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Nonuniform in Time Input-to-State Stability and the
Small-Gain Theorem

Tasson Karafyllis and J. Tsinias

Abstract—For time-varying control systems various equiva-
lent characterizations of the nonuniform in time input-to-state
stability (ISS) property are established. These characterizations
enable us to derive sufficient conditions for nonuniform in time
ISS concerning composite time-varying systems. Our main
result generalizes the well-known small-gain theorem due to
Jiang-Teel-Praly for autonomous systems under the presence of
uniform in time ISS.

Index Terms—Lyapunov functions, nonuniform in time input-to-
state stability (ISS), small-gain theorem, time-varying systems.

1. INTRODUCTION

HIS paper constitutes a continuation of authors’ work

on the concepts of robust global asymptotic stability
(RGAS) and input-to-state stability (ISS), nonuniform with
respect to initial values of time, and their applicability to sta-
bility and feedback stabilization of nonlinear control systems
(see [10]-[13], [30]-[32]). We consider nonlinear time-varying
systems of the form

i = f(t,z,u),z € R",u € Rt € RT :=[0,4+00) (1.1)

where its dynamics f : RT x R® x ®™ — R are con-
tinuous with f(-,0,0) = 0, namely, 0 € R" is an equilib-
rium, and we assume that f is locally Lipschitz with respect
to (x,u), in the sense that for every bounded interval I C R+
and compact subset S of R x R™, there is a constant L > 0
with |f(¢,z,u) — f(¢,y,v)| < L|(x —y,u —v)| forevery t €
I, (z,u;y,v) € S x S.

Our main purpose is to establish various equivalent character-
izations of nonuniform in time ISS and to derive sufficient con-
ditions for the validity of nonuniform in time ISS for composite
time-varying systems. The main result of the present paper con-
stitutes a generalization of the well-known Small-Gain Theorem
due to Jiang—Teel-Praly [7] for autonomous systems.

A. Motivations

The notions of nonuniform in time RGAS and nonuni-
form in time ISS are motivated by the problem of feedback
stabilization for a wide class of nonlinear systems, that,
although fail to be stabilized at a specific equilibrium by
continuous static time-invariant feedback law, a smooth (C°°)
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time-varying feedback can be found in such a way that the
equilibrium for the resulting closed-loop time-varying system
is nonuniformly in time RGAS. Problems, like feedback stabi-
lization for autonomous systems with uncertainties, as well as
stabilization at a reference trajectory are reduced to the study of
nonuniform in time RGAS and ISS at a specific equilibrium of
a system, whose dynamics are time-dependent being in general
unbounded with respect to time. We mention here the authors’
works [10]-[13], [30]-[32], where stabilization is exhibited
for a wide class of systems—including those having triangular
structure—by means of smooth time-varying feedback in such
a way that the origin of the resulting closed-loop system is
nonuniformly in time RGAS. We give below some interesting
examples of autonomous systems for which a continuous
time-invariant feedback stabilizer, exhibiting uniform in time
asymptotic stabilization, does not exist. The most typical
situation of such systems is the case of nonholonomic systems
(see, for instance, [4]) and here, let us consider the simplest
case of the nonholonomic integrator in chained form with input
(ul./uQ) € %2

z":ul
T; =ULTit1, 1=1,....n—1
J.TnZU,Q

for which a C? (static or dynamic) time-invariant feedback ex-
hibiting uniform in time asymptotic stabilization at the origin
does not exist. We establish in [10] that there exists a smooth
time-varying feedback in such a way that 0 € R"*! of the cor-
responding closed-loop system is nonuniformly in time GAS
and further its solution is tending to zero as ¢t — +oo with an
exponential rate of convergence. We also mention a couple of
interesting engineering applications, both taken from [16]. The
first is the problem of controlling a mobile robot moving on an
uneven surface, which is described as follows:

i1 = u1, 92 = —01(t)y2 + 02(t)ys
—v2(y1)y2 — v3(y1)ys + vz, U3 = Y192

where vy, vs are C°° functions and 6#;, 6, are unknown
time-varying bounded parameters. The second example is the
problem of controlling the Cartesian position and orientation
of a surface vessel with two independent propellers

1 = u1, G2 = u2, i3 = (w1 + cy1)y2 — Y3

where ¢ is a constant. The systems above do not satisfy
Brockett’s necessary condition, hence, there are not C° (static
or dynamic) time-invariant feedback laws exhibiting uniform in
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time asymptotic stabilization at the origin. Using a constructive
strategy, it is established in [10] that both systems can be
stabilized nonuniformly with respect to time by means of
smooth time-varying feedback laws and further the solutions of
the corresponding closed-loop systems are tending to zero as
t — +oo with an exponential rate of convergence. More results
are derived in [10] and [12], under the presence of nonuniform
in time RGAS. Particularly, necessary and sufficient conditions
for stabilization of linear time-varying systems as well as
sufficient conditions for stabilization of uncertain composite
autonomous systems with two inputs of the form

z2=Az 4+ bug

T, = F;(0,z,u1,21,...,x;) + Gi(z,u1)xi41, i=1,...,m
U 1= Tyl

T =(x1,. .., 2n), (2,2,0) € R™ x R™ x R, (ug,up) € R

are established. The state feedback tracking control problem is
also solved in [10] and [12] for a class of nonholonomic systems
in chained form whose dynamics have triangular structure. The
corresponding sufficient conditions imposed in the previously
mentioned papers are much weaker and simpler than those in
earlier works on the same problem.

