐrnoume ètsi èna �peiro p-adikì an�ptugma gia to x,

x = b0 + b1p+ b2p
2 + · · ·+ bnp

n + · · · .

L mma 8 Gia k�je x ∈ ZZp, h seir� x = b0 + b1p + b2p
2 + · · · + bnp

n + · · ·,
ìpwc apokt jhke parap�nw, sugklÐnei sto x.

Apìdeixh: MÐa seir� sugklÐnei an kai mìno an h akoloujÐa twn merik¸n a-

jroism�twn sugklÐnei. 'Omwc, ta merik� ajroÐsmata sthn prokeimènh perÐptwsh

eÐnai ta an, ta opoÐa xèroume ìti sugklÐnoun sto x. �

Pìrisma 4 K�je x ∈ ZZp mporeÐ na anaparastajeÐ wc:

x = b0 + b1p+ b2p
2 + · · ·+ bnp

n + · · · ,

me 0 ≤ bi ≤ p− 1, kai h anapar�stash aut  eÐnai monadik .

Apìdeixh: 'Eqoume apodeÐxei ta p�nta ektìc apì th monadikìthta twn bi,

h opoÐa ìmwc prokÔptei �mesa apì th monadikìthta twn ai. �

Epomènwc, mia diaforetik  apeikìnish tou ZZp eÐnai to sÔnolo twn dunamo-

seir¸n:

ZZp =

{
∞∑

n=0

bnp
n : bn ∈ {0, 1, . . . , p− 1}

}
.

Orismìc 23 Oi p-adikèc mon�dec ZZ×p eÐnai to sÔnolo twn antistrèyimwn

stoiqeÐwn tou ZZp.

Prìtash 20 (i) 'Ena stoiqeÐo tou ZZp eÐnai antistrèyimo an kai mìno an

den diaireÐtai apì ton p.
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(ii) 'Estw ZZ×p h om�da twn antistrèyimwn stoiqeÐwn tou ZZp. Tìte, k�je mh

mhdenikì stoiqeÐo tou ZZp mporeÐ na grafeÐ monadik� wc pnu, ìpou u ∈ U
kai n ≥ 0.

Apìdeixh:

(i) ArkeÐ na apodeÐxoume ìti ta antistrèyima stoiqeÐa twn An eÐnai aut� pou

den diairoÔntai me to p, kai o isqurismìc èpetai gia to ZZp. 'Omwc, gia

na èqei lÔsh h exÐswsh ax ≡ 1 (mod pn) prèpei gcd(a, pn) | 1, dhlad 
oi a, pn na eÐnai pr¸toi metaxÔ touc, isodÔnama p - a.

(ii) 'Estw x = (xn) ∈ ZZp mh mhdenikì. Tìte, up�rqei mègistoc akèraioc

n, tètoioc ¸ste xn ≡ 0 (mod pn), apì ìpou prokÔptei ìti xm ≡ 0

(mod pm) gia k�je m ≤ n (bl. Prìtash 17). 'Etsi x = pn α me p - α,
dhlad  α ∈ ZZ×p .

�

Prìtash 21 Oi p-adikèc mon�dec eÐnai to sÔnolo:

ZZ×p =
{
x ∈ QIp : |x|p = 1

}
.

Epiplèon,

ZZ×p ∩QI =
{a
b
∈ QI : p - ab

}
.

Apìdeixh: 'Eqoume:

x ∈ ZZp ⇒ |x|p ≤ 1

kai

x−1 ∈ ZZp ⇒
∣∣x−1

∣∣
p

= |x|−1
p ≤ 1.

Opìte to x ∈ ZZp eÐnai antistrèyimo sto ZZp an kai mìno an |x|p = |x−1|p = 1.

To deÔtro komm�ti prokÔptei eÔkola, afoÔ ZZp ∩QI =
{

a
b
∈ QI : p - b

}
. �

'Opwc se k�je daktÔlio, to sÔnolo twn p-adik¸n mon�dwn apotelèi pol-

laplasiastik  om�da. M�lista, apoteleÐtai apì p�ra poll� stoiqeÐa. 'Opwc

faÐnetai kai apì to deÔtero komm�ti thc prìtashc ìloi oi rhtoÐ me mhdenik 

p-adik  ektÐmhsh an koun sto ZZ×p .
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Prìtash 22 'Estw x ∈ ZZp. Tìte to x eÐnai mon�da an kai mìno an èqei mh

mhdenikì stajerì ìro.

Apìdeixh: 'Estw to p-adikì an�ptugma tou x:

x = b0 + b1p+ · · ·+ bnp
n + · · · .

Profan¸c, an to x eÐnai mon�da, tìte:

1 = |x|p ⇔ 1 = |b0 + b1p+ · · ·|p ≤ max
{
|b0|p , |b1p|p , . . .

}
.

'Omwc, ta bipi eÐnai akèraioi arijmoÐ kai sunep¸c èqoun nìrma mikrìterh  

Ðsh tou èna. Epiplèon oi b1p, b2p2, . . . , profan¸c diairoÔntai me ton p, kai �ra h

nìrma touc eÐnai mikrìterh thc mon�dac, dhlad  |b0|p = max
{
|b0|p , |b1p|p , . . .

}
.

'Etsi:

1 = |x|p = |b0|p ⇔ p - b0.

AntÐstrofa, an b0 = 0, tìte mporoÔme na bg�loume koinì par�gonta

toul�qiston p apì ìlouc touc upìloipouc ìrouc, kai �ra h p-adik  nìrma

eÐnai mikrìterh tou 1. �

3.5 An�lush sto ZZp

Kat� arq�c, ja deÐxoume èna shmantikì apotèlesma gia tic �peirec akoloujÐec

p-adik¸n akeraÐwn kai èpeita ja melet soume th sump�geia tou ZZp.

Prìtash 23 K�je �peirh akoloujÐa p-adik¸n akeraÐwn èqei sugklÐnousa

upakoloujÐa.

Apìdeixh: 'Estw (xn) �peirh akoloujÐa sto ZZp. MporoÔme na gr�youme

k�je ìro xi wc p-adikì an�ptugma, dhlad  wc:

xi = xi0 + xi1p+ xi2p
2 + · · · , xij ∈ {0, 1, . . . , p− 1} .

Kataskeu�zoume th zhtoÔmenh upakoloujÐa wc ex c: efìson h akolou-

jÐa (xn) eÐnai �peirh kai to pl joc twn dunat¸n suntelest¸n xij pepera-

smèno, ja up�rqoun �peiroi to pl joc ìroi pou ja èqoun wc pr¸to sunte-

lest  xi0 k�poion b0 ∈ {0, 1, . . . , p− 1}. SumbolÐzoume touc ìrouc autoÔc

wc X01, X02, . . .. H akoloujÐa (X0n) eÐnai mia �peirh upakoloujÐa thc (xn).
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MporoÔme na k�noume thn Ðdia skèyh gia thn akoloujÐa X0n kai to deÔtero

suntelest  k�je ìrou. Up�rqoun �peiroi ìroi thc akoloujÐac me deÔtero

suntelest  k�poion b1 ∈ {0, 1, . . . , p− 1}. SumbolÐzoume me X1n thn �peirh

upakoloujÐa thc X0n, me ìrouc thc morf c:

X1j = b0 + b1p+ x1j2p
2 + · · · .

SuneqÐzontac th diadikasÐa aut  paÐrnoume mÐa akoloujÐa �peirwn up-

akolouji¸n thc xn:

(X0n) = X01, X02, . . . , X0n, . . .

(X1n) = X11, X12, . . . , X1n, . . .

(X2n) = X21, X22, . . . , X2n, . . .
...

gia thn opoÐa isqÔoun ìti k�je akoloujÐa (Xij) eÐnai upakoloujÐa thc pro-

hgoÔmen c thc (X(i−1)j), kai se k�je upakoloujÐa (Xij) oi pr¸toi i sunte-

lestèc eÐnai oi b0, b1, . . . , bi.

An jewr soume thn akoloujÐa (Xn) = (Xnn), tìte aut  profan¸c eÐnai

upakoloujÐa thc (xn) kai epiplèon eÐnai Cauchy wc proc thn p-adik  nìrma,

�ra sugklÐnousa (L mma 9). �

Orismìc 24 'Ena sÔnolo X lègetai sumpagèc, ìtan opoiod pote k�lumma

tou X èqei peperasmèno upok�lumma. 'Enac metrikìc q¸roc lègetai topik�

sumpag c, ìtan k�je k�je shmeÐo tou q¸rou èqei geitoni� pou eÐnai sumpagèc

sÔnolo.

Prìtash 24 O daktÔlioc ZZp eÐnai sumpag c.

Apìdeixh: Ja deÐxoume ìti to ZZp eÐnai pl rec kai olik� fragmèno. EÐnai

pl rec diìti eÐnai kleistì uposÔnolo tou pl rouc metrikoÔ q¸rou QIp (ex�

�llou eÐnai h pl rwsh tou ZZ wc proc thn p-adik  metrik ).

Mènei na deÐxoume ìti eÐnai olik� fragmènoc, ìti dhlad  gia k�je ε > 0 to

ZZp mporeÐ na kalufjeÐ apì peperasmènec to pl joc mp�lec aktÐnac ε. ArkeÐ

na p�roume εn = p−n, n ≥ 0.

Tìte èqoume ìti:
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ZZp ⊂ ∪
a∈IF pn

a+ pnZZp.

Pr�gmati, èqoume ìti to ZZ eÐnai puknì sto ZZp kai �ra oi mp�lec a+pnZZp, a ∈
ZZ kalÔptoun to ZZp. 'Omwc, gia dÔo akeraÐouc pou an koun sthn Ðdia kl�sh

isodunamÐac modulo pn, dhlad  a1 ≡ a2 (mod pn), èqoume:

|a1 − a2|p ≤ p−n, afoÔ toul�qiston to pn diaireÐ to a1 − a2.

An x ∈ a1 + pnZZp tìte |x− a1|p ≤ p−n kai

|x− a2|p ≤ max
{
|x− a1|p , |a1 − a2|p

}
= p−n,

dhlad  x ∈ a2 + pnZZp.

Enall�ssontac ta a1, a2 paÐrnoume ìti kai a1+p
nZZp ⊃ a2+p

nZZp. Katal -

goume sto ìti gia dÔo isoôpìloipouc modulo pn akeraÐouc èqoume:

a1 + pnZZp = a2 + pnZZp,

kai �ra to ZZp mporeÐ na kalufjeÐ apì peperasmènec to pl joc mp�lec aktÐnac

p−n. M�lista, to pl joc twn mpal¸n eÐnai pn, ìsa dhlad  kai ta diaforetik�

upìloipa modulo pn, gegonìc anamenìmeno an skeftoÔme ìti ZZp/p
nZZp

∼=
ZZ/pnZZ.

GnwrÐzoume ìmwc, ìti k�je pl rec kai olik� fragmèno uposÔnolo enìc

metrikoÔ q¸rou eÐnai sumpagèc (bl. gia par�deigma [1]), �ra to zhtoÔmeno

apedeÐqjh. �

Orismìc 25 'Ena jemeli¸dec sÔnolo geitoni¸n Xi, i ∈ I, eÐnai èna sÔnolo

geitoni¸n, tètoio ¸ste gia k�je �llh geitoni� A na isqÔei Xi ⊂ A gia k�poio

i ∈ I.

Orismìc 26 Mi� sullog  sunìlwn kalÔptei èna sÔnolo X an h ènwsh

ìlwn twn sunìlwn pou an koun se aut n perièqei to sÔnolo X.

Pìrisma 5 Ta sÔnola pnZZp, n ∈ ZZ apoteloÔn èna jemeli¸dec sÔsthma

geitoni¸n tou mhdenìc sto QIp, pou kalÔptei to QIp.
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Apìdeixh: Kat� arq�c ta sÔnola pnZZp, n ∈ ZZ apoteloÔn èna sÔsthma

geitoni¸n tou mhdenìc sto QIp, dhlad  k�je pnZZp perièqei mÐa anoikt  mp�la

me kèntro to mhdèn.

Jumìmaste ìti h anoikt  mp�la B(0, p−(n−1)) tautÐzetai me thn kleist 

mp�la B(0, p−n), h opoÐa tautÐzetai me to pnZZp. Pr�gmati, B(0, p−n) ⊂
B(0, p−(n−1)). Ja deÐxoume kai to antÐstrofo:

x ∈ B(0, p−(n−1)) ⇔ |x|p < p−(n−1) =
∣∣pn−1

∣∣
p
⇔

∣∣∣∣ x

pn−1

∣∣∣∣
p

< 1.

Tìte ìmwc ∣∣∣∣ x

pn−1

∣∣∣∣
p

≤ 1

p
⇔ |x|p ≤

p−(n−1)

p
= p−n.

Gia to deÔtero komm�ti tou isqurismoÔ èqoume:

x ∈ B(0, pn) ⇔ |x|p ≤ pn ⇔ |xpn|p ≤ 1 ⇔ xpn ∈ ZZp ⇔ x ∈ p−nZZp.

'Ara k�je pnZZp eÐnai mia geitoni� tou mhdenìc.

Ja deÐxoume ìti to sÔsthma autì eÐnai èna jemeli¸dec sÔsthma geitoni¸n.

'Estw Γ mia geitoni� tou 0 ∈ QIp. Tìte perièqei mia anoikt  mp�la gÔrw apì to

mhdèn, dhlad  k�poia B(0, ε) gia ε > 0. IsodÔnama ja perièqei k�poia kleist 

mp�la B(0, pn), n ∈ ZZ, opìte kai to p−nZZp.

Tèloc, to sÔsthma autì kalÔptei to QIp, dhlad :

QIp ⊂
⋃

n∈ZZ

pnZZp ⇒ x ∈ B(0, p−n).

Autì prokÔptei apì thn Prìtash 19, afoÔ gia k�je p-adikì arijmì x èqoume

x = pυp(x)α, ìpou α ∈ ZZp. 'Ara x ∈ pυp(x)ZZp.

�

'Ena polÔ shmantikì sumpèrasma ìswn anafèrame mèqri t¸ra eÐnai to

pìso sten� sundedemènec eÐnai h topologÐa kai h algebrik  dom  tou QIp. Gia

par�deigma, èqoume ìti gia opoiad pote x, y ∈ QIp isqÔei:

|x− y|p ≤ p−n an kai mìno an x− y ∈ pnZZp ⇔ x ≡ y (mod pnZZp).

Ta sÔnola pnZZp eÐnai ide¸dh tou ZZp kai ta sÔmplok� touc, α + pnZZp,

ìpou α ∈ ZZp, eÐnai mp�lec tou QIp.

EpÐshc, èqoume to ex c polÔ shmantikì apotèlesma:
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Prìtash 25

ZZp

pnZZp

∼=
ZZ

pnZZ
.

Apìdeixh: An skeftoÔme ìti k�je stoiqeÐo sto ZZp eÐnai ìrio akoloujÐac

Cauchy akeraÐwn (an), tìte h apeikìnish:

α+ pnZZp −→ n-ostìc ìroc thc akoloujÐac Cauchy

eÐnai o zhtoÔmenoc isomorfismìc. �

3.6 ApeikonÐseic twn p-adik¸n arijm¸n

Se prohgoÔmenh enìthta eÐdame p¸c oi p-adikoÐ akèraioi mporoÔn na anaparas-

tajoÔn wc ajroÐsmata jetik¸n dun�mewn tou p. An�loga, paÐrnoume thn èk-

frash enìc p-adikoÔ arijmoÔ wc �jroisma dun�mewn tou p.

Prìtash 26 K�je x ∈ QIp mporeÐ na anaparastajeÐ monadik� wc:

x = b−n0p
−n0 + · · ·+ b0 + b1p+ · · ·+ bnp

n + · · ·
=

∑
n≥−n0

bnp
n,

ìpou 0 ≤ bn ≤ p− 1 kai −n0 = υp(x).

Apìdeixh: H morf  thc anapar�stashc kai h monadikìthta prokÔptei apì

to gegonìc ìti k�je p-adikìc arijmìc mporeÐ na grafeÐ wc x = pna, ìpou

n ∈ ZZ kai a ∈ ZZp (Pìrisma 3), kai apì to ìti k�je p-adikìc akèraioc gr�fetai

monadik� wc �peiro �jroisma jetik¸n dun�mewn tou p (Pìrisma 4).

H p-adik  ektÐmhsh tou x ∈ QIp eÐnai profan¸c Ðsh me to −n0. Pr�gmati,

parathroÔme ìti isqÔoun:

• b−n0 6= 0,

• p -
∑

n≥0 bnp
n ⇔ b0 6= 0 ⇒

∣∣∑
n≥0 bnp

n
∣∣
p

= 1 kai

•
x =

∑
n≥−n0

bnp
n = p−n0

∑
n≥−n0

bnp
n+n0

= p−n0(b−n0 + b−n0+1p+ · · ·+ b0p
n0 + · · ·).
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'Etsi, an p�roume p-adikèc nìrmec kai sta dÔo mèlh thc teleutaÐac isìthtac

èqoume:

p−υp(x) = |x|p =
∣∣p−n0

∣∣
p

∣∣∣∣∣ ∑
n≥−n0

bnp
n+n0

∣∣∣∣∣
p

=
∣∣p−n0

∣∣
p

= pn0

⇒ υp(x) = −n0.

�

H parap�nw prìtash epibebai¸nei th diaisjhtik  eikìna pou eÐqame gia

touc p-adikoÔc akeraÐouc wc �peira anaptÔgmata se b�sh p. Ta bn den eÐnai

aparaÐthto na ikanopoioÔn th sunj kh 0 ≤ bn ≤ p − 1. MporeÐ m�lista na

mhn eÐnai kan akèraioi arijmoÐ. EÐnai ekprìswpoi twn sumplìkwn ZZp/pZZp,

sunep¸c mporoÔn na eÐnai opoiod pote stoiqeÐo an kei sthn ek�stote kl�sh.

Pìrisma 6 K�je p-adikìc arijmìc x mporeÐ na grafeÐ wc:

x = pυp(x)α, α ∈ ZZ?
p.

Apìdeixh: ProkÔptei �mesa apì thn Prìtash 26 kai to Pìrisma 3. �

'Otan meletoÔme ènan metrikì q¸ro eÐnai suqn� qr simh h diaÐsjhsh pou

èqoume gia thn ènnoia thc apìstashc. Sto ZZ, sto QI kai sto IR me thn apì-

luth tim  topojetoÔme ta stoiqeÐa p�nw se mÐa eujeÐa, kai oi mp�lec eÐnai

eujÔgramma tm mata thc eujeÐac aut c. Sto ZZ× ZZ, sto QI ×QI, sto IR × IR

  sto CI me thn eukleÐdeia nìrma qrhsimopoioÔme to kartesianì epÐpedo. MÐa

mp�la eÐnai ènac kÔkloc gÔrw apì to shmeÐo-kèntro thc mp�lac.

Se ènan oultrametrikì q¸ro, dhlad  se ènan q¸ro ìpou h metrik  ikanopoieÐ

th mh arqim deia idiìthta:

d(x, z) ≤ max {d(x, y), d(y, z)}

h eujeÐa   to kartesianì epÐpedo den antapokrÐnontai kajìlou stic idaiterìtht-

ec pou parathr same sto prohgoÔmeno kef�laio. To pio kat�llhlo montèlo

gia thn apeikìnish twn p-adik¸n arijm¸n faÐnetai na eÐnai autì tou dèntrou.
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Shmei¸noume ìti èna dèntro qarakthrÐzetai apì ierarqik  di�taxh: k�je kìm-

boc brÐsketai se uyhlìtero epÐpedo apì ìti ta ��paidi��� tou.

Ac doÔme mèsa apì èna par�deigma p¸c h dom  tou dèntrou perigr�fei

kalÔtera touc oultrametrikoÔc q¸rouc. Gia touc 3-adikoÔc akèraiouc kai tic

metaxÔ touc apost�seic ja eÐqame k�ti san to Sq ma 3.1. K�je ierarqikì

epÐpedo kìmbwn tou dèntrou antistoiqeÐ se èna �epÐpedo 3-adik c apìstashc�

kai k�je kìmboc èqei akrib¸c trÐa kladi�. Ja mporoÔsame na blèpoume k�je

epÐpedo apìstashc wc th nìrma enìc 3-adikoÔ akeraÐou.

Ta kladi� enìc kìmbou sto epÐpedo ìpou ord3 = i sqetÐzontai me to yhfÐo

ai tou anaptÔgmatoc tou 3-adikoÔ akeraÐou,
∑
aip

i. Xekin¸ntac apì th rÐza

kai k�nontac sugkekrimènec epilogèc gia touc suntelestèc ai, katal goume

se k�poion 3-adikì akèraio (gia eukolÐa sto Sq ma 3.1 apeikonÐzontai mìno

akèraioi arijmoÐ).

H apìstash metaxÔ dÔo p-adik¸n arijm¸n eÐnai Ðsh me thn tim  thc apì-

stashc sto epÐpedo ekeÐno, apì to opoÐo kai èpeita oi dÔo arijmoÐ akoloujoÔn

diaforetik  poreÐa sto dèntro. Gia par�deigma, oi x = 2 + 1 · 3 + 1 · 32 kai

y = 2 + 2 · 32 xekinoÔn na diafèroun sto deÔtero yhfÐo, sunep¸c h apos-

tas  touc eÐnai Ðsh me aut  tou deutèrou epipèdou, dhlad  1/3. Pr�gmati,

|x− y|3 = |3− 32|3 = 1/3. Q�rhn aplìthtoc ja tautÐzoume to epÐpedo me thn

tim  thc apìstashc pou antistoiqeÐ se autì. An xekin soume apì ta fÔlla

tou dèntrou, h apìstash dÔo arijm¸n x, y dÐnetai apì to epÐpedo sto opoÐo

sunantioÔntai gia pr¸th for� ta ��monop�tia�� twn suntelest¸n touc.

ParathroÔme ìti up�rqoun �peira dunat� epÐpeda apìstashc sto dèntro

tou sq matoc kai ìti up�rqoun �peiroi akèraioi se olìklhro to dèntro. Akì-

ma, to dèntro eÐnai monadikì, an exairèsoume tic anadiat�xeic twn kladi¸n.

Gia na apokt soume thn eikìna twn p-adik¸n arijm¸n prèpei na epekteÐ-

noume to dèntro proc ta p�nw, ¸ste na èqoume epÐpeda kai gia tic jetikèc

dun�meic tou p. 'Etsi, to dèntro gia touc p-adikoÔc arijmoÔc den èqei rÐza,

ìpwc to dèntro gia touc p-adikoÔc akeraÐouc, all� eÐnai �peiro kai proc ta

p�nw kai proc ta k�tw. Sto sq ma 3.2 faÐnetai èna dèntro gia touc 3-adikoÔc

arijmoÔc.

MporoÔme na doÔme giatÐ aut  h dom  par�gmati antapokrÐnetai sth gewme-

trÐa kai thn topologÐa enìc oultrametrikoÔ q¸rou me dÔo apl� paradeÐgamta.

Kat' arq�c, ja doÔme p¸c epalhjeÔetai to ìti ìla ta trÐgwna eÐnai isoskel .
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Sq ma 3.1: Oi 3-adikoÐ akèraioi

Sq ma 3.2: Oi 3-adikoÐ arijmoÐ
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Sq ma 3.3: p-adik� trÐgwna

Sto Sq ma 3.3 blèpoume tic dunatèc peript¸seic pou mporeÐ na èqoume gia trÐa

stoiqeÐa p�nw sto p-adikì dèntro. 'Otan dÔo stoiqeÐa q, r èqoun apìstash

a, sunantioÔntai dhlad  sto epÐpedo a (bl. deÔterh perÐptwsh tou Sq -

matoc 3.3), tìte akoloujoÔn koin  poreÐa se ìla ta epìmena epÐpeda, e¸c

ìtou sunanthjoÔn me to trÐto stoiqeÐo s se k�poio an¸tero epÐpedo b ( 

kai sto Ðdio, ìpwc faÐnetai sthn pr¸th perÐptwsh tou Sq matoc 3.3). 'Etsi,

d(r, s) = d(q, s) = b ≥ a, dhlad  kai ta dÔo apèqoun to Ðdio apì to s, kai

m�lista aut  h apìstash eÐnai h mègisth apì tic d(q, r), d(q, s), d(r, s).

Sq ma 3.4: p-adikèc mp�lec

Tèloc, mporoÔme na doÔme tic idiìthtec thc Prìtashc 5, pou afor� stic

mp�lec se oultrametrikoÔc q¸rouc. H eikìna miac kleist c mp�lac me kèntro

to shmeÐo q kai aktÐna γ eÐnai ekeÐno akrib¸c to upodèndro pou xekin�ei apì

to epÐpedo γ kai perièqei to shmeÐo q se k�poio apì ta fÔlla tou (bl. Sq ma

3.4). EÔkola parathreÐ kaneÐc ìti opoiod pte �llo stoiqeÐo pou an kei sth
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mp�la ja eÐnai kai kèntro thc mp�lac, efìson to upodèntro, kai �ra h mp�la,

den all�zei an all�xoume to kèntro thc, dhlad  to stoiqeÐo apì ta fÔlla tou

pou epilègoume. EÐnai epÐshc profanèc ìti dÔo upodèntra   ja perièqontai to

èna sto �llo,   den ja èqoun kanènan koinì kìmbo, dhlad  dÔo mp�lec   ja

perièqontai h mÐa sthn �llh,   ja eÐnai xènec metaxÔ touc.

3.7 An�lush sto QIp

Pern�me t¸ra stic topologikèc idiìthtec tou QIp, kaj¸c kai se �lla apotelès-

mata pou aforoÔn akoloujÐec kai seirèc p-adik¸n arijm¸n.

Prìtash 27 O QIp eÐnai olik� mh sunektikìc topologikìc q¸roc Hausdorff.

Apìdeixh: O QIp eÐnai olik� mh sunektikìc q¸roc topologikìc q¸roc Haus-

dorff wc metrikìc q¸roc me mh arqim deia nìrma (bl. Enìthta 2, Prìtash 2.4).

�

Prìtash 28 O QIp eÐnai topik� sumpag c.

Apìdeixh: 'Enac q¸roc eÐnai topik� sumpag c an kai mìno an up�rqei

geitoni� tou mhdenìc pou na eÐnai sumpag c. Oi p-adikoÐ akèraioi ZZp eÐnai

geitoni� tou mhdenìc, afoÔ perièqoun thn anoikt  monadiaÐa mp�la me kèntro

to mhdèn (eÐnai h monadiaÐa mp�la me kèntro to mhdèn). Epiplèon eÐnai sumpagèc

sÔnolo, ìpwc eÐdame sthn prohgoÔmenh par�grafo. 'Ara o QIp eÐnai topik�

sumpag c. �

Ja suneqÐsoume melet¸ntac tic basikèc idiìthtec sÔgklishc akolouji¸n

kai seir¸n sto QIp. 'Eqoume  dh ìti o QIp eÐnai pl rhc metrikìc q¸roc, epomèn-

wc k�je akoloujÐa Cauchy sugklÐnei se stoiqeÐo tou QIp. Epiplèon, ìla ta

axi¸mata pou isqÔoun gia th sun jh metrik  sto IR exakoloujoÔn na isqÔoun

gia thn p-adik  metrik  sto QIp, afoÔ h mh arqim deia idiìthta eÐnai epiplèon

twn idiot twn thc nìrmac. Sunep¸c, ta perissìtera apì ta basik� jewr ma-

ta thc pragmatik c an�lushc exakoloujoÔn na isqÔoun sthn p-adik  jewrÐa,

m�lista me tic Ðdiec apodeÐxeic.

Par� ìla aut� mia mh arqim deia metrik  epifèrei kai pollèc diaforèc. H

pio shmantik  apì autèc eÐnai ìti o èlegqoc gia to pìte mÐa akoloujÐa eÐnai

Cauchy eÐnai polÔ aploÔsteroc:
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L mma 9 MÐa akoloujÐa (an), an ∈ QIp eÐnai Cauchy an kai mìno an oi ìroi

thc ikanopoioÔn thn:

lim
n→∞

|an+1 − an|p = 0.

Apìdeixh: Se prohgoÔmenh enìthta èqoume apodeÐxei autì to l mma gia

akoloujÐec me ìrouc an ∈ IK, ìpou IK opoiod pote s¸ma me mh arqim deia

nìrma. Epomènwc isqÔei kai gia to s¸ma QIp me thn (mh arqim deia) p-adik 

nìrma. �

'Opwc me tic akoloujÐec, ètsi kai me tic seirèc, isqÔei h klassik  jewrÐa.

Gia par�deigma, h apìluth sÔgklish mÐac seir�c sunep�getai kai sÔgklis  thc,

dhlad :

Prìtash 29

An h
∑

|an|p sugklÐnei sto IR, tìte h
∑

an sugklÐnei sto QIp.

'Omwc, sthn p-adik  perÐptwsh, me to L mma 9 sth di�jes  mac, paÐrnoume

k�ti kalÔtero.

Prìtash 30 MÐa �peirh seir�
∑∞

n=0 an me an ∈ QIp sugklÐnei an kai mìno

an

lim
n→∞

an = 0 ⇔ lim
n→∞

|an|p = 0,

kai se aut  thn perÐptwsh èqoume∣∣∣∣∣
∞∑

n=0

an

∣∣∣∣∣
p

≤ max
n

{
|an|p

}
(∗ )

Apìdeixh: MÐa seir� sugklÐnei ìtan kai mìno ìtan h akoloujÐa twn merik¸n

ajroism�twn Sn =
∑n

i=1 an sugklÐnei. 'Omwc, an = Sn − Sn−1. Epomènwc,

h akoloujÐa twn merik¸n ajroism�twn eÐnai Cauchy, kai �ra sugklÐnousa

(L mma 9), an kai mìno an (an) → 0.

H anisìthta prokÔptei �mesa apì th mh arqim deia idiìthta thc nìrmac me

epagwg . �
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Me thn parap�nw prìtash blèpoume ìti sthn p-adik  perÐptwsh mporoÔme

na qeiristoÔme polÔ eÔkola th sÔgklish �peirwn seir¸n. Sto IR èqoume

peript¸seic, gia par�deigma th seir�
∑

1
n
, ìpou to antÐstrofo den isqÔei,

dhlad : an kai o genikìc ìroc thc seir�c teÐnei sto mhdèn h seir� den sugklÐnei.

Orismìc 27 MÐa seir�
∑∞

n=0 an sugklÐnei austhr� (unconditionally), e�n

gia k�je anadi�taxh twn ìrwn an → bn, h seir�
∑∞

n=0 bn sugklÐnei.

Einai profanèc ìti h austhr  sÔgklish sunep�getai thn apl  sÔgklish.

Sto QIp isqÔei kai to antÐstrofo. AntÐjeta, k�ti tètoio den isqÔei sto IR.

Pio sugkekrimèna, sto IR èqoume ìti mìnon ìtan h seir� sugklÐnei apolÔtwc,

opoiad pote anadi�taxh twn ìrwn thc den ephre�zei th sÔgklis  thc. M�li-

sta, isqÔei to Je¸rhma Riemann: An h seir�
∑∞

n=0 an sugklÐnei, all� den

sugklÐnei apolÔtwc, tìte mporoÔme me kat�llhlh anadi�taxh na p�roume mÐa

seir�, tètoia ¸ste eÐte na sugklÐnei s� ènan prokajorismèno arijmì λ,   na

talanteÔetai,   na sugklÐnei sto +∞   −∞.

Je¸rhma 7 E�n h seir�
∑∞

n=0 an sugklÐnei sto QIp, tìte sugklÐnei austhr�,

kai to �jroisma eÐnai anex�rthto thc anadi�taxhc pou epib�lletai.

Apìdeixh: 'Estw (bn) h akoloujÐa pou prokÔptei met� apì anadi�taxh twn

ìrwn thc (an).

Kat� arq�c ja deÐxoume ìti h seir�
∑∞

n=0 bn eÐnai sugklÐnousa. Apì upì-

jesh, h seir�
∑∞

n=0 an sugklÐnei, �ra h akoloujÐa (an) sugklÐnei sto mhdèn

(Prìtash 30). Tìte ìmwc, k�je anadi�taxh twn ìrwn thc (bn) ja sugklÐnei

epÐshc sto mhdèn. Pr�gmati, efìson h (an) sugklÐnei sto mhdèn, tìte gia

k�je ε > 0, up�rqei fusikìc arijmìc n0(ε), tètoioc ¸ste gia k�je n > n0,

na isqÔei |an|p < ε. Efìson h akoloujÐa (bn) eÐnai anadi�taxh twn ìrwn thc

(an), up�rqei arijmìc k0 ∈ IN , tètoioc ¸ste:

{a1, a2, . . . , an0} ⊂ {b1, b2, . . . bk0} .

Tìte ìmwc, gia k�je n > k0 ja isqÔei ìti |bn|p < ε, dhlad  limn→∞ bn = 0.

'Ara, h seir�
∑∞

n=0 bn epÐshc sugklÐnei.

Ja deÐxoume t¸ra ìti oi dÔo seirèc èqoun to Ðdio ìrio. JewroÔme thn

akoloujÐa AM =
∑∞

n=0 an −
∑M

n=0 an =
∑∞

n=M+1 an. H (AM) sugklÐnei sto

mhdèn. Pr�gmati, qrhsimopoi¸ntac thn (∗ ) èqoume:
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lim
M→∞

|AM |p = lim
M→∞

∣∣∣∣∣
∞∑

n=M+1

an

∣∣∣∣∣
p

≤ lim
M→∞

( max
M+1≤n≤∞

{|an|p}) = 0,

efìson |an|p −→ 0.

'Estw ε > 0. Tìte, up�rqei N akèraioc arijmìc, tètoioc ¸ste gia k�je

n ≥ N na isqÔoun:

| an|p < ε, | bn|p < ε kai |An|p =

∣∣∣∣∣
∞∑

m=0

am −
n∑

m=0

am

∣∣∣∣∣
p

< ε.

Jètoume S =
∑N

m=0 am kai S ′ =
∑N

m=0 bm kai sumbolÐzoume me S1 kai S ′1
ta ajroÐsmata ekèinwn twn ìrwn tou S, antÐstoiqa tou S ′, gia touc opoÐouc

isqÔei |am|p ≥ ε, antÐstoiqa |bm|p ≥ ε.

Lìgw thc epilog c tou N , ta S1, S ′1 perièqoun touc Ðdiouc ìrouc, dhlad 

S1 = S ′1. To S diafèrei apì to S1 stouc ìrouc ekèinouc me |am|p < ε. 'Omoia

to S ′ diafèrei apì to S ′1 stouc ìrouc me |bm|p < ε. Epomènwc, efarmìzontac

thn oultrametrik  idiìthta thc nìrmac, èqoume:

|S − S1|p < ε kai |S ′ − S1|p < ε⇒
|S − S ′|p ≤ max {|S − S1|p, |S1 − S ′|p} < ε.

'Etsi, paÐrnoume:∣∣∣∣∣
∞∑

m=0

am −
N∑

m=0

bm

∣∣∣∣∣
p

≤ max


∣∣∣∣∣
∞∑

m=0

am −
N∑

m=0

am

∣∣∣∣∣
p

,

∣∣∣∣∣
N∑

m=0

am −
N∑

m=0

bm

∣∣∣∣∣
p


= max {AN , S − S ′} < ε.

PaÐrnontac to ìrio tou N sto �peiro prokÔptei to zhtoÔmeno, ìti dhlad 

∞∑
m=0

am =
∞∑

m=0

bm.

�
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Shmei¸noume ìti h apìluth sÔgklish eÐnai pio isqur  ènnoia apì thn apl 

sÔgklish. Gia par�deigma, h seir�
∑∞

n=0 (−1)n+1 1
n+1

sugklÐnei sto IR, efìson

h seir� twn merik¸n ajroism�twn sugklÐnei. Par� ìla aut� den eÐnai apolÔtwc

sugklÐnousa, efìson h seir� twn apolÔtwn tim¸n thc eÐnai h armonik  seir�,

h opoÐa apoklÐnei. To Ðdio isqÔei kai sto QIp, ìti dhlad  h apìluth sÔgklish

eÐnai pio isqur  ennoia, ìpwc faÐnetai kai sto parak�tw je¸rhma.

Je¸rhma 8 Up�rqei seir�
∑∞

n=0 an sto QIp, h opoÐa sugklÐnei, all� den

sugklÐnei apolÔtwc.

Apìdeixh: Ac jewr soume thn akìloujh seir�:

1 + p+ p+ · · ·+ p︸ ︷︷ ︸
p forèc

+ p2 + p2 + · · ·+ p2︸ ︷︷ ︸
p2 forèc

+ · · ·+ pi + pi + · · ·+ pi︸ ︷︷ ︸
pi forèc

+ · · · .

H seir� aut  sugklÐnei, efìson oi ìroi thc teÐnoun sto mhdèn. 'Omwc, den

sugklÐnei apolÔtwc:

∞∑
n=0

|an|p = 1 + p · p−1 + p2 · p−2 + · · · = ∞.

�

H epìmenh prìtash aplousteÔei polÔ tic peript¸seic problhm�twn ìpou

apaitoÔntai diplèc seirèc kai ìpou eÐnai suqn  h enallag  twn ajroism�twn.

Prìtash 31 'Estw bij ∈ QIp kai èstw ìti gia k�je ε > 0 up�rqei ènac

akèraioc N = N(ε), tètoioc ¸ste:

max(i, j) ≥ N ⇒ |bij|p < ε. (3.1)

Tìte oi dÔo seirèc ∑
i

∑
j

bij kai
∑

j

∑
i

bij

sugklÐnoun kai èqoun ta Ðdia ajroÐsmata.
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Apìdeixh: Kat� arq�c, eÐnai eÔkolo na dei kaneÐc ìti ta ajroÐsmata
∑

j bij

kai
∑

i bij sugklÐnoun. Pr�gmati, an jewr soume to i   to j antÐstoiqa sta-

jerì, h upìjesh (3.1) exasfalÐzei ìti limj→∞ bij = 0 kai limi→∞ bij = 0.

Epiplèon, oi diplèc seirèc sugklÐnoun. Pr�gmati, p�li apì thn upìjesh

(3.1), gia k�je i ≥ N kai gia k�je j ≥ N èqoume antÐstoiqa:∣∣∣∣∣∑
j

bij

∣∣∣∣∣
p

≤ max
j
{|bij|p} < ε kai

∣∣∣∣∣∑
i

bij

∣∣∣∣∣
p

≤ max
i
{|bij|p} < ε.

'Ara, apì Prìtash 30, ja sugklÐnoun kai oi diplèc seorèc.

Mènei na deÐxoume ìti ta dÔo ajroÐsmata eÐnai Ðsa. Gia to lìgo autì

parathroÔme ìti:∣∣∣∣∣
∞∑
i=0

∞∑
j=0

bij −
N∑

i=0

N∑
j=0

bij

∣∣∣∣∣
p

=

∣∣∣∣∣
N∑

i=0

∞∑
j=N+1

bij +
∞∑

i=N+1

∞∑
j=0

bij

∣∣∣∣∣
p

≤ max


∣∣∣∣∣

N∑
i=0

∞∑
j=N+1

bij

∣∣∣∣∣
p

,

∣∣∣∣∣
∞∑

i=N+1

∞∑
j=0

bij

∣∣∣∣∣
p



≤ max

 max
0≤i≤N


∣∣∣∣∣
∞∑

j=N+1

bij

∣∣∣∣∣
p

 , max
i≥N


∣∣∣∣∣
∞∑
j

bij

∣∣∣∣∣
p


 < ε,

pou apodeiknÔei to zhtoÔmeno. �

p-adikèc dunamoseirèc

MÐa seir� thc morf c

∞∑
n=0

an(X − ξ)n ∈ IF [[X]],

ìpou IF s¸ma kaiX eÐnai mÐa aprosdiìristh, onom�zetai dunamoseir� me kèntro

ξ kai suntelestèc an ∈ IF . Epeid  k�je seir� me thn parap�nw morf  mporeÐ

na anaqjeÐ, me thn antikat�stash t = X − ξ, se mÐa seir� me kèntro to mhdèn:∑∞
n=0 ant

n, (∗ )
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apì ed¸ kai sto ex c ja qrhsimopoioÔme autì to sumbolismì.

Mac endiafèroun oi dunamoseirèc sto s¸ma twn p-adik¸n arijm¸n, dhlad 

oi seirèc thc morf c (∗ ) me touc suntelestèc an na an koun stoQIp. MporoÔme

na jewr soume k�je p-adik  dunamoseir� wc mÐa sun�rthsh

f(X) =
∞∑

n=0

anX
n.

'Otan h aprosdiìristh X p�rei timèc sto QIp mporoÔme na melet soume th

sumperifor� thc dunamoseir�c, dhlad  gia poia x ∈ QIp h seir� sugklÐnei.

'Opwc kai sthn klassik  perÐptwsh, to sÔnolo ìlwn aut¸n twn x kaleÐtai

di�sthma sÔgklishc kai eÐnai mÐa mp�la tou QIp.

GnwrÐzoume  dh ìti gia x ∈ QIp h seir� f(x) sugklÐnei an kai mìno an

| anx
n|p −→ 0. Gia ton prosdiorismì tou diast matoc sÔgklishc èqoume thn

akìloujh prìtash:

Prìtash 32 'Estw f(X) =
∑∞

n=0 anX
n ∈ QIp[[X]]. OrÐzoume thn posìthta

0 ≤ ρ ≤ ∞:

ρ =
1

lim sup n
√
|an|p

,

h opoÐa kaleÐtai aktÐna sÔgklishc. Tìte, isqÔoun ta akìlouja:

(i) E�n ρ = 0, tìte h f(x) sugklÐnei mìnon ìtan x = 0.

(ii) E�n ρ = ∞, tìte h f(x) sugklÐnei gia k�je x ∈ QIp.

(iii) E�n 0 < ρ < ∞ kai limn→∞ |an|pρn = 0, tìte h f(x) sugklÐnei an kai

mìno an |x|p ≤ ρ.

(iv) E�n 0 < ρ < ∞ kai limn→∞ |an|pρn 6= 0, tìte h f(x) sugklÐnei an kai

mìno an |x|p < ρ.

Apìdeixh: Kat� arq�c, eÐnai profanèc ìti to f(0) sugklÐnei sto a0. Pa-

rathroÔme ìti h seir�
∑∞

n=0 |an|p |x|np eÐnai mia dunamoseir� sto IR, gia thn

opoÐa ja isqÔei h klassik  jewrÐa. Epomènwc, lìgw twn Prot�sewn 29 kai

30, prokÔptoun �mesa oi isqurismoÐ (i)-(iv).
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Pio sugkekrimèna, gia touc dÔo teleutaÐouc èqoume ta akìlouja: e�n

|x|p < ρ <∞, tìte h seir�:

∞∑
n=0

|an|p |x|np ∈ IR[[x]],

sugklÐnei sto IR. Pr�gmati, to di�sthma sÔgklishc thc seir�c eÐnai to

(−ρ′, +ρ′), ìpou

ρ′ = 1/ lim sup n

√
||an|p| = 1/ lim sup n

√
|an|p = ρ

kai | | x|p | = |x|p ∈ (−ρ′, +ρ′). Dhlad , h seir�
∑∞

n=0 anx
n sugklÐnei

apolÔtwc, �ra sugklÐnei kai sto QIp (Prìtash 29).

An, t¸ra, |x|p > ρ, mporeÐ na dei kaneÐc ìti h posìthta |anx
n|p den mpo-

reÐ na teÐnei sto mhdèn kaj¸c to n teÐnei sto �peiro. Pr�gmati, efìson

lim |an|p → 1/ρn, kai |x|p > ρ, h posìthta |anx
n|p = (|x|p /ρ)n teÐnei sto

�peiro kaj¸c aux�nei to n. 'Ara, apì thn Prìtash 30, h f(x) den sugklÐnei.

Tèloc, p�li apì thn Prìtash 30, sumperaÐnoume ìti ìtan |x|p = ρ (dhlad 

sta �kra tou diast matoc sÔgklishc), h f(x) ja sugklÐnei an kai monon an

limn→∞ |an|p|x|np = limn→∞ |an|pρn = 0. �

Parat rhsh 16 Sthn p-adik  perÐptwsh, h sumperifor� thc seir�c sto

ìrio tou diast matoc sÔgklishc eÐnai polÔ apl : eÐte ja sugklÐnei se ìla ta

shmeÐa pou an koun sto ìrio,   se kanèna apì aut�. Autì sumbaÐnei diìti h

sÔgklish exart�tai apì th nìrma tou x, kai ìqi apì to Ðdio to x.

AntÐjeta, sto IR, mÐa seir� mporeÐ na sugklÐnei sto èna �kro tou diast -

matoc kai na apoklÐnei sto �llo. Gia par�deigma, h seir�
∑

(−1) (x−2)n

n
, me

aktÐna sÔgklishc ρ = 1 kai di�sthma sÔgklishc to (2 − 1, 2 + 1) = (1, 3),

sugklÐnei gia x = 1, en¸ apoklÐnei gia x = 3.

Par�deigma 1 Ja prosdiorÐsoume to di�sthma sÔgklishc thc p-adik c du-

namoseir�c
∑
pnXn. Kat� arq�c, upologÐzoume thn posìthta ρ:

lim sup n

√
|an|p = lim sup n

√
p−n = lim sup p−1 = p−1

⇒ ρ = p.
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Epiplèon, èqoume ìti limn→∞ |an|pρn = limn→∞ 1 = 1 6= 0. Epomènwc, apì

thn Prìtash 32, h seir� sugklÐnei gia k�je x ∈ QIp, me |x|p < p.

MporoÔme na katal xoume sto parap�nw apotèlesma akolouj¸ntac thn

poreÐa thc apìdeixhc thc Prìtashc 32. H seir�
∑
pnxn sugklÐnei gia k�je

x ∈ QIp me |pnxn|p → 0. Ac doÔme gia poia x isqÔei h prohgoÔmenh sqèsh.

'Eqoume:

|pnxn|p = p−np−υp(x)n = p−n(1+υp(x)) → 0 ⇔ n(1 + υp(x)) → +∞.

Epomènwc, ja prèpei

(1 + υp(x)) > 0 ⇔ υp(x) > −1 ⇔

|x|p = p−υp(x) < p.

�

'Opwc kai sthn klassik  perÐptwsh, oi sunart seic pou orÐzontai me th

bo jeia p-adik¸n dunamoseir¸n eÐnai suneqeÐc sto di�sthma sÔgklis c touc:

Prìtash 33 'Estw f(X) =
∑∞

n=0 anX
n ∈ QIp[[X]] kai èstw D ⊂ QIp to

di�sthma sÔgklishc thc f(X). Tìte, h sun�rthsh

f : D −→ QIp

eÐnai suneq c sto D.

Apìdeixh: 'Estw x ∈ D, kai èstw (xn) akoloujÐa stoiqeÐwn tou D pou

sugklÐnei sto x. Ja apodeÐxoume ìti tìte h akoloujÐa f(xn) ja sugklÐnei sto

f(x). 'Eqoume ìti:

f(xn)− f(x) = a1(xn − x) + a2(x
2
n − x2) + · · · =

∞∑
i=1

ai(x
i
n − xi).

H parap�nw seir� sugklÐnei sto QIp, efìson oi ìroi thc teÐnoun sto mhdèn.

Pr�gmati,
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∣∣ai(x
i
n − xi)

∣∣
p

= |ai|p |(xn − x)|p
∣∣xi−1

n + xi−2
n x+ · · ·+ xi−1

∣∣
p

≤ |ai|p |(xn − x)|p max
j

{∣∣xi−j
n xj−1

∣∣
p

}
.

DiakrÐnoume dÔo peript¸seic (ousiastik� qrhsimopoioÔme to ìti ìla ta trÐgw-

na sto QIp eÐnai isoskel ):

• |xn − x|p < |x|p = |xn|p kai

• |xn − x| = max
{
|x|p , |xn|p

}
≥ min

{
|x|p , |xn|p

}
.

Gia thn pr¸th perÐptwsh èqoume:

|ai|p |(xn − x)|p max
j

{∣∣xi−j
n xj−1

∣∣
p

}
= |ai|p|xn − x|p |x|i−1

p < |ai|p |x|ip ,

to opoÐo teÐnei sto mhdèn, efìson to x an kei sto di�sthma sÔgklishc thc

seir�c f(X).

Gia th deÔterh perÐptwsh, mporoÔme qwrÐc bl�bh thc genikìthtac, na upojè-

soume ìti max
{
|x|p , |xn|p

}
= |xn|p. Tìte paÐrnoume:

|ai|p |(xn − x)|p max
j

{∣∣xi−j
n xj−1

∣∣
p

}
= |ai|p|xn|p|xn|i−1

p = |ai|p|xn|ip,

to opoÐo teÐnei sto mhdèn, efìson oi seirèc f(xn) sugklÐnoun. AntÐstoiqa

apotelèsmata ja paÐrname an eÐqame upojèsei ìti max
{
|x|p , |xn|p

}
= |x|p.

'Ara èqoume ìti gia k�je n h seir� f(xn) − f(x) sugklÐnei. Ja deÐxoume

ìti gia n→∞, h akoloujÐa f(xn)− f(x) sugklÐnei sto mhdèn:

lim
n→∞

|f(xn)− f(x)|p ≤ lim
n→∞

max
i

{∣∣ai(x
i
n − xi)

∣∣
p

}
−→ 0.

efìson xn → x. Epomènwc, h f(xn) sugklÐnei sthn f(x), kai �ra, apì thn

arq  thc metafor�c, h f eÐnai suneq c sto di�sthma sÔgklis c thc. �
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Parajètoume qwrÐc apìdeixh èna polÔ endiafèron apotèlesma gia tic

p-adikèc dunamoseirèc. AntÐjeta me thn perÐptwsh twn pragmatik¸n dunamo-

seir¸n, ìpou h antikat�stash tou kèntrou me opoiod pote shmeÐo tou di-

ast matoc sÔgklishc mporeÐ na epifèrei allag  sto di�sthma sÔgklishc,

sthn p-adik  perÐptwsh, an antikatast soume to kèntro miac dunamoseir�c,

ja katal xoume sto Ðdio akrib¸c di�sthma sÔgklishc.

Prìtash 34 'Estw f(X) =
∑∞

n=0 anX
n ∈ QIp[[X]] dunamoseir� sto QIp, kai

èstw ξ ∈ QIp, tètoio ¸ste to f(ξ) na sugklÐnei. Gia k�je m ≥ 0 orÐzoume thn

posìthta

bm =
∑
n≥m

(
n

m

)
anξ

n−m,

kai jewroÔme th dunamoseir�

g(X) =
∞∑

m=0

bm(X − ξ)m.