Important progress toward the notions of nonuniform in time
RGAS and nonuniform in time ISS has been obtained in [11]
and [32], where Lyapunov characterizations for these notions
are established for time-varying systems (1.1) with locally Lip-
schitz dynamics. These characterizations allowed us to derive
necessary and sufficient conditions for global stabilization of
affine in the control time-varying systems at a specific equilib-
rium by means of a smooth time-varying static feedback in such
a way that the equilibrium is nonuniformly in time RGAS with
respect to the resulting closed-loop system. The corresponding
results [11, Th. 5.1 and Prop. 5.2] generalize the well-known
“Artstein-Sontag” Theorem concerning the autonomous case.
It should be pointed out that smoothness around zero of the
time-varying feedback is guaranteed in [11] without assuming
the “small control property”, which has been imposed in [3],
[19], and [27]. It is worthwhile to emphasize here an impor-
tant consequence of the previously mentioned result for the au-
tonomous case © = f(x) + g(z)u where the dynamics f, g are
locally Lipschitz with f(0) = 0 and assume that the system ad-
mits a C! time-varying control Lyapunov function (CLF) V =
V (¢, ), namely, V satisfies V(¢,0) = 0, V(¢t,z) > a(|z]|)
for all (+,2) € RT x R™ for certain a € K, and there exist
continuous functions p, ¢ : Rt — R+ with tl}gloo () = 0,

Jo 7 #(t)dt < 400, p(0) = 0 and p(s) > 0 forall s > 0 such
that for any (¢, z) € R* x R™ for which 9V /9x(t,z)g(z) = 0
itholds that OV /0t (t, z)+0V [0z (t, z) f(z) < —p (V (¢, 2))+
¢(t). Then, [11, Cor. 5.3] establishes that for every gain function
v =, |z]) : RT x RY — RT there exists a smooth time-
varying feedback law v = k(t,x) with k(-,0) = 0, exhibiting
nonuniform in time ISS stabilization of system at zero; partic-
ularly, the resulting system & = f(z) + g(z)(k(t, z) + v), with
v € R™ as input satisfies the nonuniform in time ISS property
with gain . An explicit formula for the feedback stabilizer & in
terms of the CLF above is also provided in [11, Prop. 5.2].
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B. Organization and Results

In Section II, we first provide the notions of nonuniform in
time RGAS and ISS as given in [11]. It should be pointed out
that the concept of nonuniform in time ISS as proposed in [11]
extends the ISS property as described in [28] for the autonomous
case. In Section III, we provide the nonuniform in time exten-
sion of the familiar notion of uniform in time ISS—as origi-
nally proposed by Sontag in [20] for autonomous systems (see
also versions of this property in [5] and [15])—and we estab-
lish in Proposition 3.1 equivalence between this notion and the
concept of ISS as suggested in [28] and [29]. More equiva-
lent characterizations of nonuniform in time ISS are also es-
tablished in Proposition 3.1 and links between this notion and
the concepts of converging-input—converging-state (CICS) and
bounded-input-bounded-state (BIBS) are also given in Corol-
lary 3.5. Aninteresting consequence of Proposition 3.1 is Propo-
sition 3.7 concerning the autonomous case

&= f(z,u),(z,u) € R x R™. (1.2)
Particularly, we prove that, if (1.2) is forward complete and
satisfies the 0-GAS property, namely, 0 € R" is GAS with re-
spect to the unforced system & = f(z, 0), then (1.2) satisfies the
nonuniform in time ISS property. A typical case of systems that
satisfy the previous assumptions and do not satisfy the uniform
in time ISS property are bilinear systems & = Az+Y_ ., u; B;x
with A being a Hurwitz matrix (see [24]). It is also worthwhile
to mention here the two-dimensional counter-example provided
in [2], for which neither ISS, or its weaker version “integral
ISS”, are fulfilled, however, is forward complete and satisfies
the 0-GAS property. A consequence of Proposition 3.7 is Corol-
lary 3.8, which asserts that system (1.2) satisfies the nonuniform
in time ISS property, if and only if, there is a smooth and every-
where strictly positive function ¢ : RT — (0, +00) such that
i = f(z,¢(t)v), (z,v) € R" x R, t € RT (1.3)
satisfies the uniform in time ISS property. In Section IV, we de-
rive sufficient conditions for nonuniform in time ISS for com-
posite time-varying systems

T =f(t,z,y,u) (1.4a)
y :g(t7$7y7u)
zeR"ye R ueR™ teRt (1.4b)

where f(¢,0,0,0) = 0, ¢(¢,0,0,0) = 0 for all ¢ > 0 and
f, g are C° mappings, being locally Lipschitz with respect to
(z,y,u). The corresponding result (Theorem 4.1) is one of the
main results of this paper and constitutes an extension of the
well-known small-gain theorem due to Jiang—Teel-Praly in
[7], and its relative extensions for autonomous systems under
the presence of uniform in time ISS (see, for instance, [8], [9],
[25], and [26]). For the autonomous case (1.4), namely, when
both f, g are independent of ¢, it is known that uniform in time
ISS for (1.4a) with (y,u) as input and for (1.4b) with (z,u)
as input lead to a simple sufficient condition under which the
overall system satisfies the ISS property from the input u. For
the time-varying case (1.4) we establish in Theorem 4.1 that a
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set of additional conditions concerning (1.4a) and (1.4b) guar-
antees nonuniform in time ISS for the overall system (1.4). For
the special case of (1.4) where g(-) is independent of z, namely,
for the cascade interconnection

(1.5a)
(1.5b)

&= f(t,z,y,u)
9 =g(t,y,u)

the sufficient conditions of Theorem 4.1 are considerably sim-
plified. Particularly, Corollary 4.3 provides sufficient conditions
for nonuniform in time ISS for (1.5) and generalizes a well-
known result from the autonomous case, which asserts that (1.5)
satisfies the ISS property from the input u, provided that both
(1.5a) with (y, ) as input and (1.5b) with u as input satisfy the
ISS property. Finally, in Section V we provide some applica-
tions and numerical examples of our Small-Gain Theorem 4.1.
Among other things, we combine the results of Corollary 3.8 to
derive sufficient conditions for the existence of a smooth output
time-varying feedback stabilizer for the autonomous case

z = f(z,y) (1.6a)
g =gz, y)+u
reER"yeRueR (1.6b)

where f, g, are C'!' mappings both vanishing at zero 0 € R"+!
and only the component y of the solution is available. We make
the following hypotheses:

* System (1.6a) satisfies the 0 — GAS property. (1.7a)
* System (1.6a) is forward complete with y as input.
(1.7b)
. aof . .
*The matrix A := 8—(07 0) is Hurwitz. (1.7¢)
7