Tìte, isqÔoun ta akìlouja:

(i) Oi seirèc pou orÐzoun ta bm sugklÐnoun gia k�je m, dhlad  ta bm eÐnai

kal� orismèna.

(ii) Oi dunamoseirèc f(X) kai g(X) èqoun to Ðdio di�sthma sÔgklishc,

dhlad , gia λ ∈ QIp, isqÔei ìti to f(λ) sugklÐnei an kai mìno an sugklÐnei

to g(λ).

(iii) Gia k�je λ pou an kei sto di�sthma sÔgklishc, isqÔei f(λ) = g(λ).

H parap�nw prìtash deÐqnei ìti stouc p-adikoÔc arijmoÔc den mporoÔme

na èqoume analutik  sunèqeia, epèktash, dhlad , miac analutik c sun�rthshc

f se mÐa f ′, h opoÐa eÐnai analutik  se di�sthma megalÔtero apì autì thc f .

JumÐzoume ìti mÐa sun�rthsh kaleÐtai analutik  sto anoiktì sÔnolo D,

e�n mporeÐ na grafeÐ wc dunamoseir� me kèntro x0, gia k�je x0 ∈ D. IsodÔ-

nama, mÐa analutik  sun�rthsh eÐnai mÐa apeÐrwc paragwgÐsimh sun�rthsh, kai

�ra èqei an�ptugma Taylor.
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Gia mÐa pragmatik  dunamoseir�, h opoÐa eÐnai analutik  sto di�sthma

sÔgklis c thc, mporoÔme na p�roume analutikèc sunèqeiec, all�zontac to kèn-

tro thc me opoiod pote shmeÐo tou diast matoc sÔgklishc. Me k�je allag 

tou kèntrou lamb�noume kai diaforetik� diast mata sÔgklishc. Epanalam-

b�nontac th diadikasÐa gia k�je nèa seira mporoÔme na p�roume analutikèc

sunèqeiec thc arqik c dunamoseir�c. FaÐnetai �mesa apì thn Prìtash 34, ìti

den mporoÔme na efarmìsoume mÐa tètoia diadikasÐa se mÐa p-adik  dunamoseir�.

To epìmeno je¸rhma anafèretai stic rÐzec p-adik¸n sunart sewn f :

ZZp → QIp, pou orÐzontai apì dunamoseirèc.

Je¸rhma 9 (Strassman) 'Estw mÐa mh mhdenik  seir� f(X) =∑∞
n=0 anX

n ∈ QIp[[X]], kai èstw ìti limn→∞ an = 0, ètsi ¸ste h f(x) na

sugklÐnei gia k�je x ∈ ZZp. Jètoume N ∈ IN na eÐnai o arijmìc ekeÐnoc, gia

ton opoÐo ikanopoioÔntai oi akìloujec sunj kec:

|aN |p = max
n
|an|p kai |an|p < |aN |p gia k�je n > N.

Tìte, h sun�rthsh f : ZZp → QIp èqei to polÔ N rÐzec.

Apìdeixh: Kat� arq�c, h Ôparxh tou N exasfalÐzetai apì to gegonìc ìti

oi suntelestèc an teÐnoun sto mhdèn. 'Ara, up�rqei mègisth tim  metaxÔ twn

norm¸n touc, kai o N eÐnai o deÐkthc tou teleutaÐou suntelest , me nìrma Ðsh

me aut n thn tim .

ApodeiknÔoume to Je¸rhma me epagwg  sto N .

Epagwgik  B�sh: E�n N = 0, tìte ja èqoume ìti |a0|p > |an|p gia k�je

n ≥ 1. Ja deÐxoume ìti sthn perÐptwsh aut  h f den èqei kamÐa rÐza, ìti

dhlad  f(x) 6= 0 gia k�je x ∈ ZZp.

Pr�gmati, an eÐqame f(x) = 0 gia k�poio x ∈ ZZp, tìte:

0 = f(x) = a0 + a1x+ a2x
2 + · · · ⇒

| a0|p = | a1x+ a2x
2 + · · · |p

≤ max
{
|anx

n|p
}

≤ max
{
|an|p

}
.

Autì ìmwc antitÐjetai sthn upìjesh ìti |a0|p > |an|p gia k�je n ≥ 1.
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Epagwgikì B ma: 'Estw ìti gia k�je dunamoseir� sthn opoÐa o arijmìc

tou Jewr matoc Strassman N ′ eÐnai Ðsoc me N − 1 < N , isqÔei h upìjesh

tou Jewr matoc, ìti dhlad  tìte ja èqei to polÔ N ′ p-adikèc akèraiec rÐzec.

Ja deÐxoume ìti tìte, h f(x) èqei to polÔ N rÐzec, ìpou N ìpwc orÐsthke

parap�nw.

E�n h f den èqei rÐzec, tìte to Je¸rhma isqÔei tetrimmèna. 'Estw loipìn

f(x0) = 0 gia k�poio x0 ∈ ZZp. Tìte, gia k�je x ∈ ZZp ja èqoume:

f(x) = f(x)− f(x0) =
∞∑

n=1

an(xn − xn
0 ) = (x− x0)

∞∑
n=1

n−1∑
j=0

anx
jxn−1−j

0 .

OrÐzontac k = n − j − 1 kai enall�sontac ta dÔo ajroism�ta apì thn

Prìtash 31, èqoume:

f(x) = (x− x0)
∞∑

j=0

bjx
j = (x− x0)g(x),

ìpou ta bj =
∑∞

k=0 aj+1+kx
k
0 eÐnai dunamoseirèc pou sugklÐnoun sto QIp.

Gia tic nìrmec twn bj èqoume ìti gia k�je j isqÔei:

|bj|p ≤ max
k≥0

{
|aj+1+k|p

}
≤ |aN |p ,

efìson |x0|p ≤ 1 kai |an|p ≤ |aN |p gia k�je n.

Epiplèon,

|bN−1|p =
∣∣aN + aN+1x0 + aN+2x

2
0 + · · ·

∣∣
p

= |aN |p ,

apì Prìtash 1, efìson
∣∣ajx

j
0

∣∣
p
< |aN |p gia k�je j > N .

Tèloc, an j ≥ N , isqÔei:

|bj|p ≤ max
k≥0

{
|aj+1+k|p

}
≤ max

i≥N+1
|ai|p < |aN |p .

Dhlad , to bN−1 èqei th mègisth nìrma pou ikanopoieÐ tic sunj kec tou

Jewr matoc Strassman gia thn g(x). Epomènwc, apì thn epagwgik  upìjesh,

h g(x) èqei to polÔ N − 1 rÐzec sto ZZp. 'Ara, h f(x) èqei to polÔ N rÐzec

sto ZZp (autèc thc g kai thn x0). �
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Apì to Je¸rhma tou Strassman prokÔptoun arket� endiafèronta porÐs-

mata, ta opoÐa parajètoume, skiagraf¸ntac tic apodeÐxeic touc.

Pìrisma 7 'Estw f(X) =
∑∞

n=0 anX
n ∈ QIp[[X]] dunamoseir� me di�sthma

sÔgklishc to pmZZp gia k�poio m ∈ ZZ. Tìte, h f(X) èqei peperasmèno arijmì

riz¸n sto pmZZp, to polÔ N to pl joc, ìpou to N ikanopoieÐ ta akìlouja:∣∣pmNaN

∣∣
p

= max
n

{
|pmnan|p

}
kai |pmnan|p <

∣∣pmNaN

∣∣
p

gia k�je n > N.

Apìdeixh: H sun�rthsh g(X) = f(pmX) =
∑
anp

mnXn sugklÐnei sto

ZZp, efìson h f sugklÐnei sto pm/ZZp. To zhtoÔmeno prokÔptei �mesa apì to

Je¸rhma Strassman. �

Pìrisma 8 'Estw dÔo p-adikèc dunamoseirèc f(X) =
∑∞

n=0 anX
n kai

g(X) =
∑∞

n=0 bnX
n, oi opoÐec sugklÐnoun se k�poio pmZZp. E�n up�rqoun

�peiroi to pl joc arijmoÐ α ∈ pm/ZZp, tètoioi ¸ste f(α) = g(α), tìte an = bn

gia k�je n ≥ 0.

Apìdeixh: Efarmìzoume to Pìrisma 7 sth sun�rthsh f(X)− g(X). Efì-

son èqei �peirec rÐzec sto pmZZp, ja prìkeitai gia th mhdenik  dunamoseir�,

dhlad  ja èqei mhdenikoÔc suntelestèc. Epomènwc, an = bn gia k�je n. �

Pìrisma 9 'Estw f(X) =
∑∞

n=0 anX
n ∈ QIp[[X]], pou sugklÐnei se k�poio

pmZZp. E�n h sun�rthsh f(X) : pmZZp → QIp eÐnai periodik , dhlad  e�n

up�rqei π ∈ pmZZp tètoio ¸ste f(x + π) = f(x) gia k�je x ∈ pmZZp, tìte h

f(X) eÐnai stajer .

Apìdeixh: Eukola blèpei kaneÐc ìti h sun�rthsh f(X)−f(0) èqei rÐzec sto

nπ gia k�je n ∈ ZZ. Efìson to pmZZp eÐnai ide¸dec tou ZZp
1, tìte nπ ∈ pmZZp

gia k�je n ∈ ZZ. Dhlad , h f(X) − f(0) èqei �peirec to pl joc rÐzec sto

pmZZp, kai �ra ja eÐnai h mhdenik  dunamoseir�. Sunep¸c, h f(X) ja eÐnai Ðsh

me mÐa stajer�. �

Apì to pìrisma faÐnetai ìti sunart seic olìmorfec pantoÔ, pou mporoÔn

na ekfrastoÔn wc dunamoseirèc pou sugklÐnoun se ìlo to QIp (entire), den

1
Πράγματι, π ∈ pmZZp ⇔ |π|p ≤ p−m

, και για x ∈ ZZp ⇔ |x|p ≤ 1, θα ισχύει |πx|p =
|π|p |x|p ≤ p−m ⇔ πx ∈ pmZZp. Υπενθυμίζουμε ότι όλοι οι ακέραιοι ανήκουν στο ZZp.
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mporoÔn na eÐnai periodikèc. 'Ola ta pollapl�sia thc periìdou brÐskontai

sto Ðdio fragmèno di�sthma. AntÐjeta, antiproswpeutik� paradeÐgmata prag-

matik¸n sunart sewn, olìmorfwn pantoÔ kai periodik¸n, apoteloÔn oi sin(X)

kai cos(X).

p-adik  logarijmik  kai p-adik  ekjetik  sun�rthsh

Ja qrhsimopoi soume dunamoseirèc gia na orÐsoume tic p-adikèc sunart seic

tic an�logec me th logarijmik  kai thn ekjetik  ìpwc tic xèroume wc t¸ra.

Gia thn klassik  logarijmik  sun�rthsh gnwrÐzoume ìti proèrqetai apì

th dunamoseir�:

log(1 +X) =
∞∑

n=1

(−1)n+1X
n

n
∈ QI[[X]].

Efìson oi suntelestèc thc seir�c eÐnai rhtoÐ, mporoÔme na th skeftìmaste

kai wc p-adik  dunamoseir�. Gia thn aktÐna sÔgklishc èqoume:

|an|p =

∣∣∣∣ 1n
∣∣∣∣
p

= pυp(n) ⇒ n

√
|an|p = pυp(n)/n.

H posìthta aut  teÐnei sto 1 kaj¸c to n teÐnei sto �peiro. Pr�gmati, h

p-adik  ektÐmhsh tou n orÐzetai wc o megalÔteroc akèraioc m, tètoioc ¸ste

to n na diaireÐtai apì to pm. Sth sugkekrimènh perÐptwsh èqoume ìti o n

an kei stouc fusikoÔc, kai �ra ja isqÔei ìti υp(n) ≥ 0. 'Etsi, èqoume:

n = pυp(n)n′ ⇔ υp(n) = logp

n

n′
=

log(n/n′)

log p
≤ log n

log p
,

efìson h sun�rthsh tou logarÐjmou eÐnai aÔxousa sun�rthsh. 'Ara,

υp(n)

n
≤ log(n)

n log p
→ 0,

apì to opoÐo èpetai ìti pυp(n)/n → 1. 'Etsi, h aktÐna sÔgklishc ρ eÐnai Ðsh me

th mon�da.

Ja doÔme t¸ra e�n to di�sthma sÔgklishc eÐnai h anoikt    h kleist 

monadiaÐa mp�la. Prèpei na elègxoume ti gÐnetai me th nìrma sto sÔnoro:

|anρ
n|p = |an|p =

∣∣∣∣ 1n
∣∣∣∣
p

= pυp(n) 6→ 0,
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'Ara h seir� sugklÐnei gia k�je x me |x|p < 1, dhlad  h f(X) orÐzei mia

sun�rthsh sthn anoikt  mp�la B(0, 1).

Orismìc 28 'Estw B = B(1, 1) =
{
x ∈ ZZp : |x− 1|p < 1

}
= 1 + pZZp.

OrÐzoume wc p-adikì log�rijmo tou x ∈ B thn posìthta:

logp(x) = log(1 + (x− 1)) =
∞∑

n=1

(−1)n+1 (x− 1)n

n

OrÐzontac ètsi ton p-adikì log�rijmo, exasfalÐzetai h jemeli¸dhc idiìthta

tou logarÐjmou

logp(x) + logp(y) = logp(xy).

efìson:

log(1 +X) + log(1 + Y ) = log(1 +X + Y +XY ).

Gia thn ekjetik  sun�rthsh, gnwrÐzoume ìti sthn klassik  perÐptwsh h

seir�:

exp(X) =
∞∑

n=0

Xn

n!

sugklÐnei pantoÔ sto IR, kaj¸c h posìthta 1/n! teÐnei polÔ gr gora sto

mhdèn. Bèbaia, sthn p-adik  perÐptwsh k�ti tètoio den isqÔei, kaj¸c, p-adik�,

to 1/n! gÐnetai para polÔ meg�lo. Thn Ðdia seir� meletoÔme kai sto QIp.

H aktÐna sÔgklishc thc p-adik c aut c dunamoseir�c apodeiknÔetai ìti

eÐnai Ðsh me p
−1
p−1 . Gia thn apìdeixh qrhsimopoieÐtai h sqèsh

υp(n!) =
n− sn

p− 1
,

ìpou sn eÐnai to �jroisma twn n pr¸twn yhfÐwn thc p-adik c anapar�stashc

tou n. Epiplèon, apodeiknÔetai ìti sto sÔnoro h seir� apoklÐnei, �ra h seir�

sugklÐnei sthn anoikt  mp�la B(0, p−1/(p−1))
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Parat rhsh 17 Up�rqei k�ti pou axÐzei na prosèxoume sqetik� me thn

aktÐna sÔgklishc. Gia p 6= 2 h ektÐmhsh enìc stoiqeÐou den paÐrnei timèc

metaxÔ twn −1/(p− 1) kai 1. Epomènwc,

|x|p < p−1/(p−1) ⇔ |x|p ≤ p−1 ⇔ x ∈ pZZp ⇔ |x|p < 1.

'Omwc, se opoiod pote s¸ma pou perièqei to QIp kai sto opoÐo eÐnai dunat 

h epèktash thc p-adik c nìrmac, eÐnai dunatìn na up�rqoun stoiqeÐa me

p−1/(p−1) ≤ |x|p < 1.

SunoyÐzontac, èqoume ìti:

• An p 6= 2, tìte h seir� exp(x) sugklÐnei an kai mìno an x ∈ pZZp.

• An p = 2, tìte h seir� exp(x) sugklÐnei an kai mìno an x ∈ 4ZZ2.

Orismìc 29 'Estw D = B(0, p−1/(p−1)) =
{
x ∈ ZZp : |x|p < p−1/(p−1)

}
. H

p-adik  ekjetik  sun�rthsh eÐnai h sun�rthsh expp(x) : D → QIp, pou orÐzetai

wc:

expp(x) =
∞∑

n=0

xn

n!
.

'Opwc kai sthn perÐptwsh tou p-adikoÔ logarÐjmou, isqÔei h idiìthta thc

ekjetik c sun�rthshc

expp(x+ y) = expp(x) expp(y),

gia k�je x, y ∈ D. ParathroÔme ìti, an x, y ∈ D, tìte ja èqoume kai x+ y ∈
D, epomènwc den èqoume prìblhma sÔgklishc gia thn posìthta expp(x+ y).

Akìma, mia shmantik  sqèsh pou isqÔei metaxÔ twn klassik¸n sunart -

sewn tou logarÐjmou kai thc ekjetik c, isqÔei kai sthn p-adik  perÐptwsh.

Prìtash 35 'Estw x ∈ D, ìpou D ìpwc orÐsthke parap�nw. Tìte, èqoume

ìti: ∣∣expp(x)
∣∣
p
< 1,

dhlad  to expp(x) an kei sto pedÐo orismoÔ thc logp, kai
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logp(expp(x)) = x.

AntÐstrofa, an x ∈ D, èqoume ìti:∣∣logp(1 + x)
∣∣
p
< p−1/(p−1),

�ra to logp(1 + x) an kei sto pedÐo orismoÔ thc expp, kai

expp(logp(1 + x)) = 1 + x.

ParaleÐpoume thn apìdeixh thc prìtashc, kaj¸c prokÔptei apì th jewrÐa

twn tupik¸n dunamoseir¸n, kai tic idiìthtec thc sÔnjes c dÔo dunamoseir¸n.

H apìdeixh twn expp(x) ∈ pZZp kai logp ∈ D gia k�je x ∈ D, prokÔptei apì

tic ektim seic pou èqoume k�nei gia tic posìthtec υp(n!) kai υp(n).

TonÐzoume ìmwc, ìti oi upojèseic tou jewr matoc gia to x eÐnai polÔ

shmantikèc. Gia par�deigma, gia p = 2 kai x = −2, èqoume:

|x|2 =
1

2
= 2

−1
2−1 < 1,

dhlad  x 6∈ D all� x ∈ B(0, 1), kai

0 = logp(1) = logp ((−1)(−1)) = 2 logp(−1) ⇒ logp(−1) = 0 ∈ D.

'Omwc,

expp

(
logp(−1)

)
= 1 6= −1.

'Opwc orÐsame thn p-adik  logarijmik  kai ekjetik  sun�rthsh, mporoÔme

na orÐsoume th sun�rthsh tou p-adikoÔ hmitìnou kai sunhmitìnou:

sinp(X) =
∞∑

n=0

(−1)n X2n+1

(2n+ 1)!

cosp(X) =
∞∑

n=0

(−1)n X
2n

(2n)!

Oi aktÐnec sÔgklishc twn parap�nw seir¸n eÐnai Ðdiec me autèc thc p-adik c

ekjetik c sun�rthshc, efìson emplèketai ki ed¸ h nìrma enìc paragontikoÔ.

Epomènwc, to di�sthma sÔgklishc ja eÐnai kai ed¸ to D.
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Prìtash 36 E�n p ≡ 1 (mod 4), tìte up�rqei i ∈ QIp, tètoio ¸ste

i2 = −1, kai isqÔei h sqèsh:

expp(ix) = cosp(x) + i sinp(x)

Apìdeixh: Ja efarmìsoume to L mma tou Hensel (prbl. Enìthta 4.1,

Je¸rhma 11) sth sun�rthsh f(x) = x2 + 1. Arkèi na broÔme i0, tètoio ¸ste

f(i0) ≡ 0 (mod p), kai na epibebai¸soume ìti f ′(i0) = 2i0 6≡ 0 (mod p).

M�lista, h sunj kh gia thn par�gwgo exasfalÐzetai �mesa, efìson

p = 2 ⇒ p 6≡ 1 (mod 4). 'Etsi, f ′(i0) ≡ 0 (mod p) ⇔ i0 ≡ 0 (mod p).

'Omwc tìte, f(i0) = (λp)2 + 1 6≡ 0 (mod p). Epomènwc, arkeÐ na deÐxoume

ìti f(i0) ≡ 0 (mod p) gia k�poio i0 ∈ IF p.

Ja deÐxoume ìti to (−1) eÐnai tetragwnikì upìloipo modulo p, ìtan p ≡ 1

(mod 4). Apì to krit rio tou Euler 2, gia p 6= 2, èqoume ìti: ènac arijmìc α,

me gcd(α, p) = 1, eÐnai tetragwnikì upìloipo modulo p, an kai mìno an isqÔei

h sqèsh:

1 ≡ α
p−1
2 (mod p).

Gia α = (−1), èqoume ìti:

(−1)
p−1
2 = (−1)

4κ+1−1
2 = (−1)2κ = 1,

Epomènwc, up�rqei i0 tètoio ¸ste f(i0) ≡ 0 (mod p). Apì to L mma tou

Hensel èpetai ìti up�rqei i ∈ QIp, tètoio ¸ste f(i) = 0 ⇔ i2 = −1.

H isìthta metaxÔ twn dunamoseir¸n prokÔptei �mesa, efìson:

expp(ix) =
∞∑

n=0

(ix)n

n!
=
∞∑

n=0

in
(x)n

n!
=
∞∑

k=0

(i)2k (x)2k

(2k + 1)!
+
∞∑

k=0

i2k+1 (x)2k+1

(2k)!

=
∞∑

k=0

(−1)k (x)2k

(2k + 1)!
+ i

∞∑
k=0

(−1)k (x)2k+1

(2k)!
= cosp(x) + i sinp(x).

�
2
βλ. για παράδειγμα [17]
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3.8 SÔnoyh kai sugkrÐseic

To s¸ma twn p-adik¸n arijm¸n QIp, gia k�je diaforetikì pr¸to p, eÐnai èna

s¸ma me arketèc omoiìthtec me to s¸ma twn pragmatik¸n arijm¸n IR. EÐnai

s¸ma me nìrma kai eÐnai pl rec wc proc th metrik  pou ep�gei h nìrma aut .

EpÐshc, amfìtera eÐnai plhr¸seic tou QI wc proc tic nìrmec pou ta sunodeÔoun,

eÐnai topik� sumpag , en¸ den eÐnai algebrik� kleist�.

'Olec autèc oi omoiìthtec sunep�gontai kai omoiìthtec sta basik� jewr -

mata, dedomènou ìti k�je p-adik  nìrma kat� arq�c eÐnai nìrma kai èpeita mh

arqim deia. Sunep¸c, ìlh h An�lush pou gnwrÐzoume wc t¸ra, kai pou afor�

q¸rouc me nìrmec, exakoloujeÐ na isqÔei.

'Omwc, eÐnai h idiìthta thc mh arqimhdeiìthtac aut  pou epifèrei kai tic

pollèc diaforèc metaxÔ twn QIp kai IR. Kat� arq�c, to s¸ma twn pragmatik¸n

arijm¸n eÐnai èna kal� diatetagmèno s¸ma. Up�rqei mÐa kal� orismènh ènnoia

��megalÔterou apì�� gia k�je dÔo stoiqeÐa tou s¸matoc, h opoÐa eÐnai sum-

bat  me tic pr�xeic pou orÐzontai se autì. AntÐjeta, k�ti tètoio den isqÔei

gia to s¸ma twn p-adik¸n arijm¸n, efìson, gia par�deigma, up�rqoun poll�

diaforetik� stoiqeÐa tou QIp me thn Ðdia nìrma.

Epiplèon, h nìrma sto IR eÐnai arqim deia, en¸ ìlec oi p-adikèc nìrmec

eÐnai mh arqim deiec. Autì sunep�getai ìti to IR eÐnai sunektikì, en¸ to

QIp eÐnai olik� mh sunektikì. 'Etsi, sta QIp den up�rqei xek�jarh h ènnoia

tou diast matoc kai sunep¸c oÔte k�ti an�logo thc kampÔlhc. EÐnai autèc oi

antijèseic pou epifèroun kai tic perissìterec diaforèc metaxÔ thc pragmatik c

kai thc p-adik c analushc.

SunoyÐzoume ta shmantikìtera apì ta apotelèsmata pou eÐdame wc t¸ra:

• Oi monadikèc, wc proc isodunamÐa, nìrmec pou orÐzontai sto QI eÐnai oi

di�foretikèc p-adikèc kai h sun jhc apìluth tim , kai to QI den eÐnai

pl rec wc proc kamÐa apì autèc. 'Olec oi p-adikèc nìrmec eÐnai mh ar-

qim deiec, en¸ h apìluth tim  eÐnai mÐa arqim deia nìrma.

• To QIp eÐnai h pl rwsh tou QI kai to ZZp eÐnai h pl rwsh tou ZZ wc proc

thn p-adik  nìrma.

• To ZZp eÐnai sumpagèc, en¸ to QIp eÐnai topik� sumpagèc. EpÐshc, to QIp

den eÐnai diatetagmèno s¸ma.
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• To QIp eÐnai ènac olik� mh sunektikìc topologikìc q¸roc Hausdorff.

'Opwc se k�je s¸ma p�nw sto opoÐo orÐzetai mÐa mh arqim deia nìrma, sto

QIp me thn p-adik  nìrma isqÔoun ta akìlouja:

• 'Ola ta trÐgwna eÐnai isoskel .

• K�je shmeÐo pou perièqetai se mia mp�la èinai kai kèntro thc mp�lac.

K�je mp�la, ektìc thc B(x, 0) = {x}, eÐnai kleistì-anoiktì sÔnolo.

DÔo mp�lec eÐnai eÐte xènec   h mÐa perièqei thn �llh.

Tèloc, xeqwrÐzoume tic akìloujec prot�seic gia thn aplìtht� touc kai th

diaforopoÐhs  touc apì thn klassik  perÐptwsh:

• MÐa akoloujÐa (an) , an ∈ QIp eÐnai Cauchy wc proc thn p-adik  nìrma

|·|p an kai mìno an:

lim
n→∞

|an+1 − an|p = 0.

• MÐa �peirh seir�
∑∞

n=0 an me an ∈ QIp sugklÐnei an kai mìno an

lim
n→∞

an = 0 ⇔ lim
n→∞

|an|p = 0,

kai se aut  thn perÐptwsh èqoume∣∣∣∣∣
∞∑

n=0

an

∣∣∣∣∣
p

≤ max
n

{
|an|p

}
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Kef�laio 4

To L mma tou Hensel kai mÐa

efarmog  stic Diofantikèc

exis¸seic

To pr¸to par�deigma pou mporeÐ na mac deÐxei th qrhsimìthta twn p-adik¸n

arijm¸n eÐnai h sumbol  touc sth melèth twn Diofantik¸n exis¸sewn. MÐa

Diofantik  exÐswsh eÐnai mÐa poluwnumik  exÐswsh f(x1, x2, . . . , xn) = 0 me

rhtoÔc   akèraiouc suntelestèc, sthn opoÐa oi aprosdiìristec mporoÔn na

p�roun rhtèc   akèraiec timèc. H eÔresh akeraÐwn lÔsewn miac Diofantik c

exÐswshc eÐnai apì ta basik� probl mata thc JewrÐac Arijm¸n kai m�lista

apì ta duskolìtera, an skefteÐ kaneic to TeleutaÐo Je¸rhma Fermat kai to

qrìno pou apaÐthse h apìdeix  tou.

MÐa mèjodoc gia ton prosdiorismì twn akeraÐwn lÔsewn mÐac poluwnumi-

k c exÐswshc eÐnai h diereÔnhsh tou probl matoc modulom, gia diaforetikoÔc

akeraÐouc m, dedomènou ìti: an up�rqei akèraia lÔsh α, tìte aut  eÐnai kai

lÔsh modulo m. 'Omwc, h poluwnumik  exÐswsh modulo m ja eÐqe pepera-

smèno arijmì pijan¸n lÔsewn. 'Etsi, to prìblhma eÔreshc akeraÐwn lÔsewn

miac Diofantik c exÐswshc, metaxÔ �peirwn dunat¸n, ja mporoÔse na anaqjeÐ

sto prìblhma eÔreshc lÔsewn modulo m gia k�je m, pou eÐnai peperasmèno

gia k�je epilog  tou m.

Sthn parap�nw mèjodo mporoÔme na efarmìsoume to Kinèziko Je¸rhma

UpoloÐpwn, pou mac lèei ìti èna sÔsthma exis¸sewn isotimÐac modulo aker-
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aÐouc ai, pr¸touc proc all louc, eÐnai isodÔnamo me monadik  exÐswsh iso-

timÐac modulo to ginìmeno twn ai. 'Etsi, k�je akèraioc m thc mejìdou mporeÐ

na antikatastajeÐ apì tic dun�meic twn pr¸twn arijm¸n pou emfanÐzontai sthn

paragontopoÐhs  tou. Ki epeid  mac endiafèroun oi lÔseic modulo m gia k�je

m ∈ ZZ meletoÔme isodÔnama tic lÔseic modulo dun�meic opoioud pote pr¸tou

arijmoÔ.

Poiì eÐnai to ìfeloc apì ìlh aut  th diadikasÐa, skèftetai kaneÐc, afoÔ

èqoume antikatast sei mÐa monadik  exÐswsh apì �peirec �llec? H ap�nthsh

brÐsketai sto ìti gia thn epÐlush thc pr¸thc den mporoÔme na efarmìsoume

k�poion algìrijmo pou ja mac d¸sei tic lÔseic thc Diofantik c. AntÐjeta,

gia thn epÐlush twn poll¸n èqoume peperasmèno arijmì pijan¸n lÔsewn gia

k�je pr¸to arijmì, sunep¸c up�rqei o exantlhtikìc algìrijmoc pou apl�

dokim�zei ìlec tic pijanèc lÔseic.

SÐgoura, h diereÔnhsh modulo m mac bohj�ei na d¸soume arnhtikèc apan-

t seic gia to prìblhma, afoÔ k�je akèraia lÔsh epalhjeÔei thn exÐswsh kai

modulo m gia k�je m. Sunep¸c, an den up�rqei lÔsh gia k�poio m, tìte den

mporeÐ na up�rxei oÔte lÔsh sto QI. Apì thn p-adik  skopi�, to QI perièqetai

se k�je QIp, �ra an mÐa Diofantik  exÐswsh den èqei lÔsh se k�poio apì ta

QIp, den ja èqei oÔte sto QI.

Ja mporoÔsame ìmwc na qrhsimopoi soume ta apotelèsmata modulo p

kai modulo dun�meic tou p gia na apant soume katafatik� sto er¸thma thc

Ôparxhc lÔshc? H er¸thsh aut  sqetÐzetai me to L mma tou Hensel kai me

thn Topik -Olik  Arqh, ìpwc ja doÔme ekten¸c parak�tw.

4.1 To L mma tou Hensel

Dedomènou ìti h p-adik  an�lush eÐnai suqn� aploÔsterh thc pragmatik c, to

pr¸to b ma gia thn eÔresh rht¸n lÔsewn mÐac exÐswshc eÐnai to pèrasma apì

thn Ôparxh lÔsewn modulo dun�meic tou p sthn Ôparxh p-adik¸n lÔsewn. Se

aut  thn kataÔjunsh èqoume to parak�tw:

Je¸rhma 10 'Ena polu¸numo F (x) ∈ ZZ[x] èqei p-adik  akèraia rÐza a ∈ ZZp

an kai mìno an èqei mÐa akèraia rÐza modulo pn gia k�je n ≥ 1.
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Apìdeixh: 'Estw to polu¸numo F (x) ∈ ZZ[x] kai a ∈ ZZp mia rÐza tou,

dhlad 

F (a) = 0.

Apì thn Prìtash 16 up�rqei akoloujÐa akeraÐwn (ai), tètoia ¸ste:

a ≡ an (mod pn).

IsodÔnama èpetai ìti:

F (a) ≡ F (an) (mod pn) ⇔ 0 ≡ F (an) (mod pn).

AntÐstrofa, èstw ìti h exÐswsh F (x) ≡ 0 (mod pn) èqei mÐa akèraia

lÔsh an gia k�je n ≥ 1. SÔmfwna me thn Prìtash 23, h akoloujÐa (an)

perièqei Cauchy upakoloujÐa (ani
). 'Estw a ∈ ZZp to ìrio thc (ani

), to opoÐo

up�rqei lìgw plhrìthtac tou ZZp.

Efìson èna polu¸numo eÐnai suneq c sun�rthsh, ja èqoume:

F (a) = F ( lim
i→∞

ani
) = lim

i→∞
F (ani

).

Dojèntoc ìti F (aki
) ≡ 0 (mod pki), gia to ìrio limi→∞ F (ani

) paÐrnoume:

|F (ani
)− F (ani−1)|p = |κpni − λpni−1|p ≤

1

pni−1
−→i→∞ 0.

Sunep¸c, F (a) = 0. �

Parat rhsh 18 H akoloujÐa (an), ta stoiqeÐa thc opoÐac eÐnai rÐzec mod-

ulo pn, eÐnai ousiastik� mia akoloujÐa proseggÐsewn thc p-adik c rÐzac tou

F (x) wc proc thn p-adik  nìrma.

To je¸rhma pou einai gnwstì wc L mma tou Hensel afor� pl reic an-

timetajetikoÔc daktulÐouc (ta p-adik� s¸mata eÐnai tètoioi daktÔlioi) kai eÐnai

Ðswc h pio shmantik  algebrik  idiìthta twn p-adik¸n arijm¸n. EÐnai ènac

aplìc èlegqoc gia to pìte èna polu¸numo èqei rÐza stouc p-adikoÔc aker-

aÐouc, pou ègkeitai sthn eÔresh miac lÔshc modulo p, dhlad  miac pr¸thc
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prosèggishc thc rÐzac tou poluwnÔmou, kai sthn epibebaÐwsh mÐac sunj khc

gia thn par�gwgì tou sthn prosèggish aut .

Sthn apìdeixh tou L mmatoc tou Hensel kataskeu�zetai mÐa akoloujÐa

riz¸n modulo pn, �ra mia akoloujÐa proseggÐsewn thc p-adik c rÐzac tou

poluwnÔmou.

Je¸rhma 11 (L mma tou Hensel) 'Estw F (x) ∈ ZZp[x], me F (x) =

a0 + a1x+ a2x
2 + · · ·+ anx

n, kai èstw ìti up�rqei β ∈ ZZp tètoio ¸ste:

F (β) ≡ 0 (mod pZZp)

kai

F ′(β) 6≡ 0 (mod pZZp),

ìpou me F ′(x) sumbolÐzoume thn tupik  par�gwgo tou poluwnÔmou F (x).

Tìte, up�rqei p-adikìc akèraioc α ∈ ZZp, tètoioc ¸ste α ≡ β (mod pZZp)

kai F (α) = 0.

Apìdeixh: Ja deÐxoume ìti h rÐza α up�rqei, kataskeu�zontac akoloujÐa

Cauchy pou na sugklÐnei se aut n. Oi ìroi thc akoloujÐac mporeÐ na eÐnai

sto ZZ eÐte sto ZZp. Se k�je perÐptwsh, h akoloujÐa ja sugklÐnei se ènan

p-adikì akèraio, efìson to ZZp eÐnai h pl rwsh tou ZZ (Prìtash 16). EmeÐc

ja kataskeu�soume akoloujÐa akeraÐwn, an kai ta dÔo eÐnai isodÔnama, kaj¸c

èqoun na k�noun me tic kl�seic isodunamÐac pou orÐzontai sto ZZp/pZZp, to

opoÐo eÐnai isìmorfo me to ZZ/pZZ.

Isqurizìmaste ìti dojèntwn twn upojèsewn tou l mmatoc, up�rqei akolou-

jÐa akeraÐwn α1, α2, . . . , αn, . . ., tètoia ¸ste:

(i) F (αn) ≡ 0 (mod pn)

(ii) αn ≡ αn−1 (mod pn).

M�lista, h akoloujÐa ja eÐnai monadik , an epiplèon apait soume thn parak�tw

sunj kh gia ta αn:

0 ≤ αn < pn+1.
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Ja kataskeu�soume thn akoloujÐa me epagwg  sto n.

PaÐrnoume wc α1 to monadikì ekeÐno akèraio, gia ton opoÐo isqÔei α1 ≡ β

(mod p). Gia ton α1 exakoloujeÐ na isqÔei ìti F (α1) ≡ 0 (mod p) kai

F ′(α1) 6≡ 0 (mod p). Ja broÔme akèraio α2, tètoio ¸ste na epalhjeÔei tic

sunj kec (i) kai (ii).

H sunj kh (ii) apaiteÐ gia to α2 na eÐnai thc morf c:

α2 = α1 + b1p, ìpou b1 ∈ ZZ.

Antikajist¸ntac sto polu¸numo F (x) to α2 kai analÔontac to an�ptugma

èqoume:

F (α2) = F (α1 + b1p) =
∑n

i=0 ai(α1 + b1p)
i

=
∑n

i=0 aiα
i
1 + iaiα

i−1
1 p+ ìroi t�xhc megalÔterhc tou p

= F (α1) + F ′(α1)b1p+ ìroi t�xhc megalÔterhc tou p

≡ F (α1) + F ′(α1)b1p (mod p2).

Ja prosdiorÐsoume to α2, dhlad  ousiastik� to b1, apait¸ntac na isqÔei

kai h sunj kh (i). 'Omwc:

F (α1) ≡ 0 (mod p) ⇔ F (α1) = κp, κ ∈ ZZ

kai

F ′(α1) 6≡ 0 (mod p) ⇔ F ′(α1) antistrèyimo sto ZZ/pZZ,

�ra èqoume:

F (α2) ≡ F (α1) + F ′(α1)b1p ≡ 0 (mod p2) ⇔

κp+ F ′(α1)b1p ≡ 0 (mod p2) ⇔

κ+ F ′(α1)b1 ≡ 0 (mod p) ⇔

b1 ≡ −κ(F ′(α1))
−1 (mod p).

107



EÐnai profanèc ìti to b1 eÐnai monadikì kai ìti mporoÔme na to epilèxoume ètsi

¸ste 0 ≤ b1 ≤ p − 1. 'Etsi, dojèntoc tou α1 up�rqei monadikì α2 pou na

ikanopoieÐ tic sunj kec (i) kai (ii).

Ja deÐxoume t¸ra kai to epagwgikì b ma, ìti dhlad  dojèntoc tou αk

mporoÔme na broÔme monadikì αk+1 pou na ikanopoieÐ tic parap�nw sunj kec.

Akolouj¸ntac tic Ðdiec akrib¸c skèyeic, o ìroc αk+1 ja eÐnai thc morf c:

αk+1 = αk + bkp
k, me bk ∈ ZZ.

AntikajistoÔme sto polu¸numo to αk+1 kai k�noume to an�ptugma, opìte

paÐrnoume:

F (αk+1) = F (αk + bkp
k) =

∑n
i=0 ai(αk + bkp

k)i

=
∑n

i=0 aiα
i
k + iaiα

i−1
k + ìroi t�xhc megalÔterhc tou pk

= F (αk) + F ′(αk)bkp
k + ìroi t�xhc megalÔterhc tou pk

≡ F (αk) + F ′(αk)bkp
k (mod pk+1).

Ja apait soume thn isqÔ thc pr¸thc sunj khc gia to αk+1, èqontac ta

ex c:

αk ≡ αk−1 (mod pk−1)

αk−1 ≡ αk−2 (mod pk−2)
...

α2 ≡ α1 (mod p)

⇒ F ′(αk) ≡ F ′(α1) 6≡ 0 (mod p),

dhlad  to F ′(αk) eÐnai antistrèyimo stoiqeÐo tou ZZ/pZZ. Akìma, F (αk) ≡ 0

(mod pk) ⇔ F (αk) = κ′pk.

Epomènwc, αk+1 = αk + bkp
k, ìpou to bk prokÔptei apì to:

F (αk) + F ′(αk)bkp
k ≡ 0 (mod pk+1) ⇒

κ′pk + F ′(αk)bkp
k ≡ 0 (mod pk+1) ⇒
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κ′ + F ′(αk)bk ≡ 0 (mod p) ⇒

bk ≡ −κ′(F ′(αk))
−1 (mod p).

Dhlad , o (k + 1)-ostìc ìroc thc akoloujÐac èqei th morf :

αk+1 = αk − κ′(F ′(αk))
−1pk

= αk − F (αk)
pk (F ′(αk))

−1pk

= αk − F (αk)(F
′(αk))

−1.

'Etsi, kataskeu�same mia sunep  akoloujÐa akeraÐwn arijm¸n, �ra Cauchy

wc proc thn p-adik  nìrma, thc opoÐac to ìrio α ja ikanopoieÐ ìti F (α) = 0

lìgw sunèqeiac, kai α ≡ β (mod p) apì kataskeu . �

Parat rhsh 19 AxÐzei na analÔsoume lÐgo perissìtero th shmasÐa twn

dÔo sunjhk¸n pou apaitoÔntai sto l mma. H pr¸th sunj kh mac exasfalÐzei

mÐa p-adik  rÐza modulo p tou poluwnÔmou F , dhlad  mÐa pr¸th prosèggish β

thc rÐzac pou stèlnei thn tim  F (β) sth mp�la me kèntro to mhdèn kai aktÐna

1/p. Pr�gmati, to F (β) an kei sto ZZp, lìgw thc kleistìthtac thc prìsjeshc

kai tou pollaplasiasmoÔ ston daktÔlio ZZp, kai p | F (β), dhlad :

F (β) ∈ ZZp kai |F (β)|p ≤
1

p
. (4.1)

H deÔterh sunj kh mac lèei ìti h prosèggish β eÐnai apl  rÐza modulo p,

dhlad  F (x) ≡ (x − β)G(x) (mod p) kai to β den eÐnai rÐza tou G(x).

Pr�gmati, an h prosèggish β  tan dipl  rÐza modulo p, dhlad  F (x) ≡
(x − β)2H(x) (mod p), tìte, met� apì tic aparaÐthtec pr�xeic, prokÔptei

ìti F ′(β) = G(β) ≡ 0 (mod p), kai �ra to F ′(β) den ja  tan antistrèyimo

stoiqeÐo sto ZZp.

To F ′(β) an kei epÐshc sto ZZp kai h deÔterh sunj kh apaiteÐ ìti:

p - F ′(β) = G(β) ⇔ |F ′(β)|p = |G(β)|p = 1,

kai �ra

p2 - F (β) ⇔ |F (β)|p >
1

p2
. (4.2)

Apì tic exis¸seic (4.1) kai (4.2) prokÔptei ìti |F (β)|p = 1/p.
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To L mma tou Hensel kaleÐtai kai p-adik  mèjodoc Newton, kaj¸c h

teqnik  prosèggishc thc rÐzac pou qrhsimopoieÐtai sthn apìdeixh eÐnai ou-

siastik� Ðdia me thn arijmhtik  mèjodo Newton-Raphson.

Ac jumÐsoume ìmwc th mèjodo aut  thc Arijmhtik c An�lushc, ¸ste

na k�noume telik� kai th sÔgkrish metaxÔ twn dÔo. H mèjodoc Newton-

Raphson eÐnai mia epanalhptik  mèjodoc, eidik  perÐptwsh thc mejìdou sta-

jeroÔ shmeÐou, kai eÐnai mÐa apì tic pio dunatèc kai gnwstèc mejìdouc gia thn

prosèggish mÐac pragmatik c rÐzac ξ mÐac exÐswshc f(x) = 0. Dojèntoc enìc

arqikoÔ shmeÐou ξ0, autì par�gei mÐa akoloujÐa proseggÐsewn thc rÐzac ξ,

tètoia ¸ste k�je epìmenh prosèggish na dÐnetai apì ton tÔpo:

ξn+1 = ξn −
f(ξn)

f ′(ξn)
.

H kataskeu  thc gÐnetai eÐte gewmetrik�   me to an�ptugma Taylor. 'Oson

afor� th sÔgklish thc mejìdou èqoume to akìloujo je¸rhma:

Je¸rhma 12 Upojètoume ìti f ∈ C2[a, b]. An ξ ∈ [a, b] me f(ξ) = 0 kai

f ′(ξ) 6= 0, dhlad  an to ξ eÐnai mÐa apl  rÐza, tìte up�rqei jetikìc pragmatikìc

arijmìc δ, tètoioc ¸ste h akoloujÐa proseggÐsewn (ξn) h opoÐa orÐzetai me

th mèjodo Newton-Raphson, na sugklÐnei sth rÐza ξ thc exÐswshc gia k�je

arqik  prosèggish ξ0 ∈ [ξ − δ, ξ + δ].

Sto L mma tou Hensel èqoume ìti gia na up�rqei rÐza tou poluwnÔmou

F stouc p-adikoÔc arijmoÔc prèpei na up�rqei rÐza modulo p, sthn opoÐa

epiplèon na exasfalÐzetai mÐa sunj kh gia thn par�gwgo F ′. AntÐstoiqa, sth

Newton-Raphson h Ôparxh rÐzac miac sun�rthshc f elègqetai eÐte grafik�  

me to Je¸rhma Bolzano. Kai se aut n thn perÐptwsh zhteÐtai mia sunj kh gia

thn par�gwgo f ′, ìmwc aut  th for� thn par�gwgo sth rÐza. Ja mporoÔsame

na poÔme ìti h rÐza modulo p eÐnai to antÐstoiqo tou elègqou twn pros mwn

thc f sta �kra tou diast matoc, tou Jewr matoc Bolzano. H sunj kh thc

parag¸gou mac lèei kai stic dÔo peript¸seic ìti prìkeitai gia apl  rÐza tou

poluwnÔmou.

AfoÔ exasfalisteÐ h Ôparxh rÐzac, h mèjodoc prosèggis c thc eÐnai kai sta

dÔo akrib¸c h Ðdia. 'Omwc, to men L mma tou Hensel eggu�tai ìti h akoloujÐa

proseggÐsewn sugklÐnei se aut n, h de Newton-Raphson sugklÐnei sth rÐza
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efìson h arqik  prosèggish brÐsketai arket� kont� thc, mesa se èna di�sthma

(ξ ± δ). Gi� autì to lìgo, gia na dojeÐ kat�llhlo ξ0, prèpei na prohghjeÐ

eÐte grafikìc entopismìc thc rÐzac kai epilog  k�poiou ξ0 kont� thc,   k�poia

�llh arijmhtik  mèjodoc, pou Ðswc eÐnai pio arg  apì th Newton-Raphson,

all� sÐgoura sugklÐnei sth rÐza.

Shmei¸noume ìti lìgw plhrìthtac twn IR kai ZZp, oi akoloujÐec proseg-

gÐsewn ja sugklÐnoun se k�poio stoiqeÐo stouc q¸rouc autoÔc.

4.1.1 'Allec morfèc tou L mmatoc tou Hensel

Up�rqei mia �llh morf  tou L mmatoc tou Hensel, pio isqur  apì aut n pou

mìlic parousi�same. Thn parajètoume qwrÐc apìdeixh.

Je¸rhma 13 (L mma tou Hensel-isqur  morf ) 'Estw F (x) ∈ ZZp[x]

kai èstw ìti up�rqei èna stoiqeÐo a0 ∈ ZZp, tètoio ¸ste:

|F (a0)|p < |F ′(a0)|2p,

ìpou me F ′(x) sumbolÐzoume thn tupik  par�gwgo tou poluwnÔmou F (x). Tìte,

up�rqei monadikìc p-adikìc akèraioc a ∈ ZZp, tètoioc ¸ste:

|a− a0|p ≤ |F (a0)|p/|F ′(a0)|p

kai F (a) = 0.

Tèloc, parajètoume mÐa morf  tou L mmatoc pou perilamb�nei thn ènnoia

tou anag¸gou poluwnÔmou. H idèa thc eÐnai ìti an èna polu¸numo den eÐnai

an�gwgo modulo p kai ènac apì touc par�gontec eÐnai thn morf c (x − α),

dhlad 

f(x) ≡ (x− α)g(x) (mod p),

tìte up�rqei parìmoia paragontopoÐhsh sto ZZp[x].

Ja mporoÔsame na eis�goume mÐa ènnoia ��pr¸twn metaxÔ touc�� paragìntwn

enìc poluwnÔmou, kaj¸c h sunj kh gia thn par�gwgo sto L mma ousiastik�

mac lèei ìti h o deÔteroc par�gontac g(x) den diaireÐtai apì to (x− a).
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Orismìc 30 'Estw g(x), h(x) polu¸numa tou ZZp[x]. 'Estw g(x) kai h(x)

na eÐnai ta polu¸numa g(x) kai h(x) me touc suntelestèc touc parmènouc

modulo p, dhlad  g(x), h(x) ∈ ZZp/pZZp[x] ∼= ZZ/pZZ[x]. Lème ìti ta polu¸numa

g(x), h(x) eÐnai pr¸ta metaxÔ touc modulo p, ìtan gcd(g, h) = 1 sto ZZ/pZZ[x].

IsodÔnama, ìtan up�rqoun polu¸numa a(x), b(x) ∈ ZZp[x], tètoia ¸ste:

a(x)g(x) + b(x)h(x) ≡ 1 (mod p),

ìpou h isotimÐa noeÐtai suntelest  proc suntelest , dhlad  lème ìti dÔo

polu¸numa eÐnai isìtima modulo p an k�je suntelest c tou enìc eÐnai isìtimoc

modulo p me ton antÐstoiqo suntelest  tou deutèrou.

Je¸rhma 14 (L mma tou Hensel, deÔterh morf ) 'Estw f(x) ∈ ZZp[x]

polu¸numo me suntelestèc sto ZZp. Upojètoume ìti up�rqoun polu¸numa g1(x)

kai h1(x) sto ZZp, tètoia ¸ste:

(i) to g1(x) eÐnai monikì,

(ii) ta g1(x) kai h1(x) eÐnai pr¸ta metaxÔ touc modulo p,

(iii) f(x) ≡ g1(x)h1(x) (mod p).

Tìte up�rqoun polu¸numa g(x), h(x) ∈ ZZp[x], tètoia ¸ste:

(i) to g(x) eÐnai monikì,

(ii) g(x) ≡ g1(x) (mod p) kai h(x) ≡ h1(x) (mod p), kai

(iii) f(x) = g(x)h(x).

4.1.2 Efarmogèc tou L mmatoc tou Hensel

Ja doume treic aplèc, all� polÔ endiafèrousec efarmogèc tou L mmatoc tou

Hensel.
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Pr¸th Efarmog : Oi rÐzec thc mon�dac sto QIp

JumÐzoume ìti èna stoiqeÐo ξ lègetai m-ost  rÐza thc mon�dac an ξm = 1. An

epiplèon tom eÐnai o el�qistoc tètoioc arijmìc, dhlad  ξn 6= 1 gia 0 < n < m,

tìte h ξ kaleÐtai prwtarqik  rÐza thc mon�dac.