By applying the results of Proposition 3.7 and Theorem 4.1,
we establish in Example 5.1 that, under (1.7a)—(1.7¢), there ex-
ists a smooth time-varying feedback law & := k(¢,y) with
k(-,0) = 0 in such a way that the closed-loop system (1.6) with
u = k(t,y) + v satisfies the nonuniform in time ISS property
from the input v. This result generalizes the corresponding re-
sult in [7], which states that, if (1.7¢) holds and if we strengthen
(1.7a), (1.7b) by assuming uniform in time ISS for (1.6a) with
y as input, then there exists a smooth time-invariant feedback
law k& := k(y) with £(0) = 0 exhibiting uniform in time
ISS from the input v for the resulting closed-loop system with
u = k(y) +v. We note here that, under certain additional as-
sumptions, our previous result for the case (1.6) can be extended
to the partial state global stabilization problem for triangular
systems but we do not aim in the present paper to provide such
generalizations in terms of our Small-Gain Theorem 4.1. We re-
port instead the recent works [11], [13], and [30] toward global
stabilization of such systems, that contain more results on the
stability of the composite system, based on backstepping de-
sign being, more or less, equivalent to Theorem 4.1-based ap-
proach adopted here for the case (1.6). Another application of
Theorem 4.1 is the study of nonuniform in time GAS of linear
time-varying interconnected systems

T = All(t)l’ + Ao (t)y + By (t)u (1.8a)

Yy =Ani(t)x + Az (t)y + Ba(t)u
zeR" ye R ue R te Rt (1.8b)
where all elements of matrices above are real continuous
functions of time, being in general unbounded on R*. In
Example 5.2 a set of sufficient conditions are provided, which,
according to the Small-Gain Theorem 4.1, guarantee that (1.8)
satisfies the nonuniform in time ISS property.

Notations: Throughout this paper we adopt the following no-
tations.

* By Mp we denote the set of all measurable functions from
R* to D, where D is a given compact subset of ™.

« By C7(A)(C7(A;Q)), where j > 0 is a nonnegative in-
teger, we denote the class of functions (taking values in €2)
that have continuous derivatives of order j on A.

e For z € R", 2T denotes its transpose and |z| its usual
Euclidean norm.

* L° (A) denotes the set of all measurable functions w :
A — R™ that are essentially bounded on any nonempty
compact subset of A, and L>°(A)(L*(A)) denotes the set
of all measurable functions v : A — R that are essen-
tially bounded (integrable) on A.

* By Bz, r] where x € R" and r > 0, we denote the closed
sphere in " of radius r, centered at x € R™.

e 2(t) = x(t to,xo;u) denotes the solution of (1.1)
at time ¢ > {o that corresponds to some input
u € L2 ([to, +00)), initiated from zy € R™ at
time to > 0.

+ K7 denotes the class of positive C? functions ¢ : R+ —
(0, +00). For the definitions of classes K, K., see [14].
By K L we denote the set of all continuous functions o =
o(s,t) : Rt x RT — RT with the properties: (i) for
each t > 0 the mapping o(-,t) is of class K (ii) for
each s > 0, the mapping o(s,-) is nonincreasing with

lim o(s,t) = 0.
t—+

For the reader’s convenience, we have collected below some
properties concerning functions of the classes K+, K, KL,
which are repeatedly used in the rest of this paper.

FactI[2, Cor. IV.5]: Consider the functiony : (RT)” — R+
and assume that for each s > 0 the mappings (-, s) and (s, -)
are of class K. Then, there exists a function o € K, such that
v(r,s) < a(r)o(s) for all (r,s) € (RT)’.

Fact II [24, Cor. 10 and Rem. 11]: For each v € K, there
exists 0 € Ko, such that vy (rs) < o (r)o(s) for all (r,s) €
(R+)”.

Fact 1II [24, Prop. 7]: Assume that ¢ € KL. Then,
there exist functions aj,as of class K, so that o(s,t) <
a; " (exp(—t)aa(s)) forall (¢, s) € (R+)%.

Fact 1V [11, Lemma 2.3]: Leta : RT x RT — R7* such
that: i) for each ¢ > 0 the functions a(t, -) and a(-, t) are nonde-
creasing ; ii) for all ¢ > 0 it holds 1ir(1]1Jr a(t,s) = a(t,0) = 0.
Then there exist functions ( € K., and ¢ € K7 such that
a(t,s) < C(p(t)s) forall (£,s) € Rt x RT,

The proofs of the following facts are found in the Appendix.

Fact V: Let U C R™ be a set that satisfies: i) 0 € U ii) for
every r > 0 the set UN B[O, 7] is compact. Letk : RT xU — R
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be a C? function with k(#,0) = 0 for all ¢+ > 0. Then, there exist
a € Ko and ¢ € K such that

|kt 2)] < a((t) |x]),

Fact VI: Let A, B be functions of class K L. Then, there
exists R € KL such that

V(t,z) eRY x U (1.9)

sup A(B(s,7 —t9),t —7) < R(s,t —tg)
to <7<t

?

Yt >ty > 0,5 > 0. (1.10)

Fact VII: Let ¢ be a KL function, p be of class K
and ¢1,¢2 be a pair of class KT in such a way that
dim ga(0)p (¢1(t)o (st — to)) = 0 for all (t, ) € (RH)*.
Then, there exist S € KL and B € K1 such that

b2(t)p (p1(t)o(s,t —to)) < S (B(to)s,t —to),

Vi >t >0,5> 0. (1.11)

II. REVIEW OF THE NOTIONS OF NONUNIFORM IN TIME RGAS
AND ISS

In this section, we provide the definition of nonuniform in
time RGAS and ISS as precisely given in [11]. We consider
time-varying systems of the form

a(t) = f(t, =(t), d(t)),

where D C R™ is a compact set, f : RT x R x D — R"is
a C'° map being locally Lipschitz with respect to z € R" and
satisfies f(¢,0,d) = 0 for all (¢,d) € RT x D.

Definition 2.1: We say that zero 0 € R” is nonuniformly in
time RGAS for (2.1), if for every tg > 0,d € Mp and 2y € R
the corresponding solution z(+) of (2.1) exists for all ¢ > ¢¢ and
satisfies the following properties.

P11 (Stability): For every ¢ > 0, T > 0, it holds that
sup{|z(t)| : d € Mp,t > to,|zo| < e,t0 €[0,T]} < oo
and there exists a 6 := 6(e,T) > 0 such that |zo| < 6,t0 €
[0.T] = |z(t)] < e,Vt > to,d € Mp.

P2 (Attractivity): Foreverye > 0,7 > 0Oand R > 0,
there exists a 7 := 7(¢,T, R) > 0 such that |z| < R,ty €
[0,T] = |z(t)| < e,Vt > tog+7,d € Mp.