Gia na qrhsimopoi soume to L mma tou Hensel qreiazìmaste èna polu¸nu-

mo. AfoÔ y�qnoume gia rÐzec thc mon�dac, to kat�llhlo polu¸numo eÐnai to

F (x) = xm − 1 me F ′(x) = mxm−1. Ja anazht soume lÔseic di�forec thc

tetrimmènhc, dhlad  di�forec thc mon�dac.

Jèloume na isqÔei h deÔterh sunj kh tou l mmatoc, dhlad  F ′(x) 6≡ 0

(mod p). ParathroÔme ìti an F ′(λ) ≡ 0 (mod p) gia k�poio λ ∈ ZZp, ja

prèpei eÐte o p na diaireÐ ton λ, pou ìmwc tìte to λ den eÐnai rÐza tou poluwnÔ-

mou F (x) modulo p,   prèpei o p na diaireÐ to m. Sunep¸c, h deÔterh sunj kh

tou l mmatoc isqÔei ìtan o p den diaireÐ to m.

Gia thn pr¸th sunj kh prèpei na broÔme mia arqik  prosèggish thc rÐ-

zac, dhlad  ènan akèraio α1 6≡ 1 (mod p) pou na ikanopoieÐ thn αm
1 ≡ 1

(mod p). K�ti tètoio ìmwc eÐnai �meso apo to gegonìc ìti h pollaplasi-

astik  om�da tou s¸matoc ZZ/pZZ eÐnai kuklik , t�xhc p − 1. Sunep¸c, gia

m diairèth tou p− 1 up�rqei upoom�da t�xhc m, kai �ra stoiqeÐo α1 pou thn

par�gei, kai antistrìfwc (apì to Je¸rhma Lagrange).

SunoyÐzontac, gia k�je pr¸to arijmì p kai jetikì akèraio m, me m | p−1,

mporoÔme na broÔme α1 ¸ste α1 6≡ 0, 1 (mod p) kai αm
1 ≡ 1 (mod p). An

gcd(m, p − 1) = 1, tìte den up�rqei α1 ¸ste αm
1 ≡ 1 (mod p). Epomènwc,

efarmìzontac to L mma tou Hensel paÐrnoume thn akìloujh prìtash.

Prìtash 37 Gia k�je pr¸to p kai gia k�je jetikì akèraio m pou den di-

areÐtai apì ton p, up�rqei prwtarqik  m-ost  rÐza thc mon�dac sto QIp an kai

mìno an to m diaireÐ ton p− 1.

Parat rhsh 20 To gegonìc ìti h rÐza ja eÐnai prwtarqik  rÐza thc mon�dac

prokÔptei �mesa apì ton orismì thc t�xhc enìc stoiqeÐou miac om�dac. Epi-

plèon, h rÐza ja an kei sto ZZp, afoÔ:

ξm = 1 ⇔ |ξm|p = 1 ⇔ |ξ|mp = 1 ⇒ |ξ|p = 1.

Parat rhsh 21 Tèloc, axÐzei na shmei¸soume ìti an m | p − 1, tìte k�-

je m-ost  rÐza thc mon�dac eÐnai epÐshc kai (p − 1)-ost  rÐza thc mon�dac.
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Sunep¸c, oi rÐzec t�xhc m thc mon�dac sto QIp, ìpou m, p pr¸toi proc al-

l louc, eÐnai akrib¸c oi (p− 1)-ostèc rÐzec thc mon�dac.

Me thn prohgoÔmenh an�lush katafèrame na prosdiorÐsoume ìlec tic rÐzec

thc mon�dac stoQIp, ektìc apì autèc me t�xhm = pn, afoÔ gia na efarmìsoume

to L mma tou Hensel apait same o p na mh diaireÐ ton m. Epomènwc, den

mporoÔme na proseggÐsoume tic pn-ostèc rÐzec thc mon�dac me aut  th mèjodo.

'Omwc, apodeiknÔetai ìti autèc den an koun sto QIp, me exaÐresh thn perÐptwsh

ìpou p = 2. 'Etsi, èqoume brei ìlec tic rÐzec thc mon�dac pou an koun sto

QIp, an kai autì den mporoÔme na to apodeÐxoume me ta twrin� mac efìdia.

DeÔterh efarmog : o kajorismìc twn tetrag¸nwn sto QIp

'Ena b ∈ QIp eÐnai tetr�gwno an up�rqei a ∈ QIp, tètoio ¸ste a2 = b. Kat�

arq�c ja exet�soume thn perÐptwsh, pìte èna stoiqeÐo tou ZZ?
p, dhlad  mÐa

p-adik  mon�da, eÐnai tetr�gwno:

Prìtash 38 'Estw p 6= 2 ènac pr¸toc arijmìc kai èstw b ∈ ZZ?
p mÐa p-adik 

mon�da. E�n up�rqei a1 ∈ ZZ?
p, tètoio ¸ste a

2
1 ≡ b (mod pZZp), tìte to b eÐnai

to tetr�gwno k�poiou stoiqeÐou tou ZZp.

Apìdeixh: Ja efarmìsoume to L mma tou Hensel sto polu¸numo F (x) =

x2 − b. Apì upìjesh èqoume ìti up�rqei a1 ∈ ZZp, tètoio ¸ste a2
1 ≡ b

(mod pZZp), dhlad  F (a1) ≡ 0 (mod pZZp).

Epiplèon, F ′(a1) = 2a1 6≡ 0 (mod pZZp). Pr�gmati, an F ′(a1) ≡ 0

(mod pZZp), tìte ja eÐqame eÐte p | 2   p | a1. Apì upìjesh p 6= 2, �ra

ja prèpei p | a1. Tìte ìmwc o p ja diaireÐ kai to b, dhlad  b 6∈ ZZ?
p (Prìtash

20), pou eÐnai �topo afoÔ apì upìjesh b ∈ ZZ?
p.

'Etsi, apì to L mma tou Hensel, èqoume to zhtoÔmeno, ìti dhlad  to

polu¸numo x2 = b èqei rÐza sto ZZp, �ra ìti to b eÐnai tpo tetr�gwno k�poiou

stoiqeÐou a tou ZZp. To a ja eÐnai epÐshc antistrèyimo, efìson a ≡ a1

(mod pZZp). �

MporoÔme na epekteÐnoume ta parap�nw se olìklhro to QIp, an jumhjoÔme

ìti k�je x ∈ QIp gr�fetai wc x = pυp(x)x′, ìpou x′ ∈ ZZ?
p (Pìrisma 6). Epi-

plèon, jumÐzoume ìti ènac arijmìc a kaleÐtai tetragwnikì upìloipo modulo

k�poion pr¸to p, an p - a kai h exÐswsh x2 ≡ a (mod p) èqei lÔsh.
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Pìrisma 10 (i) 'Estw p 6= 2 pr¸toc arijmìc. 'Ena stoiqeÐo x ∈ QIp eÐnai

tetr�gwno k�poiou p-adikoÔ arijmoÔ, an kai mìno an mporeÐ na grafeÐ wc

x = p2ny2, me n ∈ ZZ kai y ∈ ZZ?
p.

(ii) H om�da phlÐko QI×p /(QI
×
p )2 èqei t�xh tèssera. An c ∈ ZZ?

p eÐnai opoiod -

pote stoiqeÐo, pou den eÐnai tetragwnikì upìloipo modulo p, tìte to sÔno-

lo {1, p, c, cp} eÐnai èna pl rec sÔnolo ekpros¸pwn twn sumplìklwn

tou (QI×p )2 sto QI×p .

Apìdeixh:

(i) Profan¸c, an x = a2 me x, a ∈ QIp, kai dedomènou ìti a = pυp(a)a′, a′ ∈
ZZ?

p, tìte x = p2υp(a)a′ 2 me υp(a) ∈ ZZ kai a′ ∈ ZZ?
p.

AntÐstrofa, an x = p2ny2, tìte x = (pny)2 me pny ∈ QIp.

(ii) Gia ton deÔtero isqurismì èqoume ìti ta sÔmploka thc om�dac-phlÐko

QI×p /(QI
×
p )2 ja eÐnai thc morf c x(QI×p )2, x ∈ QIp. 'Ena x ∈ QI×p eÐnai thc

morf c pυp(x)x′, x′ ∈ ZZ?
p. Tìte ja èqoume tic ex c peript¸seic:

• υp(x) �rtioc kai x′ = y2, y ∈ ZZ?
p. Tìte, x ∈ 1 · (QI×p )2.

• υp(x) �rtioc kai x′ ìqi tetr�gwno sto ZZ?
p. Tìte, to pυp(x) apor-

rof�tai sto (QI×p )2, en¸ to x′ ìqi. 'Etsi, x ∈ x′ · (QI×p )2.

• υp(x) perittìc kai x′ = y2, y ∈ ZZ?
p, dhlad  x = p2k+1y2 = pp2ky2.

Tìte, to p2ky2 aporrof�tai sto (QI×p )2 kai �ra x ∈ p · (QI×p )2.

• υp(x) perittìc kai x′ ìqi tetr�gwno sto ZZ?
p, dhlad  x = pp2kx′.

Tìte, x ∈ p x′(QI×p )2.

'Etsi, katal xame se tèsseric diaforetikèc morfèc sumplìkwn. To deÔtero

komm�ti tou isqurismoÔ faÐnetai xek�jara apì th morf  twn sumplìkwn. �

To pio endiafèron se sqèsh me to parap�nw apotèlesma eÐnai ìtan k�noume

th sÔgkrish me to an�logì tou sto IR. Sto IR èqoume ìti ènac pragmatikìc

arijmìc eÐnai tèleio tetr�gwno an kai mìno an eÐnai jetikìc arijmìc. H om�da-

phlÐko IR×/(IR×)2 èqei t�xh dÔo kai sÔnolo ekpros¸pwn to {1, −1}. To

Pìrisma 10 faÐnetai t¸ra wc h p-adik  �poyh tou ��kanìna twn pros mwn��

gia ton pollaplasiasmì pragmatik¸n arijm¸n.
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Gia na oloklhr¸soume to pìrisma prèpei na anafèroume kai thn perÐptwsh

ìpou p = 2. Gi� autì qrhsimopoioÔme thn isqurìterh morf  tou L mmatoc tou

Hensel, efìson to F ′(a1) = 2a1 p�nta ja diaireÐtai apì to dÔo, kai ètsi den

ja exasfalÐzetai h deÔterh sunj kh tou L mmatoc ìpwc prin.

TrÐth efarmog : Oi p-adikèc rÐzec miac Tetragwnik c Morf c

JumÐzoume ìti mÐa tetragwnik  morf  eÐnai ousiastik� èna omogenèc polu¸nu-

mo deutèrou bajmoÔ.

Orismìc 31 'Estw V dianusmatikìc q¸roc di�stashc n orismènoc p�nw se

èna s¸ma IK. Mia tetragwnik  torf  eÐnai mÐa sun�rthsh F : V −→ IK

tètoia ¸ste:

F (x1, . . . , xn) =
n∑

i=1

aiix
2
i + 2

∑
i<j

aijxixj, aij ∈ IK.

JumÐzoume akìma ìti h tetragwnik  morf  F (x1, . . . , xn) mporeÐ mèsw enìc

grammikoÔ metasqhmatismoÔ na èrjei sthn kanonik  thc morf 

F (x1, . . . , xn) =
n∑

i=1

ciix
2
i , cii ∈ IK.

Tèloc, mporoÔme na upojèsoume ìti oi suntelestèc cii eÐnai eleÔjeroi

tetrag¸nwn, dhlad  den eÐnai thc morf c cii = c′iis
2, efìson opoiad pote

tetr�gwna stn an�lush twn suntelest¸n aporrofoÔntai stic metablhtèc.

'Ara, sth dik  mac perÐptwsh, h genik  perÐptwsh miac tetragwnik c mor-

f c eÐnai h:

F (x1, . . . , xn, y1, . . . , ym) =
n∑

j=1

ajx
2
j +

m∑
i=1

p biy
2
i , aj, bi ∈ ZZ?

p

Ja melet soume diexodik� th sun�rthsh ax2 + by2 + cz2, ìpou upojètoume

ìti a, b, c ∈ ZZ, gia na broÔme ìlec tic sunj kec pou apaitoÔntai ¸ste aut 

na èqei mh tetrimmènec p-adikèc rÐzec se k�je s¸ma QIp, p ≤ ∞.

Kat� arq�c, an k�poio apì ta a, b, c eÐnai mhdèn, tìte brÐskoume eÔkola

mÐa mh tetrimmènh lÔsh thc exÐswshc: Jètoume tic dÔo metablhtèc twn mh
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mhdenik¸n suntelest¸n Ðsec me to mhdèn, kai dÐnoume sthn trÐth opoiad pote

mh mhdenik  tim .

Epiplèon, eÐnai profanèc ìti mporoÔme na aplopoi soume touc ìpoiouc

paronomastèc, �ra mporoÔme na upojèsoume ìti ta a, b, c eÐnai akèraioi. M-

poroÔme epÐshc na upojèsoume ìti eÐnai eleÔjeroi tetrag¸nwn. Tèloc, m-

poroÔme na upojèsoume ìti den èqoun koinoÔc par�gontec, ìti dhlad 

gcd(a, b, c) = 1, diìti tìte ja mporoÔsame na touc diagr�youme.

M�lista, mporoÔme na doÔme ìti tìte gcd(a, b) = gcd(a, c) = gcd(c, b) = 1,

ìti dhlad  an� dÔo den èqoun koinoÔc par�gontec. IsodÔnama, ja èqoume ìti

to ginìmeno abc eÐnai eleÔjero tetrag¸nwn.

Ja deÐxoume ìti mÐa lÔsh (x, y, z) thc exÐswshc ax2 + by2 + cz2 = 0 eÐnai

kai lÔsh miac dx2 + ey2 + fz2 = 0, h opoÐa ikanopoieÐ thn upìjesh ìti to

abc eÐnai eleÔjero tetrag¸nwn. Pr�gmati, èstw k = gcd(a, b) > 1, dhlad 

a = a′k, b = b′k, en¸ gcd(a, c) = gcd(b, c) = 1. To k eÐnai eleÔjero tetrag¸n-

wn, lìgw thc upìjes c mac ìti ta a, b eÐnai eleujèra tetrag¸nwn. Akìma,

gcd(k, c) = 1. Antikajist¸ntac ta a, b sthn exÐswsh paÐrnoume:

a′kx2 + b′ky2 + cz2 = 0 ⇒ k|cz2 gcd(k,c)=1
=⇒ k|z2.

Epeid  ìmwc to k eÐnai eleÔjero tetrag¸nwn, kai �ra den mporeÐ na eÐnai

tetr�gwno, èpetai ìti k|z. An antikatast soume to z me kz′ sthn exÐswsh

paÐrnoume:

a′kx2 + b′ky2 + c(kz′)2 = 0 ⇒ a′x2 + b′y2 + kcz′
2

= 0.

Dhlad , prokÔptei mÐa exÐswsh tri¸n metablht¸n, x, y, z′, isodÔnamh me thn

arqik , pou ikanopoieÐ ìti gcd(a′, b′) = gcd(a′, kc) = gcd(kc, b′) = 1.

'Eqoume loipìn thn exÐswsh ax2 + by2 + cz2 = 0, tètoia ¸ste ta a, b, c

na eÐnai akèraioi, eleÔjeroi tetrag¸nwn kai an� dÔo pr¸toi metaxÔ touc. Ja

melet soume th sumperifor� thc exÐswshc sta diaforetik� QIp, dhlad  pìte

èqei lÔseic se ìla ta QIp, p ≤ ∞.

Me qr sh tou L mmatoc tou Hensel ja deÐxoume to parak�tw Je¸rhma:

Je¸rhma 15 'Estw akèraioi a, b, c ∈ ZZ, an� dÔo pr¸toi metaxÔ touc kai

eleÔjeroi tetrag¸nwn. H exÐswsh

ax2 + by2 + cz2 = 0
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èqei mh tetrimmènec lÔseic se k�je QIp, p ≤ ∞, an kai mìno an ikanopoioÔntai

oi akìloujec sunj kec:

(i) Ta a, b, c den eÐnai omìshma.

(ii) Gia k�je perittì pr¸to p pou diaireÐ ènan apì touc suntelestèc, èstw

ton a, tìte gia touc �llouc dÔo up�rqei akèraioc arijmìc r, tètoioc ¸ste

b+ r2c ≡ 0 (mod p).

(iii) An ta a, b, c eÐnai ìloi perittoÐ, tìte dÔo apì autouc ja èqoun �jroisma

diairetì apì to tèssera.

(iv) An k�poioc apì touc a, b, c eÐnai �rtioc, tìte eÐte to �jroisma twn up-

ìloipwn dÔo   to �jroisma kai twn tri¸n eÐnai diairetì apì to okt¸.

Apìdeixh Jewr matoc 15:

Ac exet�soume pr¸ta thn perÐptwsh p = ∞, dhlad  sto QIp = IR, pou

eÐnai kai h pio aplh. H exÐswsh den èqei mh tetrimmènec pragmatikèc lÔseic

akrib¸c ìtan ta a, b, c eÐnai ìla jetik�   ìla arnhtik�.

'Estw t¸ra p pr¸toc, pou den diaireÐ kanènan apì touc suntelestèc a, b, c.

Ja melet soume th sumperifor� thc exÐswshc modulo p gia na diex�goume

sumper�smata gia th sumperifor� thc sto QIp, ta opoÐa parajètoume upì mor-

f  prot�sewn kai lhmm�twn. Wc proc to pr¸to skèloc isqÔei to akìloujo

apotèlesma gia p 6= 2. Sth sunèqeia ja exet�soume kai thn perÐptwsh p = 2.

Prìtash 39 'Estw p perittìc pr¸toc kai èstw a, b, c akèraioi, an� dÔo

pr¸toi metaxÔ touc, tètoioi ¸ste na mhn diairoÔntai apì ton p. Tìte, up�rqoun

akèraioi x0, y0, z0, ìqi ìloi mhdèn modulo p, tètoioi ¸ste:

ax2
0 + by2

0 + cz2
0 ≡ 0 (mod p).

Prin apodeÐxoume thn prìtash, parajètoume èna l mma.

L mma 10 Gia k�je perittì pr¸to p kai k�je akèraio n, tètoio ¸ste 0 ≤
n < p− 1, isqÔei ìti:

p−1∑
x=0

xn ≡ 0 (mod p).
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Apìdeixh: Gia n = 0 paÐrnoume to �jroisma p mon�dwn, to opoÐo profan¸c

eÐnai Ðso me mhdèn modulo p.

Gia 0 < n < p− 1 mporoÔme na epilèxoume ènan arijmì a, 2 ≤ a ≤ p− 1,

tètoion ¸ste an 6≡ 1 (mod p). H sun�rthsh f(x) = ax eÐnai èna proc èna,

�ra kai epÐ afoÔ èqoume peperasmèno pl joc stoiqeÐwn. Epomènwc isqÔei ìti:

p−1∑
x=0

xn ≡
p−1∑
x=0

(ax)n (mod p).

IsodÔnama, dojèntoc ìti an 6≡ 1 (mod p), ja èqoume:

0 ≡
p−1∑
x=0

xn −
p−1∑
x=0

anxn ≡ (1− an)

p−1∑
x=0

xn (mod p) ⇒
p−1∑
x=0

xn ≡ 0 (mod p).

�

Apìdeixh Prìtashc 39: Mac endiafèroun oi lÔseic modulo p, sunep¸c,

ta x, y, z mporoÔn na p�roun ìlec tic akèraiec timèc metaxÔ twn 0 kai p −
1. Autì mac dÐnei p3 diaforetikoÔc pijanoÔc sunduasmoÔc pou mporoÔn na

apotelèsoun lÔseic thc exÐswshc. Ja prospaj soume na metr soume pìsec

apì autèc eÐnai lÔseic thc ax2
0 + by2

0 + cz2
0 ≡ 0 (mod p).

Apì to Mikrì Je¸rhma Fermat èqoume:

(ax2
0 + by2

0 + cz2
0)

p−1 ≡

{
1 (mod p), an (x0, y0, z0) den eÐnai lÔsh

0 (mod p), an (x0, y0, z0) eÐnai lÔsh.

Opìte, e�n jèsoume N na eÐnai o sunolikìc arijmìc twn sunduasm¸n pou den

eÐnai lÔseic, kai S to pl joc twn sunduasm¸n pou eÐnai lÔseic, tìte:

N = p3 − S ≡
∑

(x,y,z)

(ax2 + by2 + cz2)p−1 (mod p),

me ta x, y, z na diatrèqoun tic akèraiec timèc apì 0 e¸c kai p− 1. AnalÔontac

tic dun�meic sto �jroisma paÐrnoume mÐa exÐswsh gia to N pou ja eÐnai èna

�jroisma ajroism�twn thc morf c:∑
(x,y,z)

αx2iy2jz2k,
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me 2i + 2j + 2k = 2(p − 1) kai α ∈ ZZ. Isqurizìmaste ìti k�je èna apì ta

ajroÐsmata aut� eÐnai Ðso me mhdèn modulo p.

Pr�gmati, parathroÔme ìti k�poio apì ta 2i, 2j, 2k, èstw to 2i, prèpei

na èinai mikrìtero tou p − 1, diaforetik� to �jroism� twn tri¸n ja  tan

megalÔtero apì 2(p−1). 'Etsi, mporoÔme na gr�youme to prohgoÔmeno �jro-

isma wc: ∑
(y,z)

αy2jz2k
∑

x

x2i.

'Omwc, apì to L mma 10, faÐnetai ìti to �jroisma autì eÐnai Ðso me mhdèn

modulo p.

Apì ton isqurismì èpetai ìti N ≡ 0 (mod p), dhlad , to pl joc twn

tri�dwn pou den apoteloÔn lÔseic diaireÐtai apì ton p. Tìte, kai to pl joc

twn lÔsewn S = p3 − N epÐshc ja diaireÐtai apì ton p. 'Omwc, xèroume ìti

up�rqei ènac sunduasmìc, o (0, 0, 0), pou eÐnai lÔsh, kai �ra to S ja eÐnai

megalÔtero thc mon�dac kai diairetì apì ton p. Autì shmaÐnei ìti up�rqoun

toul�qiston p lÔseic , dhlad  ìti up�rqoun lÔseic di�forec thc tetrimmènhc.

�

Pìrisma 11 'Estw p perittìc pr¸toc pou de diaireÐ to abc. Tìte, h exÐswsh

ax2 + by2 + cz2 = 0 èqei mh tetrimmènh lÔsh sto QIp.

Apìdeixh: Apì to prohgoÔmeno je¸rhma gnwrÐzoume ìti h exÐswsh ax2 +

by2 + cz2 = 0 èqei mh tetrimmènec lÔseic modulo p. 'Estw (x0, y0, z0) mÐa apì

autèc kai èstw x0 6≡ 0 (mod p).

'Estw to polu¸numo f(x) = ax2 + by2
0 + cz2

0 . Profan¸c h tim  x0 eÐnai

rÐza tou poluwnÔmou modulo p, dhalad  f(x0) = 0 (mod p). Epiplèon,

f ′(x0) = 2ax0 6≡ 0 (mod p), efìson a 6≡ 0 (mod p), x0 6≡ 0 (mod p)

kai p 6= 2. Tìte, apì to L mma tou Hensel èqoume ìti up�rqei mh tetrimmènh

p-adik  rÐza ρ tou poluwnÔmou f .

EÐnai �meso ìti h (ρ, y0, z0) ja apoteleÐ lÔsh thc arqik c exÐswshc sto QIp,

kai to pìrisma èqei deiqjeÐ. �

Sthn prohgoÔmenh an�lush upojèsame ìti o p eÐnai perittìc pr¸toc kai

den diaireÐ to abc. Ja doÔme upì poièc sunj kec up�rqei p-adik  lÔsh ìtan

o p diaireÐ k�poion apì touc suntelestèc a, b, c. 'Estw loipìn ìti p|a. Kat�
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arq�c, an p|a, tìte p - bc, afoÔ èqoume upojèsei ìti to ginìmeno abc eÐnai

eleÔjero tetrag¸nwn. IsqÔei to akìloujo je¸rhma:

Prìtash 40 'Estw p 6= 2 kai a ≡ 0 (mod p). H exÐswsh

ax2 + by2 + cz2 = 0

èqei mh tetrimmènh lÔsh sto QIp, an kai mìno an up�rqei akèraioc r ∈ ZZ,

tètoioc ¸ste:

b+ r2c ≡ 0 (mod p)

Apìdeixh: Ja deÐxoume pr¸ta to eujÔ. An (x0, y0, z0) mÐa mh tetrimmènh

lÔsh sto QIp, tìte aut  ja eÐnai lÔsh kai modulo p. 'Omwc, a ≡ 0 (mod p),

ètsi paÐrnoume:

ax2
0 + by2

0 + cz2
0 ≡ by2

0 + cz2
0 ≡ 0 (mod p).

Ta b, c eÐnai p-adikèc mon�dec, afoÔ den diairoÔntai apì ton p, kai �ra

antistrèyima stoiqèia modulo p. Epomènwc, paÐrnoume:

y2
0 ≡ −(cb−1)z2

0 ≡ αz2
0 ,

ìpou α ≡ −(cb−1). AfoÔ èqoume isìdunamÐa tetrag¸nwn, eÐte ja prèpei

y0 ≡ z0 ≡ 0 (mod p)   ja prèpei y0, z0 6≡ 0 (mod p) kai to α na eÐnai

tetr�gwno k�poiou p-adikoÔ arijmoÔ. H pr¸th perÐptwsh den mac dÐnei �llh

epilog  gia thn x0 ektìc apì th mhdenik , dhlad  ja eÐqame xekin sei apì

tetrimmènh lÔsh. Epomènwc, ja prèpei na isqÔei:

α ≡ y2
0(z

2
0)
−1 ≡ r2 ≡ −(cb−1) (mod p) ⇔

b+ r2c ≡ 0 (mod p), r ∈ ZZp/pZZp.

An p�roume ton isoôpìloipo akèraio modulo p me to r, tìte èqoume to zhtoÔ-

meno.

To antÐstrofo prokÔptei �mesa apì to L mma tou Hensel. 'Estw ìti isqÔei

b + r2c ≡ 0 (mod p) gia touc suntelestèc b, c. Tìte, lÔnontac wc proc b

èqoume:
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b ≡ −r2c (mod p).

Ja melet soume th sumperifor� thc exÐswshc modulo p, ¸ste telik� na efar-

mìsoume to L mma tou Hensel. Antikajist¸ntac thn parap�nw sqèsh sthn

exÐswsh modulo p paÐrnoume:

ax2 − r2cy2 + cz2 ≡ −r2cy2 + cz2 (mod p).

H exÐswsh −r2cy2 + cz2 ≡ 0 (mod p) èqei panta lÔsh modulo p. Pr�g-

mati, èstw y0 6≡ 0 (mod p). Tìte, h exÐswsh gÐnetai:

−r2cy2 + cz2
0 ≡ 0 (mod p) ⇔ z2 ≡ r2y2

0 ≡ (ry0)
2 (mod p),

epomènwc, gia z0 = ry0, h exÐswsh ax2 − r2cy2 + cz2 = 0 èqei mh tetrimmènh

lÔsh modulo p, thn (x0, y0, z0), ìpou x0 opoiosd pote p-adikìc akèraioc.

'Omoia me thn perÐptwsh ìpou p - abc, jewroÔme to polu¸numo f(y) =

ax2
0 + by2 + cz2

0 . Profan¸c isqÔei f(y0) ≡ 0 (mod p) kai f ′(y0) = 2by0 6≡
0 (mod p), sunep¸c efarmìzontac to L mma tou Hensel paÐrnoume mÐa mh

tetrimmènh p-adik  rÐza gia to polu¸numo, �ra kai mÐa p-adik  lÔsh thc arqik c

exÐswshc. �

Mènei t¸ra na melet soume thn perÐptwsh pou o p eÐnai �rtioc, dhlad 

p = 2. DiakrÐnoume kai p�li dÔo peript¸seic: ta a, b, c na eÐnai ìla perittoÐ  

k�poio apì ta a, b, c na eÐnai �rtioc.

Prìtash 41 'Estw p = 2 kai a, b, c perittoÐ akèraioi. H exÐswsh ax2 +

by2 + cz2 = 0 èqei mh tetrimmènh lÔsh sto QI2 an kai mìno an to �jroisma dÔo

ek twn a, b, c diaireÐtai apì to 4.

Apìdeixh: 'Estw (x0, y0, z0) mÐa mh tetrimmènh lÔsh thc ax2+by2+cz2 = 0.

MporoÔme na upojèsoume ìti toul�qiston èna apì ta x0, y0, z0, èstw to x0,

eÐnai 2-adik  mon�da, dhlad  den diaireÐtai apì to 2. Alli¸c, mporoÔme na

pollaplasi�soume kai ta trÐa stoiqeÐa me kat�llhlh dÔnamh tou dÔo.

H lÔsh (x0, y0, z0) ja eÐnai kai lÔsh modulo 2n gia k�je n jetikì akèraio,

�ra kai ax2
0 + by2

0 + cz2
0 ≡ 0 (mod 2). Efìson ta a, b, c eÐnai ìla perittoÐ
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arijmoÐ, kai èqoume upojèsei 2 - x0, ja prèpei akrib¸c èna apì ta y0, z0 na

eÐnai epÐshc 2-adik  mon�da, diìti diaforetik� den ja eÐqame lÔsh modulo dÔo.

QwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti to y0 eÐnai 2-adik 

mon�da.

ParathroÔme ìti, an a = 1 + a12 + a22
2 + · · · , ai ∈ {0, 1} , mÐa 2adik 

mon�da, tìte gia to tetr�gwnì thc isqÔei ìti a2 ∈ 1+8ZZ2. Pr�gmati, èqoume:

a2 = (1 + a12 + a22
2 + · · ·)(1 + a12 + a22

2 + · · ·)
= 1 + a12 + a22

2 + · · ·+ a12 + a2
12

2 + · · ·+ a22
2 + · · ·

= 1 + (a1 + 1)a12
2 + a22

3 + ìroi t�xhc ≥ 3

= 1 + ìroi t�xhc ≥ 3.

AntÐstoiqa brÐskoume ìti an k�poio stoiqeÐo b = b12 + b22
2 + · · · den èinai

2-adik  mon�da, tìte to tetr�gwnì tou an kei sto 4ZZ2.

Epomènwc, èqontac k�nei tic upojèseic ìti x0, y0 eÐnai 2-adikèc mon�dec,

en¸ to z0 ìqi, gia ta tetr�gwn� touc paÐrnoume ìti x2
0, y

2
0 ∈ 1 + 8ZZ2 (�ra kai

x2
0, y

2
0 ∈ 1 + 4ZZ2) kai z2

0 ∈ 4ZZ2. 'Etsi, melet¸ntac thn exÐswsh modulo 4,

katal goume sto zhtoÔmeno:

ax2
0 + by2

0 + cz2
0 ≡ 0 (mod 4) ⇒

a+ b ≡ 0 (mod 4).

E�n eÐqame upojèsei diaforetik� gia to poia stoiqeÐa apì ta x0, y0, z0 eÐnai

oi 2-adikèc mon�dec, ja eÐqame katal xei sta antÐstoiqa apotelèsmata gia touc

suntelestèc touc.

Gia to antÐstrofo, upojètoume qwrÐc bl�bh thc genikìthtac ìti gia touc

suntelestèc a, b isqÔei ìti a+ b ≡ 0 (mod 4). DiakrÐnoume dÔo peript¸seic:

a+ b ≡ 0 (mod 8) kai a+ b ≡ 4 (mod 8).

Gia thn pr¸th perÐptwsh mporoÔme na doÔme ìti h epilog  (x0, y0, z0) =

(1, 1, 0) eÐnai lÔsh thc exÐswshc modulo dÔo. Jewr¸ntac t¸ra to polu¸numo

F (x) = ax2 + by2
0 + cz2

0 , mporoÔme na efarmìsoume thn isqur  morf  tou

L mmatoc tou Hesnel:

|F (x0)|2 = |ax2
0 + by2

0|2 = |8λ|2 ≤
1

8

kai
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|F ′(x0)|22 = |2a|22 = (
1

2
)2 =

1

4
, efìson 2 - a.

'Eqoume ìti |F (x0)|2 < |F ′(x0)|22, �ra exasfalÐzetai h sunj kh thc isqur c
morf c tou L mmatoc tou Hensel. Apì to L mma èpetai ìti up�rqei monadik 

2-adik  akèraia rÐza ρ, tètoia ¸ste F (ρ) = 0, dhlad  aρ2 + by2
0 + cz2

0 = 0.

Gia th deÔterh perÐptwsh, akoloujoÔme akrib¸c ta Ðdia b mata, kai brÐsk-

oume ìti h (x0, y0, z0) = (1, 1, 2) eÐnai h kat�llhlh epilog , ¸ste efarmìzontac

to L mma tou Hensel na p�roume lÔsh sto QI2. �

Prìtash 42 'Estw p = 2 kai ènac apì touc a, b, c eÐnai �rtioc. H exÐswsh

ax2 + by2 + cz2 = 0 èqei mh tetrimmènh lÔsh sto QI2 an kai mìno an eÐte to

�jroisma dÔo ek twn a, b, c   to �jroisma kai twn tri¸n diaireÐtai apì to 8.

Apìdeixh: MporoÔme, qwrÐc bl�bh thc genikìthtac, na upojèsoume ìti

2|a. 'Estw (x0, y0, z0) mÐa lÔsh thc exÐswshc sto QI2. Tìte aut  eÐnai lÔsh

thc exÐswshc modulo 2, dhlad  ax2
0 + by2

0 + cz2
0 ≡ 0 (mod 2).

'Opwc kai sthn prohgoÔmenh apìdeixh, mporoÔme na sumper�noume ìti ta

y0, z0 ja prèpei na eÐnai 2-adikèc mon�dec, en¸ to x0 mporeÐ na eÐnai otid pote.

E�n upojèsoume ìti o x0 eÐnai �rtioc, tìte to x2
0 eÐnai pollapl�sio tou

tèssera, kai �ra o ìroc ax2
0 eÐnai pollapl�sio tou okt¸. Se sunduasmì me to

gegonìc ìti y2
0 ≡ z2

0 ≡ 1 (mod 8), efìson eÐnai 2-adikèc mon�dec, paÐrnoume:

ax2
0 + by2

0 + cz2
0 ≡ 0 (mod 8) ⇒

b+ c ≡ 0 (mod 8).

E�n upojèsoume ìti o x0 eÐnai perittìc, dhlad  2-adik  mon�da, tìte èqoume

ax2
0 ≡ a (mod 8), kai �ra:

ax2
0 + by2

0 + cz2
0 ≡ 0 (mod 8) ⇒

a+ b+ c ≡ 0 (mod 8).

Dhlad , an (x0, y0, z0) mÐa mh tetrimmènh lÔsh thc ax2 + by2 + cz2 = 0 sto

QI2, tìte eÐte to �jroisma kai twn tri¸n suntelest¸n   to �jroisma dÔo apì

aut¸n eÐnai diairetì apì to 8.
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To antÐstrofo apodeiknÔetai qrhsimopoi¸ntac to L mma tou Hensel akrib¸c

ìpwc sthn prohgoÔmenh apìdeixh, mono pou t¸ra eÐnai aploÔstero, dedomè-

nou ìti gnwrÐzoume ti isqÔei gia touc suntelestèc modulo 8. Epomènwc, an

upojèsoume ìti 2|a kai a+ b+ c ≡ 0 (mod 8), tìte mporoÔme na epilèxoume

thn (x0, y0, z0) = (1, 1, 1) wc kat�llhlh lÔsh gia na efarmìsoume to L m-

ma. Diaforetik�, an èstw b + c ≡ 0 (mod 8), tìte kat�llhlh lÔsh eÐnai h

(x0, y0, z0) = (0, 1, 1). �

Sugkentr¸nontac tic parap�nw prot�seic, èqei oloklhrwjeÐ h apìdeixh

tou Jewr matoc 15. �

Parat rhsh 22 Stic apodeÐxeic tou PorÐsmatoc 11 kai twn Prot�sewn

40, 41, 42 to basikì ergaleÐo eÐnai to L mma tou Hensel. Parìti to L mma

tou Hensel afor� polu¸numa mÐac metablht c, to efarmìsame sth Diofantik 

exis¸sh ax2 + by2 + cz2 ��pag¸nontac�� tic dÔo apì tic treic metablhtèc. To

Ðdio tèqnasma efarmìzoume kai sto parak�tw je¸rhma, to opoÐo genikeÔei to

Je¸rhma 15.

Je¸rhma 16 'Estw h tetragwnik  morf 

F (x1, . . . , xn, y1, . . . , ym) =
n∑

j=1

ajx
2
j +

m∑
i=1

p biy
2
i , aj, bi ∈ ZZ?

p,

dhlad  ta aj, bi eÐnai p-adikèc mon�dec: |aj|p = |bi|p = 1, gia k�je i, j.

(i) E�n p 6= 2, tìte ikan  kai anagkaÐa sunj kh gia thn Ôparxh X1, . . . , Xn,

Y1, . . . , Ym ∈ QIp, ìqi ìlwn mhdèn, tètoiwn ¸ste:

F (X1, . . . , Xn, Y1, . . . , Ym) = 0,

eÐnai h epal jeush mÐac (toul�qiston) ek twn dÔo akìloujwn sunjhk¸n:

(aþ) Up�rqoun c1, . . . , cn ∈ ZZ, ìqi ìloi diairetoÐ apì ton p, tètoioi ¸ste:

n∑
j=1

ajc
2
j ≡ 0 (mod p).
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(bþ) Up�rqoun d1, . . . , dm ∈ ZZ, ìqi ìloi diairetoÐ apì ton p, tètoioi ¸ste:

m∑
i=1

bid
2
i ≡ 0 (mod p).

(ii) E�n p = 2, tìte oi dÔo prohgoÔmenec sunj kec antikajÐstantai apì tic

ex c dÔo:

(aþ) Up�rqoun c1, . . . , cn ∈ ZZ, ìqi ìloi �rtioi, kai d1, . . . , dm ∈ ZZ, tètoioi
¸ste:

n∑
j=1

ajc
2
j + 2

m∑
i=1

bid
2
i ≡ 0 (mod 8).

(bþ) Up�rqoun d1, . . . , dm ∈ ZZ, ìqi ìloi �rtioi, kai c1, . . . , cn ∈ ZZ, tètoioi
¸ste:

m∑
i=1

bid
2
i + 2

n∑
j=1

ajc
2
j ≡ 0 (mod 8).

Gia leptomèreic gia thn apìdeixh tou Jewr matoc parapèmpoume sto endèka-

to kef�laio tou [3].

4.2 Topik  kai Olik  Arq 

To deÔtero b ma gia thn eÔresh rht¸n lÔsewn miac exÐswshc eÐnai to pèrasma

apì thn Ôparxh p-adik¸n lÔsewn se lÔseic sto QI. Ja mporoÔsame, gnwrÐ-

zontac th sumperifor� miac Diofantik c exÐswshc se k�je QIp, na diex�goume

sumper�smata gia th sumperifor� thc sto QI ?

Profan¸c, an mia Diofantik  exÐswsh èqei mÐa rht  rÐza, tìte aut  eÐnai

kai rÐza se k�je QIp, efìson to QI emperièqetai sto QIp gia k�je p ≤ ∞.

Epomènwc, an den up�rqoun rÐzec se k�poio QIp, p ≤ ∞, mporoÔme sÐgoura na

sumper�noume ìti den up�rqoun rhtèc rÐzec.

Ja mac endièfere perissìtero na isqÔei to antÐstrofo: h Ôparxh riz¸n

se k�je QIp na eggu�tai thn Ôparxh rÐzac sto QI. Ja jèlame na mporoÔme

na ��surr�youme�� topikèc (local) lÔseic kai na par�goume olikèc (global).
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H skèyh aut  prwtodiatup¸jhke apì ton Hasse, o opoÐoc jewroÔse ìti oi

topikèc lÔseic mporoÔn na d¸soun olikèc, kai ekfr�zetai apì thn akìloujh

arq :

Topik -Olik  Arq  (Local-Global Principle): H Ôparxh   mh

Ôparxh lÔsewn sto QI (olik¸n lÔsewn) miac Diofantik c exÐswshc mporeÐ

na aniqneujeÐ melet¸ntac tic lÔseic thc exÐswshc sto QIp, gia k�je p ≤ ∞
(topikèc lÔseic).

H Topik -Olik  Arq  èqei apodeiqjeÐ polÔtimoc odhgìc gia th melèth

Diofantik¸n exis¸sewn, diìti, ousiastik�, proteÐnei mÐa mejodologÐa gia ton

prosdiorosmì twn rht¸n lÔsewn mÐac exÐswshc: Pr¸ta prèpei na melet sei

kaneÐc to prìblhma topik� kai met� na sundèsei thn topik  plhroforÐa gia na

apokomÐsei thn olik .

Dustuq¸c ìmwc, h Topik -Olik  Arq  den isqÔei gia ìlec tic exis¸seic. O

isqurismìc ìti mÐa exÐswsh èqei lÔseic stoQI an kai mono an èqei se k�jeQIp den

eÐnai alhj c. Ja doÔme merik� paradeÐgmata, sta opoÐa h arq  epalhjeÔetai

kai merik� sta opoÐa apotugq�nei.

Prìtash 43 'Enac rhtìc arijmìc x ∈ QI eÐnai tetr�gwno an kai mìno an eÐnai
tetr�gwno se k�je QIp, p ≤ ∞.

IsodÔnama h prìtash diatup¸netai wc ex c: h exÐswsh x2 +α, α ∈ QI, èqei
lÔsh sto QI an kai mìno an èqei lÔsh se k�je QIp.

Apìdeixh: To eujÔ eÐnai profanèc. Gia to antÐstrofo, èstw x ∈ QI kai o

x eÐnai tetr�gwno se k�je QIp. Tìte, apì Pìrisma 10, gia k�je p < ∞ o x

gr�fetai wc:

x = p
υpi (x)

i x′ 2, υpi
(x) = 2ki, x

′ ∈ ZZ?
p, ki ∈ ZZ, i ∈ IN.

Epiplèon, o x eÐnai tetr�gwno kai gia p = ∞, dhlad  sto IR, �ra eÐnai jetikìc

arijmìc. 'Etsi, apì to Jemeli¸dec Je¸rhma thc Arijmhtik c, p�irnoume:

x =
∏

pi<∞

p
υpi (x)

i = p
υp1 (x)
1 p

υp2 (x)
2 . . . = (pk1

1 p
k2
2 . . .)2,

dhlad  o x eÐnai to tetr�gwno tou rhtoÔ arijmoÔ
∏
pki

i . �
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'Estw t¸ra h Diofantik  exÐswsh x2 + y2 + z2 = 0. FaÐnetai amèswc ìti

h monadik  rht  lÔsh thc exÐswshc aut c eÐnai h tetrimmènh x = y = z = 0,

efìson eÐnai kai h monadik  lÔsh sto IR (dhlad  to QI∞), kai opoiad pote mh

tetrimmènh rht  lÔsh ja  tan kai lÔsh sto IR.

Parìmoia, h Diofantik  exÐswsh x2 + y2 = z2 èqei mh tetrimmènec lÔseic

sto QI, kai �ra se k�je QIp.

Ta prohgoÔmena paradeÐgmata epalhjèuoun ìla thn Topik -Olik  Arq .

Ac doÔme t¸ra mÐa perÐptwsh pou h Arq  diayeÔdetai. Ja deÐxoume ìti h

exÐswsh (x2 − 2)(x2 − 17)(x2 − 34) = 0 èqei lÔseic se k�je QIp, p ≤ ∞, all�,

ìpwc eÐnai profanèc apì th morf  thc, den èqei lÔsh sto QI.

Kat� arq�c, gia k�je p 6= 2, 17, an oi x2 − 2, x2 − 17 den èqoun lÔsh sto

QIp, tìte h x
2−34 èqei lÔsh. Pr�gmati, èstw ìti ta 2, 17 den èinai tetr�gwna.

Tìte den eÐnai oÔte tetragwnik� upìloipa modulo p (an  tan ja mporoÔsame

na efarmìsoume to L mma tou Hensel). Dedomènou ìti h om�da ZZ/pZZ eÐnai

kuklik , ta 2, 17 ja eÐnai k�poia peritt  dÔnamh k�poiou genn tor� thc, ton

opoÐo sumbolÐzoume me g. Epomènwc, to ginìmenì touc ja eÐnai k�poia �rtia

dÔnamh tou genn tora, dhlad  thc morf c g2k, kai �ra to tetr�gwno tou

stoiqeÐou gk.

Gia p = 17 èqoume ìti 62 ≡ 2 (mod 17) kai epiplèon 2 · 6 = 12 6≡ 0

(mod 17). Epomènwc, ikanopoioÔntai oi sunj kec tou L mmatoc tou Hensel,

to opoÐo apofaÐnetai ìti to 2 eÐnai tetr�gwno stoQI17, kai �ra h arqik  exÐswsh

èqei lÔsh sto QI17.

Tèloc, gia p = 2, akoloujoÔme mia diaforetik  skèyh. An to 17 eÐnai to

tetr�gwno k�poiou a ∈ QI2, tìte autì ja an kei sto ZZ2. Ja qrhsimopoi soume

tic apeikonÐseic twn stoiqeÐwn tou ZZ2 wc anaptÔgmata me b�sh to dÔo gia na

prosdiorÐsoume to a. 'Eqoume ìti, an a = a0 + a12 + a22
2 + a32

3 + · · ·,
ai ∈ ZZ/2ZZ, tìte:

a2 = a2
0 + (a0a1 + a1a0)2 + (a0a2 + a1a1 + a2a0)2

2 + · · · =
∑
i≥0

αi2
i,

ìpou αn =
∑

i+j=n aiaj. Epiplèon, 17 = 20 + 24. Exis¸nontac to 17 me to a2,

¸ste na prosdiorÐsoume touc suntelestèc ai, paÐrnoume mÐa seir� isodunami¸n:
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α0 = a2
0 ≡ 1 (mod 2)

α1 = 2a0a1 ≡ 0 (mod 2)

α2 = a2
1 + 2a0a2 ≡ a2

1 ≡ 0 (mod 2)

α3 = 2a0a3 + 2a1a2 ≡ 0 (mod 2)

α4 = a2
2 + 2a0a4 + 2a1a3 ≡ a2

2 ≡ 1 (mod 2)

αn ≡
∑

i+j=n

aiaj ≡ 0 (mod 2) gia k�je n > 4.

ParathroÔme ìti ìloi oi ai, emfanÐzontai sto tetr�gwno se k�poia apì tic

parap�nw exis¸seic, en¸ ìloi oi upìloipoi ìroi thc exÐswshc eÐnai thc morf c

2aiaj, dhlad  mhdèn modulo 2. 'Etsi, gia i = 0, 2 oi a0 kai a2 dÐnontai apì

thn exÐswsh a2
0 ≡ a2

2 ≡ 1 (mod 2), en¸ gia touc upìloipouc ìrouc isqÔei ìti

a2
i ≡ 0 (mod 2). Epeid  to tetr�gwno perittoÔ arijmoÔ einai perittìc kai

to tetr�gwno enìc �rtiou arijmoÔ eÐnai �rtioc sumperaÐnoume ìti a0 = a2 = 1

kai a1 = a3 = a4 = . . . = 0. 'Etsi, o duadikìc akèraioc a = 20 + 22 eÐnai h

tetragwnik  rÐza tou 17 sto QI2.

'Eqoume deÐxei ìti h exÐswsh èqei toul�qiston mia rÐza se k�je QIp, p ≤ ∞.

Par� ìla aut� den èqei rÐzec sto QI, afoÔ kanèna apì ta 2, 17, 34 den eÐnai to

tetr�gwno k�poiou rhtoÔ arijmoÔ. 'Ara, h Topik -Olik  Arq  den isqÔei.

4.3 To Je¸rhma Hasse-Minkowski

'Eqoume ìmwc èna polÔ shmantikì par�deigma sto opoÐo h Topik -Olik  Arq 

epalhjeÔetai:

Je¸rhma 17 (Hasse-Minkowski) 'Estw mÐa tetragwnik  morf 

F (x1, . . . , xn) ∈ QI [x1, . . . , xn].

H exÐswsh

F (x1, . . . , xn) = 0

èqei mh tetrimmènec lÔseic sto QI an kai mìno an èqei mh tetrimmènec lÔseic

se k�je QIp, p ≤ ∞.
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AxÐzei na tonÐsoume ìti me to Je¸rhma Hasse-Minkowski lÔnoume to prìblh-

ma thc Ôparxhc mh tetrimmènwn rht¸n lÔsewn mÐac tetragwnik c morf c, efì-

son to ��topikì prìblhma�� lÔnetai eÔkola se k�je perÐptwsh. Pio sugkekri-

mèna, ìpwc eÐdame sthn prohgoÔmenh enìthta gia k�je pr¸to p, h kat�llhlh

morf  tou L mmatoc tou Hensel apofaÐnetai, met� apì peperasmènh diadikasÐa,

gia to an h tetragwnik  morf  èqei   ìqi lÔseic sto QIp.

Bèbaia, up�rqoun �peiroi pr¸toi arijmoÐ. 'Omwc, ìpwc eÐdame sto Je¸rhma

16, autoÐ qwrÐzontai se peperasmènec kathgorÐec, ètsi ¸ste telik� h diadi-

kasÐa eÔreshc topik¸n lÔsewn gia ìlouc touc pr¸touc na eÐnai peperasmèn-

h. Sunep¸c, dojèntoc tou Jewr matoc Hasse-Minkowski, èqoume an�gei to

prìblhma Ôparxhc rht c lÔshc mÐac tetragwnik c morf c se mÐa peperasmènh

diadikasÐa.

PrwtoÔ per�soume sthn apìdeixh tou Jewr matoc Hasse-Minkowski ja

analÔsoume peraitèrw to par�deigma thc prohgoÔmenhc enìthtac, pou afor�

sthn exÐswsh ax2 + by2 + cz2 = 0 kai ja apodeÐxoume to Je¸rhma Hasse-

Minkowski gia thn parap�nw exÐswsh.

O lìgoc pou xekin�me apì aut  thn eidik  perÐptwsh eÐnai ìti-se antÐjesh

me th genik  perÐptwsh- mporoÔme na k�noume qr sh miac morf c tou Jew-

r matoc KurtoÔ S¸matoc tou Minkowski (Minkowski’s Convex Body Theo-

rem), thn opoÐa kai parajètoume qwrÐc apìdeixh (Gia thn apìdeixh, bl. gia

par�deigma [3]).