Proposition 2.2 [11]: The origin 0 € R"™ is nonuniformly in
time RGAS for (2.1), if and only if there exists a pair of func-
tions 0 € KL, 3 € K™ such that for every (tg, 7o) € R x R"
and d € Mp the corresponding solution z(#) of (2.1) with initial
condition z(tg) = 1z satisfies |z(t)| < o (B(to) |zo|,t — to)
for every t > to.

Definition 2.3: We say that system (1.1) satisfies the nonuni-
form in time 0-GAS property , if P1 and P2 of Definition 2.1 are
fulfilled for u € D := {0}, namely, 0 € R" is nonuniformly in
time GAS for the unforced system & = f(¢, z,0).

Definition 2.4: Consider system (1.1) and let v = (¢, s) :
(R+)” — R+ being continuous, locally Lipschitz in s and such
that for each fixed ¢ > 0 the mapping ~(¢, -) is a positive—def-
inite function. We say that (1.1) satisfies the “weak” nonuni-
form in time ISS property (wISS) with gain =, if each solution
x(t) = z(¢t,to,zo;u) of (1.1) exists for all ¢ > ¢y and satis-
fies Properties P1 and P2 of Definition 2.1, provided that u is

z€R",de Mp,t € RT (2.1)
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of class L2 ([to, +00)) and satisfies |u(t)| < (¢, |z(t)]), a.e.

for t > to. If in addition for each ¢ > 0, the function (¢, -) is
of class K, then we say that (1.1) satisfies the nonuniform in
time ISS property with gain .

The following proposition summarizes some useful equiva-
lent descriptions of the nonuniform in time wISS property. It
constitutes a generalization of the well-known results in [17]
and [22].

Proposition 2.5 [11, Prop. 4.3]: Let~y := vy(t,s) : (§R+)2 —
RT be a continuous function, which is locally Lipschitz in s
and such that for each fixed ¢ > 0 the mapping ~(¢,-) is a
positive—definite function. Then, the following statements are
equivalent.

i) System (1.1) satisfies the (nonuniform in time) wISS
property with gain .

ii) 0 € R" is nonuniformly in time RGAS for the system
& = f(t,z,y(t|z))d), = € R".d € B[0,1] C
R™, t € RT

iii) There exist functions ¢ € KL and 3 € K such that

the following property holds for all ¢ > ¢y:

[u(T)] < (7, |z(7)|) a.e. for T € [tg,t] =
lz(t)] < o (B(to) [wol . —to) -

iv) There exist functions V € CY(RT x R RT), a1,
az € Koo, B € K+, p € CO(RT;RT) being positive
definite and ¢ € CO(R*;R*) with tligl B(t) = 0,

Jo =" #(t)dt < +o0 such that the following hold for all
(t,z,u) € RT x R™ x ™

ar(|z|) SV (t,z) < az(B(2) |2]);
lu| <~(t, |z]) = V(¢ z,u) -
< = p(V(t,z)) + ¢(t).

v) There exist functions V' € C®(RT x R";RT), aq, as
and [, as in statement iv), such that (2.3) holds for all
(t,r,u) € RT x R™ x R™ with p(s) := sand ¢(-) = 0.

Remark 2.6: An equivalent description of property iii) is
given in [11] as follows.

(2.2)

2.3)

vi)  There exist functions ay, a3 of class K, and a function
B : Rt — Rt of class K such that the following
property holds for all ¢ > #,:

lu(7)] < (T, |2(7)|) a.e. for T € [to,t] =

a(jz()]) < exp(=(t = t0))A(to)az(|zol)-  (2:4)

In order to show the equivalence between iii) and vi) let us
first assume that (2.4) holds. Using Fact V, there exist functions
a3 € Koo and 3 € K suchthat 8(t)az(s) < a3 (B(t)s), forall
(t,s) € (3?"’)2. Itis then obvious that (2.2) holds with o (s,t) =
a7" (exp(—t)as(s)). Conversely, suppose next that (2.2) holds.
We may then recall Fact III, which asserts that there exist func-
tions ay,p of class K., with o(s,t) < aj* (exp(—t)p(s))
for all (t,s) € (RF). Also, by Fact II, there exist functions
p,az of class K such that p (8(t)s) < p(B(t)) az(s) for all
(t,s) € (?R*)Z. The previous discussion, in conjunction with
(2.2), implies (2.4) with 5(t) := j (B(t)).
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We finally provide an interesting result, which is the analogue
of [6, Th. 10.4.3].

Proposition 2.7: System (1.1) satisfies the nonuniform in
time wISS property from the input u, if and only if it satisfies
the nonuniform in time 0-GAS property.

The proof of Proposition 2.7 is an immediate consequence
of the following lemma, which is a direct extension of Lemma
IV.10 in [2] and constitutes a powerful tool for the analysis in
the next section. Its proof is found in the Appendix .

Lemma 2.8: Suppose that the system (1.1) satisfies the
nonuniform in time 0-GAS property. Then, for every function
p of class K+, there exista C*° map V : Rt x ®* — T,
functions a;(i = 1,...,4) of class K, and p, s of class KT,
such that

ar(|z]) < V(t,z) < aa(p(t) |z]), V(¢ z) € RT x R"

(2.5a)
D (1,0)+ It 10, 0) <V (1,2)
]

+oxp(-20)as (L5 ) as (1) u),
V(t,z,u) € RT x R™ x R™. (2.5b)

The following example illustrates the nature of definitions of
nonuniform in time RGAS, wISS and ISS, as well as the result
of Proposition 2.7 for the case of linear time-varying systems.