Je¸rhma 18 (Minkowski KurtoÔ S¸matoc) 'Estw H upoom�da tou

ZZn me deÐkth m kai èstw C ⊂ IRn summetrikì kai kurtì me ìgko

V (C) > m2n.

Tìte, up�rqei mh mhdenikì stoiqeÐo c pou an kei sto H ∩ C.

Eidik  perÐptwsh tou parap�nw jewr matoc apoteleÐ h perÐptwsh ìpou

jewroÔme wc upoom�da tou ZZn to Ðdio to ZZn me deÐkthm = 1. Tìte mporoÔme

eÔkola na doÔme mÐa gewmetrik  ermhneÐa: To C tou jewr matoc ja prèpei

na eÐnai summetrikì kai kurtì, kai na èqei ìgko toul�qiston tìso, ìso o n-

di�statoc kÔboc pou orÐzetai apì ta monadiaÐa dianÔsmata thc b�shc tou ZZn

kai ta antÐjet� touc.

Sth sunèqeia ja apodeÐxoume to akìloujo:

130



Je¸rhma 19 (Hasse-Minkowski gia treic metablhtèc) 'Estw h tetrag-

wnik  morf  F (x, y, z) = ax2 + by2 + cz2 ∈ QI [x, y, z], kai èstw ìti up�rqei

mh tetrimmènh lÔsh thc ax2 + by2 + cz2 = 0 sto QIp, gia k�je p ≤ ∞. Tìte,

h exÐswsh èqei mh tetrimmènh lÔsh sto QI.

Apìdeixh: Gia ta a, b, c èqoume upojèsei ìti eÐnai akèraioi, eleÔjeroi

tetrag¸nwn kai an� dÔo pr¸toi metaxÔ touc. Upojètoume ìti h tetragwnik 

morf  èqei rÐzec se k�je QIp. Tìte, apì to Je¸rhma 15 ja ikanopoioÔntai oi

akìloujec sunj kec:

(i) Ta a, b, c den eÐnai omìshma.

(ii) Gia k�je p 6= 2 , an p| c, tìte up�rqei r ∈ ZZ, tètoio ¸ste

ar2 + b ≡ 0 (mod p). AntÐstoiqec sunj kec isqÔoun an p| a   b.

(iii) Gia p = 2, an 2 - abc tìte, gia dÔo ek twn a, b, c, èstw ta a, b, isqÔei ìti

a+ b ≡ 0 (mod 4),

(iv) Gia p = 2, an 2| c, up�rqei s ∈ {0, 1}, tètoio ¸ste a + b + cs2 ≡ 0

(mod 8). AntÐstoiqec sunj kec prokÔptoun an 2| a   b.

OrÐzoume t¸ra wc H to sÔnolo twn tri�dwn (x, y, z) ∈ ZZ3, oi opoÐec gia

tic di�forec timèc twn pr¸twn arijm¸n p, me p| 2abc, ikanopoioÔn tic akìloujec
isotimÐec:

(i) An p 6= 2 kai isqÔei h (ii), tìte x ≡ ry (mod p). (Parìmoia an p| a   b).

(ii) An p = 2 kai isqÔei h (iii), tìte z ≡ 0 (mod 2).

(iii) An p = 2 kai isqÔei h (iv), tìte x ≡ y (mod 4) kai z ≡ sy (mod 2).

Gia th sunèqeia thc apìdeixhc ja qreiastoÔme ta parak�tw l mmata, sta

opoÐa lamb�noume wc | · | th sun jh apìluth tim .

L mma 11 H (H,+) eÐnai upoom�da tou ZZ3 me deÐkth to polÔ 4|abc|.
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Apìdeixh: H prosetairistikìthta thc pr�xhc klhronomeÐtai apì to ZZ3. H

kleistìthta prokÔptei �mesa, efìson ìla ta stoiqèia thc H ikanopoioÔn tic

sunj kec (i)-(iii). Ja deÐxoume thn kleistìthta gia th sunj kh (iii).

'Estw (x1, y1, z1), (x2, y2, z2) ∈ H. Tìte,

(x1, y1, z1) + (x2, y2, z2) = (x1 + x2, y1 + y2, z1 + z2) = (x, y, z).

Gia to (x, y, z) èqoume:

x ≡ x1 + x2 ≡ y1 + y2 (mod 4) ⇔ x ≡ y (mod 4)

kai

z ≡ z1 + z2 ≡ sy1 + sy2 (mod 2) ⇔ z ≡ sy (mod 2).

Oudètero stoiqeÐo thc upoom�dac eÐnai to (0, 0, 0) ∈ H kai to antÐjeto

k�je stoiqeÐou (x, y, z) orÐzoume na eÐnai to (−x,−y,−z).
To stoiqeÐo pou orÐsame wc antÐjeto an kei sthn H, efìson oi isodunamÐec

(i)-(iii) mporoÔn na pollaplasiastoÔn epÐ (−1) kai na mac d¸soun tic zh-

toÔmenec sqèseic gia ta −x,−y,−z.
Tèloc, ja deÐxoume ìti o deÐkthc thc H sto ZZ3 eÐnai to polÔ 4|abc|. Do-

jeÐshc thc sun�rthshc ax2 + by2 + cz2, h H ja perièqei ta stoiqeÐa ekeÐna pou

ikanopoioÔn orismènec isodunamÐec.

'Estw a = ±p1p2 . . . pn, b = ±q1q2 . . . qm kai c = ±r1r2 . . . rk, ìpou

pi, qj, rk diaforetikoÐ metaxÔ touc pr¸toi arijmoÐ. 'Estw ìti k�poioc apì tou-

c suntelestèc diareÐtai apì to duo, gia par�deigma, èstw r1 = 2. Tìte, oi

isodunamÐec pou kajorÐzoun ta stoiqeÐa thc H eÐnai oi akìloujec:

y ≡ rp1z (mod p1) x ≡ rq1z (mod q1) x ≡ rr2y (mod r2)

y ≡ rp2z (mod p2) x ≡ rq2z (mod q2) x ≡ rr3y (mod r3)
...

...
...

y ≡ rpnz (mod pn) x ≡ rqmz (mod qm) x ≡ rrl
y (mod rl)

Epiplèon, efìson r1 = 2|c, ta stoiqeÐa thc H ikanopoioÔn tic:

x ≡ y (mod 4) kai z ≡ sy (mod 2).

132



Profan¸c, k�je stoiqeÐo (i, j, k) ∈ ZZ3, tètoio ¸ste k�poia apì tic para-

p�nw isodunamÐec na mhn epalhjeÔetai, gia par�deigma i ≡ rp1z+1 (mod p1),

an kei kai se diaforetikì sÔmploko thc H.

Sunolik� mporoÔme na èqoume a = p1 · p2 · · · pn diaforetikèc isodunamÐec

pou na sundèoun deÔterh kai trÐth suntetagmènh, b = q1q2 . . . qm diaforetikèc

isodunamÐec pou na sundèoun pr¸th kai trÐth suntetagmenh, r2 . . . rl pou na

sundèoun pr¸th kai dèuterh suntetagmènh. Epiplèon, èqoume tèsseric di-

aforetikèc isodunamÐec gia thn pr¸th kai th deÔterh, kai dÔo gia th deÔterh

kai thn trÐth.

'Etsi, o arijmìc diaforetik¸n tri�dwn, wc proc tic sqèseic metaxÔ twn

suntetagmènwn touc, �ra kai twn diaforetik¸n sumplìkwn, ja dÐnetai apì to

ginìmeno 4|abc|.
Sta prohgoÔmena upojèsame ìti 2| c. E�n 2 - abc, tìte oi dÔo teleutaÐec

isodunamÐec antikajÐstantai apì tic ex c dÔo: thn x ≡ rr1y (mod r1) kai thn

z ≡ 0 (mod 2). 'Ara o sunolikìc arijmìc sumplìkwn eÐnai 2|abc| < 4|abc| .
�

L mma 12 Gia (x, y, z) ∈ H isqÔei:

F (x, y, z) ≡ 0 (mod 4|abc|).

Apìdeixh: 'Estw ìti isqÔoun oi analÔseic twn a, b, c thc prohgoÔmenhc

apìdeixhc. Tìte, h exÐswsh

F (x, y, z) ≡ 0 (mod 4abc)

eÐnai isodÔnamh me to sÔsthma exis¸sewn:

F (x, y, z) ≡ 0 (mod pi), gia k�je i = 1, 2, . . . , n

F (x, y, z) ≡ 0 (mod qj), gia k�je j = 1, 2, . . . ,m

F (x, y, z) ≡ 0 (mod rk), gia k�je k = 1, 2, . . . , l

F (x, y, z) ≡ 0 (mod 4)

Ja deÐxoume ìti oi parap�nw isotimÐec epalhjèuontai ìlec ìtan (x, y, z) ∈ H.

Pr�gmati, èstw k�poio apì ta pi, qj, rk di�foro tou dÔo, gia par�deigma to p1.

Tìte, lìgw twn (ii) kai (i) èqoume:
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br2
p1

+ c ≡ 0 (mod p1)

kai

y ≡ rp1z (mod p1).

'Ara, gia thn F èqoume:

ax2 + by2 + cz2 ≡ by2 + cz2 ≡ b(rp1z)
2 + cz2 ≡ (c+ br2

p1
)z2 ≡ 0 (mod p1).

Me ìmoio trìpo p�irnoume ta antÐstoiqa apotelèsmata gia touc upìloipouc

perittoÔc pr¸touc pou emfanÐzontai sthn paragontopoÐhsh twn a, b, c.

An, t¸ra, k�poioc apì touc pi, qj, rk eÐnai Ðsoc me dÔo, tìte h exÐswsh

F (x, y, z) ≡ 0 (mod 2), ja èpetai apì thn F (x, y, z) ≡ 0 (mod 4). 'Ara,

mènei na analÔsoume thn perÐptwsh thc teleutaÐac isotimÐac. Kat� arq�c, èstw

2| abc, gia par�deigma èstw r1 = 2| c. Apì tic sunj kec (iv) kai (iii) èqoume:

a+ b+ cs2 ≡ 0 (mod 8) ⇔ a+ b+ cs2 = 8λ

kai

x ≡ y (mod 4) kai z ≡ sy (mod 2) ⇔ 2z = 2sy (mod 4).

'Etsi, gia thn F paÐrnoume:

ax2 + by2 + cz2 ≡ ay2 + by2 + c′2zz ≡ ay2 + by2 + c′2syz

≡ ay2 + by2 + c′2s2y2 ≡ (a+ b+ cs2)y2

≡ 8λy2 ≡ 0 (mod 4).

'Estw tèloc 2 - abc. Tìte, apì tic sunj kec (iii), (ii) èqoume:

a+ b ≡ 0 (mod 4), me a, b 6≡ 2 (mod 4) kai

z ≡ 0 (mod 2) ⇔ z2 ≡ 0 (mod 4).
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Epiplèon, h F èqei rÐza sto QI2, epomènwc ja èqei kai modulo 2. PaÐrnoume

ètsi:

ax2 + by2 + cz2 ≡ ax2 + by2 ≡ x2 + y2 ≡ 0 (mod 2) ⇔ x ≡ y (mod 2).

'Etsi, gia thn F èqoume:

ax2 + by2 + cz2 ≡ ax2 + by2 ≡ 0 (mod 4).

�

Sunèqeia thc Apìdeixhc tou Jewr matoc 19

'Eqontac apodeÐxei ta prohgoÔmena l mmata, efarmìzoume to Je¸rhma

Minkowski gia kurt� s¸mata sto sÔnolo C pou orÐzetai apì th sqèsh:

C : |a|x2 + |b|y2 + |c|z2 < 4|abc|.

To C eÐnai kurtì kai summetrikì (tm ma elleiyoeidoÔc) kai èqei ìgko

V (C) =
π

3
234|abc| > 23.

Epomènwc, up�rqei èna mh mhdenikì c = (c1, c2, c3) ∈ H ∩ C, dhlad  tètoio

¸ste:

F (c1, c2, c3) = ac21 + bc22 + cc23 ≡ 0 (mod 4|abc|) ⇔ F (c1, c2, c3) = λ · 4|abc|

kai ∣∣ac21 + bc22 + cc23
∣∣ ≤ | a|c21 + | b|c22 + | c|c23 < 4|abc| ⇔

−4|abc| < ac21 + bc22 + cc23 < 4|abc|.

Epomènwc, F (c1, c2, c3) = 0, dhlad  h tetragwnik  morf  F (x, y, z) èqei lÔsh

sto ZZ3, �ra kai sto QI3.

�
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Apìdeixh Jewr matoc 17 (Hasse-Minkowski)

Ja oloklhr¸soume aut  thn enìthta me thn apìdeixh thc genik c perÐptwshc

tou Jewr matoc Hasse-Minkowski. Ja qreiastoÔme k�poiec ènnoiec apì th

jewrÐa twn tetragwnik¸n morf¸n, kaj¸c kai k�poia jewr mata kai prot�seic,

twn opoÐwn tic apodeÐxeic eÐte ja paraleÐyoume   ja skiagraf soume.

Orismìc 32 'Estw a, b ∈ QI?
p, p ≤ ∞. OrÐzoume to sÔmbolo Hilbert (a, b)p

twn a, b wc proc ton pr¸to p wc akoloÔjwc:

(a, b)p =

{
1, an h z2 − ax2 − by2 = 0 èqei mh tetrimmènh lÔsh sto QI 3

p

−1, diaforetik�.

EÐnai profanèc ìti to sÔmbolo Hilbert (a, b)p den all�zei tim  ìtan ta a

kai b pollaplasiastoÔn me k�poio tetr�gwno. Epomènwc, mèsw tou sumbìlou

Hilbert, orÐzetai mia sun�rthsh apì to QI?
p/(QI

?
p)

2 ×QI?
p/(QI

?
p)

2 sto {±1}.

ApodeiknÔetai ìti to sÔmbolo Hilbert eÐnai digrammikì wc proc ton pol-

laplasiasmì, ìti dhlad :

(aa′, b)p = (a, b)p(a
′, b)p.

H Prìtash 15 ekfr�zetai sth gl¸ssa tou sumbìlou Hilbert wc akoloÔ-

jwc:

Prìtash 44 'Estw a, b ∈ QI?
p kai èstw QIpb = QIp(

√
b). To sÔmbolo Hilbert

(a, b)p isoÔtai me èna, e�n kai mìno an to a an kei sthn om�da twn norm¸n

NQI?
pb

1 twn stoiqeÐwn tou QI?
pb.

Apìdeixh: E�n to b eÐnai to tetr�gwno k�poiou stoiqeÐou c ∈ QI?
p, tìte h

exÐswsh

z2 − ax2 − by2 = 0

èqei thn (c, 0, 1) gia lÔsh, kai �ra (a, b)p = 1. H prìtash eÐnai profan c se

aut n thn perÐptwsh, efìson QIpb = QIp kai NQI?
pb = QI?

p.

Diaforetik�, h epèktash QIpb eÐnai bajmoÔ dÔo p�nw apì to QIp kai k�je

stoiqeÐo gr�fetai wc z+βy, ìpou β =
√
b kai z, y ∈ QIp. E�n èqoume a ∈ NQI?

pb,

tìte up�rqoun z0, y0 ∈ QIp, tètoia ¸ste a = z2
0 − by2

0, kai �ra, h tetragwnik 

morf  z2 − ax2 − by2 èqei rÐza thn (z0, 1, y0), kai ètsi (a, b)p = 1.

1
΄Ενα στοιχείο a = κ + λ

√
b ∈ QIp(

√
b) έχει νόρμα N(a) = κ2 − λ2b ∈ NQI?

pb.
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AntÐstrofa, e�n (a, b)p = 1, tìte h tetragwnik  morf  èqei mh tetrimmènh

rÐza (z0, x0, y0). E�n to b eÐnai tetr�gwno, tìte profan¸c, to a ja an kei

sto sÔnolo twn norm¸n, efìson NQI?
pb = QI?

p.

An, t¸ra, to b den eÐnai tetr�gwno, ja isqÔei ìti x 6= 0. Epomènwc,

blèpoume ìti to a einai h nìrma tou stoiqeÐou z0/x0 + βy0/x0. �

Gia a, a′, b ∈ QIp, apodeiknÔontai eÔkola ta akìlouja:

(i) (a, b)p = (b, a)p kai (a, c2)p = 1,

(ii) (a,−a)p = 1 kai (a, 1− a)p = 1,

(iii) (a, b)p = 1 ⇒ (aa′, b)p = (a′, b)p,

(iv) (a, b)p = (a,−ab)p = (a, a(1− a)b)p .

H Prìtash 44 mac dÐnei ènan kleistì tÔpo gia ton upologismì tou sum-

bìlou Hilbert:

(i) E�n p = ∞, dhlad  QIp = IR èqoume: (a, b)p = 1 an a   b > 0 kai

(a, b)p = −1 an a kai b < 0.

(ii) E�n p <∞ kai a = pυp(a)a′, b = pυp(b)b′, ìpou a′, b′ ∈ ZZ?
p, tìte:

(a, b)p = (−1)υp(a)υp(b)ε(p)

(
a′

p

)υp(a) (
b′

p

)υp(b)

gia p 6= 2

(a, b)2 = (−1)ε(a′)ε(b′)+υp(a)ω(b′)+υp(b)ω(a′) gia p = 2,

ìpou

•
(

x
p

)
= 1, e�n kai mìnon e�n to x eÐnai tetr�gwno sto ZZ?

p,

• ε(x) ≡ (x− 1/2) (mod 2), kai

• ω(x) ≡ (x2 − 1/8) (mod 2).
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Je¸rhma 20 (Hilbert) E�n a, b ∈ QI?, tìte (a, b)p = 1 gia sqedìn ìlouc

touc pr¸touc p ≤ ∞. Epiplèon:∏
p≤∞

(a, b)p = 1.

Apìdeixh: Lìgw thc digrammikìthtac tou sumbìlou Hilbert h apìdeixh

tou parap�nw jewr matoc an�getai sto na jewr soume ta a, b na eÐnai −1  

pr¸toi arijmoÐ, kai se aparÐjmhsh twn peript¸sewn. �

Tèloc, gia rhtoÔc arijmoÔc kai ta sqetik� me autoÔc sÔmbola Hilbert,

isqÔei to akìloujo:

Je¸rhma 21 'Estw (ai)i∈I peperasmènh oikogèneia stoiqeÐwn tou QI? kai

èstw (εi,p)i∈I, p≤∞ oikogèneia arijm¸n, me εi,p = ±1. Tìte, ikan  kai anagkaÐa

sunj kh gia na up�rqei x ∈ QI?, tètoio ¸ste (ai, x)p = εi,p gia k�je i ∈ I kai

k�je pr¸to p ≤ ∞, eÐnai na ikanopoioÔntai ta akìlouja:

(i) sqedìn ìla ta εi,p na eÐnai 1,

(ii) gia k�je i ∈ I na isqÔei
∏

p≤∞ εi,p = 1,

(iii) gia k�je pr¸to p ≤ ∞ up�rqei xp ∈ QI?
p, tètoio ¸ste (ai, xp)p = εi,p gia

k�je i ∈ I.

Apìdeixh: To eujÔ gia ta (i),(ii) prokÔptei �mesa apì to Je¸rhma Hilbert.

Gia to (iii) mporoÔme na p�roume xp = x, opìte èqoume to zhtoÔmeno.

Gia to antÐstrofo, jètoume S to sÔnolo pou perièqei to 2, to ∞ kai

ìlouc touc pr¸touc pou emfanÐzontai stic paragontopoi seic twn ai. Akìma,

jètoume T to sÔnolo twn pr¸twn p ≤ ∞, tètoiwn ¸ste gia k�poio i ∈ I na

isqÔei εi,p = −1. Kai ta dÔo sÔnola eÐnai peperasmèna.

Gia th sunèqeia thc apìdeixhc ja mac qreiastoÔn ta akìlouja l mmata:

L mma 13 (Kinèziko Je¸rhma UpoloÐpwn) 'Estwm1, m2, . . . , mn,

a1, a2, . . . , an ∈ ZZ, me touc mi an� dÔo pr¸touc metaxÔ touc. Tìte up�r-

qei a ∈ ZZ, tètoioc ¸ste:

a ≡ ai (mod mi) gia k�je i ∈ I.
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L mma 14 (Je¸rhma Dirichlet) 'Estw a, m ∈ ZZ, pr¸toi metaxÔ touc

kai megalÔteroi   Ðsoi thc mon�dac. Tìte, up�rqoun �peiroi to pl joc pr¸toi

p, tètoioi ¸ste p ≡ a (mod m).

L mma 15 'Estw V = {pi : pi pr¸toc , pi ≤ ∞} peperasmèno sÔnolo. H

eikìna tou QI sto
∏

pi∈V QIpi
eÐnai pukn  sto

∏
pi∈V QIpi

.

MeletoÔme t¸ra tic akìloujec dÔo peript¸seic: T ∩S = 0/ kai T ∩S 6= 0/.

Gia thn pr¸th perÐptwsh epalhjeÔetai ìti to stoiqeÐo x = ap, ìpou

a =
∏
l∈T
l 6=∞

l kai m = 8
∏
l∈S

l 6=2,∞

l

kai p pr¸toc arijmìc, tètoioc ¸ste p 6∈ T ∪ S kai p ≡ a (mod m) (apì

L mma 14), ikanopoieÐ ìti (ai, x)p = εi,p, efìson plhroÔntai oi (i), (ii), (iii).

Gia th deÔterh perÐptwsh to kat�llhlo stoiqeÐo eÐnai to x = yx′, ìpou:

x′ ∈ QI? ¸ste
x′

xp

∈ (QI?
p)

2 (L mma 15)

kai to y ∈ QI? prokÔptei apì thn pr¸th perÐptwsh, gia thn oikogèneia arijm¸n

ηi,p = εi,p · (ai, x
′)p. �

Tetragwnikèc morfèc

Sthn prohgoÔmenh enìthta, sugkekrimèna sthn trÐth efarmog  tou L mmatoc

tou Hensel, orÐsame thn ènnoia thc tetragwnik c morf c apì èna dianusmatikì

q¸ro V se èna s¸ma IK. Parak�tw ja d¸soume k�poiec shmantikèc analloÐ-

wtec posìthtec sqetikèc me k�je tetragwnik  morf , oi opoÐec tic taxinomoÔn

se kl�seic isodunamÐac.

'Eqoume anafèrei ìti k�je tetragwnik  morf  mporeÐ na anaqjeÐ sth mor-

f :

f(x) = a1x
2
1 + · · ·+ anx

2
n =

n∑
k=1

akx
2
k,

ìpou x = (x1, x2, . . . , xn). Epeid  ja mac apasqol soun tetragwnikèc morfèc

pou orÐzontai p�nw sta s¸mata QIp kai QI, ja èqoume ai ∈ QIp, p ≤ ∞,   ai ∈ QI.
Gia ton Ðdio lìgo jewroÔme V = QI n

p   QI n kai IK = QIp   QI.
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OrÐzoume wc t�xh n(f) thc tetragwnik c morf c f ton arijmì twn deik-

t¸n i, gia touc opoÐouc èqoume ai 6= 0. Epiplèon, ja kaloÔme diakrÐnousa

thc tetragwnik c morf c f to ginìmeno d(f) = a1 . . . an. ApodeiknÔetai ìti

mporoÔme na jewroÔme thn d wc stoiqeÐo tou IK?/(IK?)2, ìpou IK to s¸ma

p�nw sto opoÐo orÐzetai h f .

Tetragwnikèc morfèc p�nw sto QIp

'Estw f tetragwnik  morf  p�nw apì sto QIp. OrÐzoume to sqetikì me thn

tetragwnik  morf  f sÔmbolo Hilbert, wc to ginìmeno:

εp(f) =
∏
i<j

(ai, aj)p,

ìpou (ai, aj)p to sÔmbolo Hilbert, ìpwc to orÐsame parap�nw.

Je¸rhma 22 H diakrÐnousa d(f) kai to sÔmbolo Hilbert εp(f) miac tetrag-

wnik c morf c f p�nw sto QIp apoteloÔn analloÐwtec posìthtec gia thn f .

Gia thn apìdeixh tou jewr matoc parapèmpoume sto [16].

Orismìc 33 DÔo tetragwnikèc morfèc f, g eÐnai isodÔnamec, ìtan èqoun

thn Ðdia t�xh n, thn Ðdia diakrÐnousa d kai to Ðdio sÔmbolo Hilbert ε. Thn

isodunamÐa twn f, g sumbolÐzoume me f ∼ g.

Ja lème ìti mÐa tetragwnik  morf  f anaparist� èna stoiqeÐo a ∈ IK, e�n

up�rqei x ∈ IKn, x 6= 0, tètoio ¸ste f(x) = a.

Akìma, orÐzoume h = f+̂g, h = f−̂g gia dÔo tetragwnikèc morfèc f, g,

na eÐnai mÐa tetragwnik  morf  h me t�xh n(h) = n(f)+n(g) kai suntelestèc

touc suntelestèc twn f, g   twn f, (−g) antÐstoiqa.

Je¸rhma 23 E�n h tetragwnik  morf  f anaparist� to 0 kai d(f) 6= 0,

tìte isqÔei f ∼ f1 + g, ìpou f1 ∼ x2
1 − x2

2. Epiplèon, h f anaparist� k�je

stoiqeÐo tou IK.