Example 2.9: In [12], we proved that, if the origin of the
linear time-varying system

i=A(t)r, z € R",t € RT. (2.6)
A € R™*"™ being a matrix whose elements are continuous func-

tions, is (nonuniformly in time) GAS, then there exists a func-
tion u € KT with

“+oo
/ w(s)ds = +oo (2.7a)
0
and a positive—definite C'* matrix P € R"*" such that
Pt)>1,Vt>0 (2.7b)
P(t) 4+ P(t)A(t) + AT (t)P(t) + 2u(t)P(t) <0
forallt >0 (2.7¢)

where [ is the unit matrix of dimensions n x n. Consider now
the time-varying control system

i = A(t)x + B(t)u, rER"ueER™teRT (2.8)
where A € R"*", B € R™*™ are continuous matrices in such a
way that (2.7) holds. It turns out from Proposition 2.7 that (2.8)
satisfies the nonuniform in time wISS property. Moreover, by

virtue of (2.7b) it holds that
6(t) lul < [a] = o (P(5) + POA(t) + AT()P(t)) @
+ 2T P(t)B(t)u +u' BT (t)P(t)x

< — )z P(t)m, Y(t,z) € RT x R™ (2.9)

where ¢(t) := 2|P(t)B(t)|/u(t). Evaluating the derivative of
V(t,z) := T P(t)z along the trajectories of (2.8) and using
(2.9) we obtain

)] < (rfa(r)) ae
(1)) < exp <—% /0 u(s)ds) Blto) lzo]  (2.10)

7, |z(7)|) a.e. for T € [to,t] =

where (¢, s) := s/¢(t) and

o1ty i=exp (172 [ s ) P10

Clearly, v(t,-) € Ko for each ¢t > 0, thus, by recalling (2.7a),
Definition 2.4, and (2.10) it follows that (2.8) satisfies the
nonuniform in time ISS property.

III. CHARACTERIZATIONS OF THE NONUNIFORM IN TIME ISS

The following proposition provides equivalent characteriza-
tions of the nonuniform in time ISS property. As it is mentioned
in the Introduction, the proposition below establishes among
other things the equivalence between the notion of nonuniform
in time ISS as proposed in [11] (see (2.2) of statement iii) of
Proposition 2.5) and the Sontag-like version of ISS for the
nonuniform in time case (see (3.3) of statement iv) below).

Proposition 3.1: The following statements are equivalent.

i) System (1.1) satisfies the nonuniform in time ISS prop-
erty.

ii) There exist functions p € Koo, ¢, € K+t ando € KL
such that

P ($(t) [u(?)

|
a.e. fort > tg = |z(t)

) < fa(t)]
| <o (B(to) lzol st = t0) . (B.1)

iii) There exist functions p € Koo, ¢, € KT ando € KL
such that, for every (to, 7o) € R x R™ and input of class
u € L2 ([to, +00)), the corresponding solution z(t) of
(1.1) with z:(to) = x¢ exists for all ¢ > ¢, and satisfies

2(t)] <
max{aw(to)mut—to),t s, gw<7>p<¢<f>|u<7>|>7t—7>} .
o (3.2)

iv) There exist functions ¢ € K., 3,6 € KT ando € KL
such that, for every (t9,z¢) € RT x R™ and input u €
L2 ([to, +00)), the corresponding solution z(¢) of (1.1)
with z(tg) = z exists for all ¢ > t, and satisfies

(o) < ma { (610 ool ~ o), sup (3(7) )}
’ (3.3)
v) There exist a function § € K, being locally Lipschitz
on NT, and a function § € K+ such that 0 € R” is

nonuniformly in time RGAS for the system

. 6]
r=J (“ 5(0)

d) , d(-) € Mpjp,1)- 3.4



KARAFYLLIS AND TSINIAS: NONUNIFORM IN TIME INPUT-TO-STATE STABILITY

vi) System (1.1) satisfies the nonuniform in time 0-GAS
Property and there exist functions 0,( € K., and
8, 1,3 € KT such that, for every (tg,z9) € RT x R"
and u u(t) of class LS ([to,+00)), the corre-
sponding solution z(t) of (1.1) with z(tg) = zo exists
for all ¢ > t; and satisfies

(0] < (0 (o (8 ko) + sup (6 u(r)D)
to <7<t
3.5
vii) There exist a C* function V : Rt x £ — R+, func-
tions a1, as, asz of class K., and 3, ¢ of class K+ such

that for all (¢, z,u) € RT x R™ x R™ we have

L kD <SVeoSeEoE) e
D 1,00+ (1,2 (2, 0) <=V (1, 2) +as (D)
(3.6b)

Remark 3.2: When the functions ¢ and ( are bounded, then
(3.1) is equivalent to the uniform in time ISS property, as given
in [28] and [29]. Likewise, when 3 and ¢ are bounded, then (3.3)
is equivalent to ISS property, as originally proposed in [20] by
E.D. Sontag. The equivalence between (3.1) and (3.3) general-
izes the well known fact that for the autonomous case and, when
~ is independent of ¢, namely, -y is of class K., the uniform in
time ISS property as given by Sontag, is equivalent to the cor-
responding characterization given in [28], [29]. Finally, we note
that, when ¢ and [ are bounded, then (3.6a), (3.6b) coincide
with the Lyapunov characterization given in [22]-[24] for the
uniform in time ISS property.

Proof of Proposition 3.1: 'We prove the implications i) <
ii) = iii) = iv) = v) = vil) = ii) and iv) & vi). i) & ii)
Suppose that i) holds. According to statement iii) of Proposi-
tion 2.5, there exist functions 0 € KL, 3 € K% and a con-
tinuous function v(£,s) : (RT)> — R+, where v is locally
Lipschitz in s, y(¢,-) € Ko for each fixed ¢ > 0 and in such
a way that (2.2) holds. Let v~ (¢, s) denote the inverse func-
tion of (¢, s) with respect to s > 0, namely, vy~ (¢, s) satis-
fies v (t,77' (¢, 8)) = 771 (t,7(t,s)) = s, forall t,s > 0.
Clearly, v~1(t, s) is continuous and thus by invoking Fact V we
may find functions p € K, and ¢ € KT such that y~1(¢, s) <
p(¢(t)s) for all t,s > 0. The latter inequality in conjunction
with (2.2) implies (3.1). Conversely, suppose that (3.1) holds.
Let p € K be a function, locally Lipschitz on R that satis-
fies p(s) < p~1(s) forall s > 0 and let y(¢, s) := p(s)/d(t).
It is a direct consequence of (3.1) and the equivalence between
i) and ii) of Proposition 2.5, that (1.1) satisfies the nonuniform
in time wISS property with gain y and, thus, the nonuniform in
time ISS property, since, according to definition of +, for each
t > 0 the function (¢, -) is of class K

ii) = iii) First, we establish that for every u
class C° ([tg,+00)) and for every (to,zo) € RT x