Pìrisma 12 'Estw g = g(x1, . . . , xn−1) tetragwnik  morf  t�xhc n − 1,

me d(g) 6= 0 kai èstw a ∈ IK. Ta akìlouja eÐna isodÔnama:
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(i) H g anaparist� to a.

(ii) 'Eqoume g ∼ h+̂az2, ìpou h eÐnai mia tetragwnik  morf  t�xhc n− 2.

(iii) H tetragwnik  morf  f = g−̂az2 anaparistá to 0.

Pìrisma 13 'Estw g, h tetragwnikèc morfèc me d(g), d(h) 6= 0 kai

n(g), n(h) ≥ 1. Ta akìlouja eÐna isodÔnama:

(i) H f = g−̂h anaparist� to 0.

(ii) Up�rqei a ∈ IK? to opoÐo anaparÐstatai apì thn g kai thn h.

(iii) Up�rqei a ∈ IK?, tètoio ¸ste oi g−̂az2 kai h−̂az2 na anaparistoÔn to 0.

Oi apodeÐxeic tou jewr matoc kai twn porism�twn apaitoÔn ekten  an�lush

kai basÐzontai se proqwrhmènh grammik  �lgebra. Gia autèc parapèmpoume kai

p�li sto [16].

To akìloujo je¸rhma eÐnai an�logo tou Jewr matoc 16. Mac lèei pìte

mia tetragwnik  morf  èqei rÐzec, qrhsimopoi¸ntac tic ènnoiec twn tri¸n anal-

loÐwtwn n, d, ε miac tetragwnik c morf c. To parajètoume qwrÐc apìdeixh.

Je¸rhma 24 'Estw h tetragwnik  morf  f t�xhc n me diakrÐnousa d kai

sÔmbolo Hilbert ε. Gia na anaparist� h f to 0 eÐnai ikanì kai anagkaÐo na

ikanopoioÔntai oi akìloujec sunj kec:

(i) n = 2 kai d = −1 ( sto IK?/(IK?)2),

(ii) n = 3 kai (−1,−d)p = ε,

(iii) n = 4 kai eÐte d 6= 1   d = 1 kai ε = (−1,−1)p,

(iv) n ≥ 5.
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Tetragwnikèc morfèc p�nw apì to IR

Mia tetragwnik  morf  t�xhc n p�nw apì to IR eÐnai isodÔnamh me th morf 

x2
1 + . . .+ x2

r − y2
1 − . . .− y2

s ,

ìpou r kai s mh arnhtikoÐ akèraioi arijmoÐ, tètoioi ¸ste r+s = n. To zeug�ri

(r, s) exart�tai mìno apì thn f , kai kaleÐtai pros mansh (signature) thc f .

Lème ìti h f eÐnai orismènh (definite) an r   s = 0, dhlad  ìtan den all�zei

prìshmo. Diaforetik�, lème ìti eÐnai aìristh (indefinite) (kai se aut  thn

perÐptwsh h f anaparist� to 0).

To sÔmbolo Hilbert ε(f) orÐzetai ìpwc kai prohgoumènwc. Sugkekrimèna,

epeid  (−1,−1)∞ = −1, èqoume:

ε(f) = (−1)s(s−1)/2 =

{
1, an s ≡ 0, 1 (mod 4),

−1, an s ≡ 2, 3 (mod 4).

Epiplèon:

d(f) = (−1)s =

{
1, an s ≡ 0 (mod 2),

−1, an s ≡ 1 (mod 2).

Tetragwnikèc morfèc p�nw apì to QI

'Estw f = a1x
2
1 + · · · + anx

2
n, ai ∈ QI tetragwnik  morf  t�xhc n. OrÐzoume

tic akìloujec analloÐwtec gia thn f :

(i) Th diakrÐnousa d(f) = a1 . . . an ∈ QI?/(QI?)2. Efìson k�je stoiqeÐo ai

an kei sto QI, mporoÔme epÐshc na to blèpoume kai wc stoiqeÐo tou QIp,

gia k�je p ≤ ∞. Epomènwc, èqei nìhma na sumbolÐzoume thn d(f) wc

dp(f), gia k�je pr¸to p ≤ ∞.

(ii) Epiplèon, gia ton parap�nw lìgo, ja jewr soume gia thn f ta sÔmbola

Hilbert εp(f), gia k�je pr¸to p ≤ ∞:

εp(f) =
∏
i<j

(ai, aj)p.

(iii) Tèloc, jewr¸ntac thn f wc pragmatik  tetragwnik c morf , h pros -

mansh (r, s) thc f apoteleÐ epÐshc mi� analloÐwth posìthta gia thn f .
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Apì to Je¸rhma Hilbert prokÔptei ìti gia ta sÔmbola Hilbert εp(f) thc

rht c tetragwnik c morf c f isqÔei:∏
p≤∞

εp(f) = 1.

Apìdeixh Jewr matoc 17 (Hasse-Minkowski)

MporoÔme t¸ra na per�soume sthn apìdeixh tou Jewr matoc Hasse-Minkowski.

K�noume epagwg  sto pl joc twn metablht¸n, dhlad  sthn t�xh thc tetrag-

wnik c morf c.

(1) H perÐptwsh n = 2 EÐnai h Prìtash 43.

(2) H perÐptwsh n = 3 EÐnai to Je¸rhma 19. MporoÔme na to deÐxoume kai

me epagwg  sto �jroisma twn suntelest¸n. Pio sugkekrimèna, èqoume ìti h

tetragwnik  morf  me treic metablhtèc eÐnai thc morf c

f = x2
1 − ax2

2 − bx2
3,

kai mporoÔme na upojèsoume ìti ta a, b eÐnai eleÔjera tetrag¸nwn. EpÐshc,

mporoÔme na upojèsoume ìti |a| ≤ |b|, ìpou | · | h sun jhc apìluth tim . Ja

deÐxoume ìti an h f èqei rÐza se k�je QIp, p ≤ ∞, tìte ja èqei kai sto QI.

QrhsimopoioÔme epagwg  sto m = |a|+ |b|. Gia m = 2 èqoume:

f = x2
1 ± x2

2 ± x2
3.

Epeid  h f èqei lÔseic sto IR, den mporeÐ na eÐnai thc morf c x2
1 + x2

2 + x2
3.

Se k�je �llh perÐptwsh ìmwc, h f èqei lÔsh, gia par�deigma mia pujagìreia

tri�da.

'Estw, t¸ra, m > 2, kai qwrÐc bl�bh thc genikìthtac, èstw |b| > 2.

MporoÔme na gr�youme to b wc

b = ±p1 . . . pk,

ìpou pi pr¸toi diaforetikoÐ metaxÔ touc. Apì thn Prìtash 44 èqoume ìti

gia k�je p to a ja an kei sthn om�da twn norm¸n NQI?
pb twn stoiqeÐwn tou

QIp(
√
b), kai �ra ja eÐnai thc morf c a = t2− bs2, dhlad  to a eÐnai tetr�gwno

modulo b. M�lista, mporoÔme na epilèxoume to t ètsi ¸ste |t| ≤ |b|/2 kai

a = t2 − bb′.
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'Etsi, mporoÔme na gr�youme ìti bb′ = t2 − a, to opoÐo mac deÐqnei ìti to

bb′ eÐnai nìrma thc epèktashc IK(
√
a) p�nw apì to IK, ìpou IK = QI   QIp. Apì

thn idiìthta (iii) tou sumbìlou Hilbert, katal goume sto ìti h f anaparist�

to 0 sto IK, an kai mìno an isqÔei to Ðdio kai gia thn

f ′ = x2
1 − ax2

2 − b′x2
3.

Sugkekrimèna èqoume ìti h f ′ anaparist� to 0 se k�je QIp, kai epiplèon

èqoume:

|b′| =
∣∣∣∣t2 − a

b

∣∣∣∣ ≤ b

4
+ 1 < b, kaj¸c |b| ≥ 2.

An gr�youme b′ = b′′u2, ìpou u akèraioi arijmoÐ kai b′′ elèujero tetrag¸n-

wn, tìte h f ′ eÐnai isodÔnamh me thn f ′′ = x2
1 − aX2

2 − b′′x2
3, kai isqÔei ìti

|b′′| < |b|. Epomènwc, mporoÔme na efarmìsoume thn epagwgik  upìjesh gia

thn f ′′, h opoÐa telik� eÐnai isodÔnamh me thn f .

(3) H perÐptwsh n = 4 Gr�foume thn f wc diafor� dÔo tetragwnik¸n morf¸n

t�xhc dÔo:

f = h−̂g = ax2
1 + bx2

2 − (cx2
3 + dx2

4).

Apì to L mma 13, efìson h f anaparist� to 0 se k�je QIp, up�rqei xp ∈ QI?
p

pou anaparÐstatai kai apì tic dÔo tetragwnikèc morfèc h kai g. IsodÔnama,

apì to Je¸rhma 24, autì shmaÐnei ìti

(xp,−ab)p = (a, b)p kai (xp,−cd)p = (c, d)p gia k�je p ≤ ∞.

Efìson
∏

p≤∞ (a, b)p =
∏

p≤∞ (c, d)p = 1, mporoÔme na efarmìsoume to

Je¸rhma 21. ExasfalÐzoume ètsi thn Ôparxh rhtoÔ arijmoÔ x ∈ QI?, tètoiou

¸ste:

(x,−ab)p = (a, b)p kai (x,−cd)p = (c, d)p gia k�je p ≤ ∞.

Lìgw twn parap�nw, blèpoume ìti h tetragwnik  morf  ax2
1 + bx2

2 − xz2

anaparist� to 0 se k�je QIp, �ra kai sto QI lìgw tou (ii). Epomènwc, h h

anaparist� to x sto QI. Thn Ðdia skèyh akoloujoÔme kai gia thn g. 'Epetai

�mesa ìti h f anaparist� to 0 sto QI.
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(4) H perÐptwsh n ≥ 5 Gr�foume thn f wc:

f = h−̂g = a1x
2
1 + a2x

2
2 − (a3x

2
3 + · · · anx

2
n).

'Estw S to sÔnolo pou perièqei to �peiro, to dÔo kai ìlouc touc pr¸touc

p pou diairoÔn touc suntelestèc thc g. To S eÐnai èna peperasmèno sÔnolo.

'Estw v ∈ S. Efìson h f anaparist� to 0 sto QIv, tìte ja up�rqei k�poio

av ∈ QI?
v pou anaparÐstatai apì thn h kai apì thn g, dhlad  ja up�rqoun xv

i ,

tètoia ¸ste:

h(xv
1, x

v
2) = av = g(xv

3, . . . , x
v
n).

Epeid  to sÔnolo twn tetrag¸nwn tou QI?
v eÐnai anoiktì sÔnolo, mporoÔme

na proseggÐsoume k�poio apì ta stoiqeÐa tou. Dhlad , mporoÔme na broÔme

x1, x2 ∈ QI me a = h(x1, x2), tètoia ¸ste a/av ∈ QI2
v,gia k�je v ∈ S.

JewroÔme t¸ra thn tetragwnik  morf  f1 = az2−̂g. E�n v ∈ S, tìte h g
anaparist� k�poio av ∈ QIv, kai epomènwc anaparist� kai to a. Pr�gmati,

g(xv
3, . . . , x

v
n) = av ⇒ ag(xv

3, . . . , x
v
n) = aav ⇒

a

av

g(xv
3, . . . , x

v
n) = a,

kai epeid  to a/av eÐnai tetr�gwno, mporeÐ na aporrofhjeÐ stic metablhtèc

thc g. Epomènwc, h f anaparist� to 0 sto QI.

'Estw t¸ra v /∈ S. Tìte, ìloi oi suntelestèc −a3, . . . ,−an eÐnai p-adikèc

mon�dec, kai epomènwc to Ðdio kai h diakrÐnousa dv(g). Epiplèon, epeid  v 6= 2,

èqoume ìti εv(g) = 1. Se k�je perÐptwsh, h f1 anaparist� to 0 se k�je QIv,

kai �ra, efìson èqei t�xh n−1, anaparist� to 0 sto QI, lìgw thc epagwgik c

upìjeshc. Dhlad , h g anaparist� to a sto QI. Epeid  kai h h anaparist� to

a sto QI, prokÔptei �mesa ìti h f anaparista to 0 sto QI. �
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Kef�laio 5

'Allec efarmogèc twn

p-adik¸n arijm¸n

'Opwc eÐdame se prohgoÔmenh enìthta, to s¸ma twn p-adik¸n arijm¸n kai to

s¸ma twn pragmatik¸n arijm¸n èqoun pollèc omoiìthtec, ìmwc tautìqrona

kai p�ra pollèc diaforèc. Gia par�deigma, en¸ kai ta dÔo eÐnai plhr¸seic twn

rht¸n arijm¸n, èqoun diaforetik  gewmetrÐa kai �lgebra. M�lista, epeid 

aplopoioÔntai polÔ ta pr�gmata sta p-adik� s¸mata, mÐa qrhsimìtht� touc

eÐnai h aploÔsterh apìdeixh gnwst¸n apotelesm�twn, ìpwc gia par�deigma

to Je¸rhma tou Fermat. To teluetaÐo kef�laio dÐnei epÐshc mÐa shmantik 

efarmog  twn p-adik¸n sth JewrÐa Arijm¸n.

Efarmogèc sth Fusik 

Apì th dekaetÐa tou ′80 perÐpou, oi fusikoÐ ekmetalleÔthkan tic diaforèc

metaxÔ pragmatik¸n kai p-adik¸n arijm¸n kai anaptÔqjhke ètsi o kl�doc

thc p-adik c Majhmatik c Fusik c. H oultrametrik  idiìthta thc p-adik c

metrik c dÐnei èna par�deigma dom c pou faÐnetai kat�llhlo gia thn perigraf 

merik¸n fusik¸n diadikasi¸n.

To pr¸to par�deigma sto opoÐo f�nhkan qr simoi oi p-adikoÐ arijmoÐ eÐ-

nai h Statistik  Fusik . H jewrÐa twn jermodunamik¸n idot twn twn spin

glasses1 qrhsimopoieÐ p-adikèc mejìdouc wc ergaleÐa. Sugkekrimèna h teqnik 

1
άτακτα υλικά συστήματα που παρουσιάζουν δυσκολία στην ελαχιστοποίηση των μαγνη-

τικών ενεργειών αλληλεπίδρασης μεταξύ των συστατικών τους (high magnetic frustration).
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twn Antigr�fwn (Replica trick)2 eÐnai isodÔnamh me mÐa seir� akeraÐwn pou

teÐnei p-adik� sto mhdèn gia ìlouc touc pr¸touc arijmoÔc. EpÐshc, oi p-

adikoÐ arijmoÐ brÐskoun efarmog  sta di�fora montèla pou perigr�foun th

qal�rwsh (relaxation) twn guali¸n kai twn makromorÐwn, thc opoÐac h mh

ekjetik  fÔsh faÐnetai na eÐnai sunèpeia thc ierarqik c dom c twn qwrik¸n

touc katast�sewn. JumÐzoume ìti oi p-adikoÐ arijmoÐ qarakthrÐzontai apì thn

ierarqik  touc dom  (bl. Enìthta 3.6).

EpÐshc, oi p-adikoÐ qrhsimopoioÔntai sth swmatidiak  kai kbantik  fusik .

Mia apì tic pio entupwsiakèc anakalÔyeic twn teleutaÐwn dekaeti¸n eÐnai ìti o

q¸roc kai o qrìnoc eÐnai mh arqim deioi: h arqim deia idiìthta paÔei na isqÔei

sthn klÐmaka tou Planck, dhlad  gia apost�seic mikrìterec twn 1.6 × 10−33

mètrwn kai gia qronik� diast mata mikrìtera twn 5.4× 10−44 deuterolèptwn.

H mh arqim deia aut  dom  tou qwroqrìnou od ghse sthn kataskeu  p-adik¸n

montèlwn, ta opoÐa kai faÐnetai na antapokrÐnontai kalÔtera ap� ìti ta sun jh

montèla, pou basÐzontai stouc pragmatikoÔc arijmoÔc, gia thn perigraf  twn

fainomènwn se tìso mikrèc klÐmakec.

Ta pr¸ta montèla p-adik c kbantik c fusik c eÐnai aut� twn p-adik¸n

Qord¸n kai Uperqord¸n. H JewrÐa Qord¸n (String Theory) eÐnai èna mo-

ntèlo thc jewrhtik c Fusik c, tou opoÐou ta jemeli¸dh domik� stoiqeÐa eÐnai

monodi�stata ektetamèna antikeÐmena, oi Qordèc (strings), se antÐjesh me thn

paradosiak  ènnoia twn shmeiak¸n kai adi�statwn stoiqeiwd¸n swmatidÐwn.

An kai den èqei wc t¸ra up�rxei peiramatik  epal jeus  thc, eÐnai proc to

parìn h mình axiìpisth jewrÐa kbantik c barÔthtac h opoÐa mporeÐ exÐsou

kal� na perigr�yei kai tic hlektromagnhtikèc kai tic �llec jemeli¸deic allh-

lepidr�seic. Dedomènhc loipìn thc mh arqim deiac dom c tou qwroqrìnou,

ta montèla twn p-adik¸n Qord¸n brÐskoun pollèc efarmogèc sth sÔgqronh

Fusik .

'Olec autèc oi èreunec p�nw sthn p-adik  majhmatik  fusik  od ghsan

sthn an�ptuxh twn p-adik¸n majhmatik¸n se pollèc diaforetikèc kateujÔn-

seic, ìpwc: thn p-adik  JewrÐa twn Katanom¸n, thn p-adik  JewrÐa Pijan-

2
Αν έχουμε ότι Z είναι η συνάρτηση διαμέρισης του συστήματος, η οποία μας δίνει πληρο-

φορίες για διάφορες μακροσκοπικές ποσότητες του συστήματος όπως η εντροπία, η ελεύθερη

ενέργεια κ.α., η τεχνική αυτή συνίσταται στην εφαρμογή της σχέσης limn→0
Zn−1

n = log Z

για την προσέγγιση της Z.
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ot twn 3, th JewrÐa Telest¸n se èna p-adikì an�logo enìc q¸rou Hilbert, ta

p-adik� Dunamik� sust mata k.a. EpÐshc, proèkuyan mÐa seir� apì p-adikèc

diaforikèc exis¸seic kai èqoun melethjeÐ ta p-adik� an�loga �llwn, ìpwc gia

par�deigma thc kumatik c exÐswshc.

Efarmogèc sth JewrÐa KwdÐkwn kai th JewrÐa Plhrofori¸n

H anapar�stash twn p-adik¸n arijm¸n apì akoloujÐec sugkekrimènwn yhfÐ-

wn dÐnei th dunatìthta na qrhsimopoihjoÔn gia thn kwdikopoÐhsh thc plhro-

forÐac. Gia par�deigma, mporoÔme na kataskeu�soume k¸dikec, touc legìme-

nouc k¸dikec Hensel, oi opoÐoi mporoÔn na anaparast soun monadik� ìlouc

tou ìrouc miac akoloujÐac Farey. MÐa akoloujÐa Farey t�xhc n eÐnai ìla

ta an�gwga kl�smata pou an koun sto [0, 1], twn opoÐwn o paronomast c

den uperbaÐnei to n. Dhlad , èqoume monadik  apeikìnish rht¸n arijm¸n pou

an koun sto [0, 1], kai epiplèon mÐa idi�itera eÔqrhsth arijmhtik  (bl. gia

par�deigma [13]). K�ti tètoio mac epitrèpei anaparast�seic kai arijmhtik 

klasm�twn qwrÐc l�jh (error-free representations, error-free arithmetic)4.

Fusik�, mporoÔme na par�goume k¸dikec ìpwc kai sth sun jh JewrÐa Kw-

dÐkwn. MporoÔme na apokt soume p-adikoÔc kuklikoÔc k¸dikec, paÐrnontac

wc polu¸numo-genn tora èna polu¸numo tou ZZp[x]. Gia par�deigma, èqoume

p-adikoÔc k¸dikec Golay kai Hamming, me an�loga m kh kwdik¸n lèxewn.

Epiplèon, oi p-adikoÐ arijmoÐ qrhsimopoioÔntai gia thn perigraf  diadi-

kasi¸n plhroforÐac (information processes). Oi p-adikoÐ q¸roi plhroforÐac

mporoÔn na qrhsimopoihjoÔn sthn èreuna ro¸n plhroforÐac gia nohtika kai

koinwnik� sust mata (cognitive and social systems). M�lista, an epiqeir -

soume kai se aut n thn perÐptwsh mÐa sÔgkrish me touc pragmatikoÔc q¸rouc

plhroforÐac, mporoÔme na poume kat� ton Khrennikov[12] ta akìlouja:

�To sÔsthma twn pragmatik¸n arijm¸n dhmiourg jhke wc èna sÔsthma

kwdikopoÐhshc plhrofori¸n pou antilambanìmaste apì thn pragmatikìthta.

Ta kÔria qarakthristik� tou eÐnai h di�taxh tou sunìlou twn dianusm�twn

3
Μάλιστα,πάιρνουμε ένα φυσικό μοντέλο πιθανοτήτων, όπου, αντίθετα με ένα μοντέλο

Kolmogorov, είναι δυνατές και αρνητικές πιθανότητες.
4
Μάλιστα, κάτι τέτοιο βρίσκει εφαρμογές και στην επιστήμη των υπολογιστών, στο Λο-

γισμικό και Υλικό (Software, Hardware).
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plhroforÐac kai h periorismènh dunatìthta susqetÐsewn. AntÐjeta, oi p-

adikoÐ q¸roi plhroforÐac qarakthrÐzontai apì thn èlleiyh di�taxhc, en¸ h p-

adik  metrik  dÐnei mÐa fusik  perigraf  thc dunatìthtac susqetÐsewn, efìson

èqoume ierarqik  di�taxh twn p-adik¸n arijm¸n.�

Efarmogèc sth BiologÐa

MÐa polÔ endiafèrousa efarmog  thc p-adik c JewrÐac Plhrofori¸n sth Bi-

ologÐa eÐnai h kataskeu  montèlwn gia na ekfrasteÐ o genetikìc k¸dikac. 'Olh

h genetik  plhroforÐa gia touc zwntanoÔc organismoÔc perièqetai sto DNA

touc, mÐa akoloujÐa noukleotidÐwn pou qarakthrÐzetai apì thn allhlouqÐa

tess�rwn diaforetik¸n b�sewn, thc AdenÐnhc (A), thc GouanÐnhc (G), thc

KutosÐnhc (C) kai thc JumÐnhc (T). Ta gonÐdia perièqoun plhroforÐec gia thn

paragwg  aminoxèwn, twn domik¸n sustatik¸n twn prwteðn¸n. 'Ena kwdikìnio

eÐnai mÐa triplèta b�sewn, h opoÐa kajorÐzei poio aminoxÔ ja paraskeuasteÐ.

O genetikìc k¸dikac apoteleÐ mÐa pajologik  apeikìnish kwdikonÐwn se

prwteònec. To zhtoÔmeno eÐnai na brejeÐ èna kat�llhlo montèlo pou na ana-

par�gei thn pajologik  aut  dom  tou genetikoÔ k¸dika kai h idèa eÐnai na

qrhsimopoihjeÐ ènac oultrametrikìc p-adikìc q¸roc plhroforÐac, tou opoÐou

ta stoiqeÐa ja eÐnai ta noukleotÐdia, ta kwdikìnia kai ta gonÐdia.

Sugkekrimèna, sto �rjro [5], proteÐnetai wc katallhlìteroc ènac 5-adikìc

q¸roc plhroforÐac kai apodeiknÔetai ìti kwdikìnia pou eÐnai p-adik� kont�

antistoiqoÔn sto Ðdio aminoxÔ. Dhlad , ìti h pajologik  dom  tou genetikoÔ

k¸dika mporeÐ na susqetisteÐ me thn p-adik  apìstash metaxÔ twn kwdwnÐwn.

EpÐshc, èqoun kataskeuasteÐ p-adik� montèla pou perigr�foun epituq¸c

thn kinhtikìthta enìc makromorÐou prwteònhc. O q¸roc katast�sewn twn

prwteðn¸n apodeiknÔetai pwc èqei oultrametrik  dom , gi� autì kai ta p-adik�

montèla eÐnai kat�llhla sthn perÐptwsh aut .

Genikìtera, h oultrametrikìthta eÐnai mÐa qr simh majhmatik  ènnoia kai

èna qr simo ergaleÐo gia thn perigraf  susthm�twn me ierarqik  dom . Ja

kleÐsoume parousi�zontac mÐa apì tic profaneÐc efarmogèc twn p-adik¸n ar-

ijm¸n sth BiologÐa, ston tomèa thc taxinìmhshc kai exèlixhc twn eid¸n. An

koit�xoume to dèntro thc taxinìmhshc twn eid¸n (Sq ma 5.1) blèpoume ìti

mporeÐ na oristeÐ h ��apìstash�� an�mesa se dÔo eÐdh b kai c wc h diafor�
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Sq ma 5.1: Taxinìmhsh twn Eid¸n

an�mesa stouc gonìtupoÔc touc. H apìstash ja eÐnai mikr  an an koun sto

Ðdio gènoc, all� ja eÐnai meg�lh e�n an koun apl¸c sthn Ðdia sunomotaxÐa. H

analogÐa me thn apeikìnish twn p-adik¸n arijm¸n wc dèntra eÐnai xek�jarh,

kaj¸c kai ekeÐ h apìstash orÐzetai me entel¸c an�logo trìpo.
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