u(t) of
", the
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corresponding solution z(t) of (1.1) with z(¢9) = x¢ exists on
[to, +00) and satisfies (3.2) for the same functions p € K,
B,¢ € KT and 0 € KL as in statement ii). Notice that for
every u = u(t) of class C° ([to, +00)) there exists a maximal
interval, say [to,T') for some T' > t¢, of existence of the so-
lution z(t) of (1.1) with z(tg) = . By (3.1), it follows, by
exploiting continuity of ¢(¢), z(¢) and w(t), that the solution
satisfies the estimate shown in (3.7) at the bottom of the page,
where the first, second, and third terms on the right-hand side
of (3.7) arise, respectively, for the cases
* p(¢(7) [u(r)]) < |a(r)] for all T € [to, ];
* p(¢(1) [u(®)]) = |(@)];
o p(o(s) |u(s)]) |z(s)| for all s € [r,t] for certain
€ |[to,t] which satisfies p(d(s) |u(s)]) > |z(s)| for
s < T, close to 7 (to be more precise, for the third
case, by continuity we obtain p(¢(7) |u(7)|) = |z(7)]
and thus by 3.1) |z(s)| < o(B(7)|z(7)],s —7)
a(B(T)p(p(T)|u(7)]),s —7) for all s € [r,t], hence,
o] < sup_7 (Br)p(o(r) fu(r)]).t = 7).

to<7<
Notice, by virtue of the right-hand side mequahty (3.1), that
s < o(B(to)s,0), for all (to,s) € (R*+)>. Consequently, by
substituting s = p (¢(¢) |u(t)|) and tg = ¢ in the previous in-
equality, we obtain

p (&) [u(®)])

(B()p(b(t) [u(t)]), 0)

<o |
< sup o (B(7)p(¢(T) lu(T)]),t — 7)
to <7<t

hence, by considering the previous three cases, (3.7) is simpli-
fied as follows:

()]
Smax{o(ﬁ(to)lwol,t—to),t s, to(ﬁ(¢>p<¢<ﬂ|u<¢>|>,t—T>}
Vi € [to, T). o (3.8)

Estimation (3.8) implies both 7" = +o00, namely, the solution
does not have a finite escape time, and (3.2) is fulfilled for every
u = u(t) of class C° ([tg, +00)).

We next show that (3.2) holds for arbitrary u €

L2 ([to, +00)). Let t € [tg,+00), zg € R* ande > 0
be arbitrary and define
r1 = esssup |u(r)] (3.92)
to <7<t
(s, 7):=c(s,7)+ 52 exp(r)
2 max f(¢) <1+p <T1 t;rslefuétqﬁ(f)))
(3.9b)
ro := ess sup a(B(T)p (¢(7) [u(7)]), t = T)
to <7<t
< ess supa(B(r)p (9(r) Ju(r)]) ¢ = 7) + 5. (3.90)
to <7<t

|#(#)] < max {Cf(ﬂ(to) [Tl & —to), p (A1) [u(t)]) ,

sup a(ﬂ(f)p(qﬁ(r)IU(T)I)J—T)} VieltT) ()

to <7<t
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Notice that the right-hand side inequality (3.9c) is an immediate
consequence of definitions (3.9a), (3.9b). Moreover, by virtue
of definition (3.9b), for every constant » > 0 there exists a
continuous nondecreasing function 6,.(-) such that

a(0.(t),t) =r, Yt >0. (3.10)

From definitions (3.9a), (3.9¢) and property (3.10), it follows
that

s = (45

for almost all 7 € [tg, t]. (3.11)

Since the space C°([to,t]) is dense in L([to,t]), we can find

@ € C%([to,t]) such that
o=l o= | )= s exp Lot
(3.12)

where L is any Lipschitz constant for f(-) such that the fol-
lowing hold:

|f(T,y1,01) = f(7,92,v2)] <L (ly1 — ya| + [v1 — v2])
VT € [t07t]7 (yhy?) EB[()?R] X B[07R]
(1)1,1}2) € B[O,’I‘l] X B[O,’I‘l] (31321)
where r; is defined by (3.9a) and
R:= 0 (3(to) w0l .0) + sup_o(B(r)p(6(r)r).0) + 2.
= (3.13b)
Define
o ), if |a(r)| < ©(r)
w0 ={ S, e G0

Notice that definition (3.14) guarantees that i € C([to, t]) with
|a(r)| < ©(r) for all T € [to, t]. In addition, by virtue of defi-
nition (3.11), we have (1) < (1/¢(7))p™" (0, (t — 7)/B(T))
for all 7 € [to,t], hence, by virtue of (3.10), it follows
that o(8(7)p (¢(7)0(7)),t — 7) < ro. Consequently, by
(3.9)—(3.11) and (3.14), it follows that

la(r)| <7 = c;si51<1£)|u(7)|7 V7 € [to, t] (3.15a)
a(B(r)p(¢(r)la(r)]), t = 7)
<a(B(r)p(p(1)O(T)),t — T)
<2< esssupo(B(n)p($(r)u(r)]),t =) + 5.
o (3.15b)

To be more precise, the first inequality in (3.15b) is a conse-
quence of (3.9b), the second follows from (3.10) and (3.11) and
the third one is a consequence of (3.9¢c). Moreover, definition
(3.14), in conjunction with (3.11) guarantees that

|a(7) — a(7)| = min {|u(r) - v]; [v] < O(7),v € R}
|a(r) = u(7)]

IN
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for almost all 7 € [to,t] and therefore |& — [, 4
|u = |1 (1, ,47)- This in conjunction with (3.12) gives

1w = all g1 geg,y < 1w = @l g1y + 112 = @l 21 2,01

£ exp{—L(t—to)}.

5T (3.16)

<2|u— a“Ll([to,t]) <
Let us denote by z(t) and Z(t) the corresponding solutions of
(1.1) with inputs u» and u, respectively, with same initial values
x(to) = Z(tg) = xo. By virtue of (3.13b), (3.15a), and the fact
that (3.2) holds for every u = u(t) of class C° ([tg, +00)), it
follows:

|z(7)]
SmaX{U(ﬁ(to)lxoLT—to)7t iuggf(ﬂ(f)p(qﬁ(ﬁ)lu(f)l),T-&)}
<R V7€ [to.1]. (3.17)

Let t1 € [to,t] be the maximal time for which |z(7)| < R for
all 7 € [to,t1], where R is defined by (3.13b). Using Gron-
wall’s inequality, we get by invoking (3.13a), (3.13b), (3.15a),

and (3.16): sup |z(7)—Z(1)| < €/2, for all T € [to,t1].
to <7<t

This inequality in conjunction with (3.13b), (3.15b), and (3.17)
implies

|z (7)]
SmaX{U(ﬂ(to) |, 7 —t0),es5 supa(B(&) p(¢(E)|u(€)]), t—E)}

to<E<t

+e< R V1 e [t07t1]. (3.18)

Clearly, by virtue of the right-hand side inequality (3.18), it fol-
lows that ¢; = ¢, thus, (3.18) holds for all 7 € [ty,t]. Conse-
quently, (3.19) holds for 7 = ¢. Obviously, since (3.18) holds for
arbitrary e > 0 and ¢ € [to, +00), we conclude from the first
inequality of (3.18) that (3.2) holds for every input u = u(t) of
class u € L2, ([tg, +00)).

iii) = iv) By invoking Fact V, there exist functions a € K
and § € K™ such that B8(t)p(¢(t) |u|) < a(8(t)|ul]) for all
(t,u) € RT x R™ and if we set {(s) := o (a(s),0) + s (that
obviously is of class K ), the desired (3.3) is a consequence of
(3.2) and the previous inequality.

iv) = v) Without loss of generality we may assume that the
function 3 involved in (3.3) is nondecreasing. Define ((s) :=

~1((1/2)s) and let § € K be a locally Lipschitz function
that satisfies 6(s) < ((s) for all s > 0. Then by virtue of (3.3)
it follows that for the solution z(-) of (1.1) it holds: z(+)

(1) lu(r)] < 6 (Jx(7)]) a-e. in [to, ¢]
1
= le(t)] < o(B(to) |zol ,t —to) + 5 sup |a(7)]-
to <7<t
(3.19)
Obviously, (3.19) implies
lz(t)] < sup |z(7)] < 20(B(to) |x0l , 0),
to <7<t
Vit >tg, provided that
6(7) |u(r)| <0 (|=(7)|), a.e.in [to, t]. (3.20)
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Notice that every solution z(-) of (3.4) corresponding to some
d € Mpjo,1) coincides with the solution of (1.1) corresponding
to u(-) = (0 (Jz(-)])/6(-))d(-) initiated from same initial zo €
R™ at time ¢ty > 0. Thus, by taking into account (3.19) and
(3.20), it follows that the solution z(-) of (3.4) satisfies:

| (t)] Sa(ﬁ(to)lxolyt—to)Jr% sup |z(7)|,
to <7<t

Vi >to, d € Mpjo ), (fo,z0) € RT x R" (3.21a)

lz(t)| <20(B(to) |20l ,0),
Vt >to, d € Mpjoaj, (fo,z0) € RT x R". (3.21b)

Inequality (3.21b) asserts that 0 € R™ is robustly stable for
(3.4). Next, we establish robust asymptotic stability. Consider
the function

a(t, T, R)

:= sup {|z(to + t)|;d € Mpo 1}, |zo| < R, to € [0,T]}
where z(+) denotes the solution of (3.4) corresponding to some
d € Mpjp,1j- It suffices to show that , li_irfl a(t,T,R) = 0, for
all (T, R) € (§R+)2. Clearly, by (3.21b) and definition of a we

have

a(t, T, R) < 20(B(T)R,0), Vt > 0. (3.22)

Let p := , li_ir}n a(t,T, R). We show that p = 0. Indeed, for
every € > 0 there exists 7 = 7(e, T, R) > 0 such that

a(t,T,R) < p+e, vt > 7. (3.23)
Again recall definition of @ and (3.21a) which imply
a(t,T,R) < o(B(T + 7)a(r,T,R),t — 7)
—i—l sup a(s,T,R), forallt > 7.

T<s5<t

This inequality in conjunction with the pair (3.22) and (3.23)
gives

p=lim at,T,R)

- 1 1 1 1
<1 28(T T)R,0),t— —p+—e=—p+=
<, lim o(26(T+71)o(B(T)R,0), T)+2p+2€ 2p—|—25
or, equivalently, p < € for all ¢ > 0, which yields
o=, li_ir{’l a(t,T,R) = 0. According to definition of
the map a, this implies attractivity, thus nonuniform in time
RGAS of zero with respect to (3.4).
v) = vii) Since 0 € R is (nonuniformly in time) RGAS
for (3.4), it follows by the converse Lyapunov theorem in [11],
that there exist a C*> function V : Rt x R™* — Rt functions

203

a1,a2 € Ko and 8 € KT such that (3.6a) holds and for all
(t,z,d) € RT x R" x B[0,1] we have

ov ov 0(|x|)
— — o, ) < —
5 (t,z) + e (t,z)f (t/z/ 5 d| < -V(t,z)
and therefore
)% av
—_— — s < - s
S (tw) + () [ (1) < ~V(E,),

viul < 20Dy e wt o,

0 (3.24)

Define (3.25), as shown at the bottom of the page. Clearly, 1) :
RT x Rt — RT is continuous with ¢)(¢,0) = 0 for all ¢ >
0. Consequently, Fact V guarantees the existence of functions
a3 € Ko and ¢ € KT such that ¢(t, s) < as(¢(t)s).
‘We next establish inequality (3.6b), with a3 as previously, by
considering the following two cases.
e 071(8(¢) |u]) < |z|. In this case, inequality (3.6b) is a
direct consequence of (3.24).
e 0=1(8(t) |u|]) > |z|. In this case, by virtue of definition
(3.25) and definition of a3, we have

N (t,2)+ 2t ) (k)

ot ox
+V(t,2) <t |u]) < as (¢(t) |ul)

which implies (3.6b).
vii) = ii) Obviously, (3.6a) and (3.6b) imply

ov ov 1
W(t/x) + %(t/x)f(tlxvu) < _iv(t7$)

Vu € R™ with agz (¢(t) |u]) < %a1(|x|). (3.26)
Define p(s) = a7t (2a3(s)) and o(s,t) =

a7" (exp (=t/2) ax(s)) and consider the trajectory z(t) of
(1.1) that corresponds to some measurable input u(-) for which

p (1) [u(®)]) < lx(t)], ae. fort > o 3.27)
with ¢ as defined in (3.6b). Then, (3.26) implies
(d/dt)V(t,z(t)) < —(1/2)V(t,z(t)), ae. for t > to,
provided that (3.27) holds. The desired (3.1) is a direct con-
sequence of (3.6a), definitions of p and o above and previous
inequality. Particularly, (3.1) holds with the same 3 and ¢ as
defined in (3.6a) and (3.6b), respectively.

We finally establish the equivalence between vi) and iv). The
implicationiv) = vi) is obvious, so we proceed to the establish-
ment of vi) = iv). Suppose that (1.1) satisfies the nonuniform
in time 0-GAS property and assume in addition that (3.5) holds.
Then, invoking Lemma 2.8, there exist a C* map V : RT x
R™ — R and functions a; € Koo (i = 1,...,4) and p,k €
K such that forall (¢, z,u) € RT x R™ x R™ both inequalities

aVv

P(t, s) := sup {%—‘:(t,x) + —(t,2) f(t,z,u) + V(t,z); |z] < 07H(8(t)s), |u| < s} .

ox

(3.25)
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(2.5a) and (2.5b) hold. Consider the solution z(t) of (1.1) cor-
responding to certain v = u(t) of class L{> ([to, +00)). Then,
by combining (3.5) and (2.5b), it follows that the time derivative
of V along the trajectories of (1.1) satisfies

Dy (t2(t)) < — V(ta() + exp(=20)as (20 (B(to) [2o]))

dt
s as (6(7) )
+Hexp(=20) sup a3 (26 (6(7) fu()))
-tos<qu<ta4( K(T) |u(T)]), a.e. fort > to.
(3.28)
We define 0 (s) := 2[as (2¢(s)) + aa(s)]?, 8(t) := w(t)+8(t)

and 05(s) := (1/2) (a3 (20(s)))”. Clearly, (3.28) in conjunc-
tion with previous definitions, implies

SV (L(1)) < ~V (£ 2(1)) + exp(~200 (B(to) o)
+exp(—2t) sup 61 (6(7)|u(r)]), ae. fort > to

to <7<t

and, therefore, we get

V(t,2(t)) < exp(—=(t — to)) (V(to, z0) + 62 (B(to) [zol))
+ sup 6, (5( )|u('r)|)

to <7<t

for every t > to. The latter, in conjunction with the
left hand-side inequality of (2.5a), implies the desired
(3.3) with o(s,t) = 2a;'(2exp(—t) (az(s)+ Oa(s))),
B(t) = p(t) + B(t). () := 8(t) and ¢(s) == 2a7 " (261(s)).
This completes the proof. N

Remark 3.3: There are certain links between various gains
involved in the equivalent descriptions of nonuniform in time
ISS in statements of Proposition 3.1. For instance, if (3.1) holds
for certain p € Ko, ¢,3 € KT and 0 € K L, then (3.2) holds
with the same p € K., ¢,3 € KT and ¢ € K L. Moreover,
if (3.2) holds for certain p € Ko, ¢,3 € Kt and o € KL,
then (3.3) holds for the same 3 € K+ and 0 € K L. Also note
that, if (3.6a),(3.6b) hold for certain pair of functions ¢, 3 €
KT, then, according to the analysis made in the establishment
of implications vii) = ii) = iii) = iv), it follows that (3.1) and
(3.2) hold with same ¢, 3 € KT as above and (3.3) is fulfilled
with the same 3 € K and for certain § € K. To be more
precise, the selection of ¢ in proof of implication iii) = iv)
implies 6(¢t) > ¢(t) for all t > 0 away from zero, provided that
B e K

Remark 3.4: By exploiting the result of Proposition 3.1 and
particularly the equivalence between i) and iii), it can be easily
established that the nonuniform in time ISS property remains
invariant under the following transformations.

T1) Scaling of tlme T =t = [ a(s)ds for certain a €
K™ with fo s)ds = +oo.

T2) State transformatlons. x = Pt z), where
¢ € C*RT x R R") satisfying ®(t,0) =
det ((09/02)(t,2)) # 0, ®(t,R") = §R"
and a1 (|z|]) < |®(t,2)] < a2 (]z]), for every

(t,z) € RT x R™ and for certain a; € Koo (i = 1,2).

T3) Input transformations: v = ¢(¢t,v), where
q € CO(RT x R™; R™) which satisfies ¢(¢,0) = 0 for
all t > 0, the map f(¢,z,q(t,v)) is locally Lipschitz
with respect to v € R™ and there exists a function
q~t € CORT x R™; R™) with q(t, ¢ (t,u)) = u
for all (£,u) € R+ x RN™.

The proof of previous statement is immediate and is left to the
reader. It should be emphasized here that statement of Remark
3.4 is not in general true for the uniform in time ISS property
under T1) and T3).

Finally, an immediate consequence of Proposition 3.1 is the
following corollary, which extends the well-known relationship
between the notion of uniform in time ISS and the concepts of
BIBS and CICS for the autonomous case (see, for instance, [21]
and [23]).

Corollary 3.5: Suppose that system (1.1) satisfies the
nonuniform in time ISS property and particularly assume that
(3.3) holds for certain functions { € Ko.,0 € KL,(3,6 € KT.
Let w € L° (R*) in such a way that §(¢) |u(t)| is bounded
over R*. Then for every (t9, zo) € R x R™, the corresponding
solution (-, g, zo;u) is bounded over R* and if in addition
tl}ﬂw 6(t) |u(t)] = 0, then tg+mooa:(t,t0,a:0;u) =0.

Proof: Immediate consequence of statement iv) of Propo-
sition 3.1. <

Remark 3.6: Corollary 3.5 determines the class of inputs al-
lowed to enter system (1.1) so that its solution remains bounded,
or converges to zero, respectively. A better estimation of this
class can be made by use of the Lyapunov characterization (3.6)
of nonuniform in time ISS. Indeed, (3.6a), (3.6b) imply that
for every (tg,r9) € RT x R™ and for every input u = u(t)
of class L2 (R™) the corresponding solution (-, to, zo; u) of
(1.1) with initial condition z(tg) = x(, satisfies

ar (|2(8)]) V(£ 2(t)) < oxp (—(t — t0)) V(to, o)
+ / exp (—(t — 7)) as ($(r) [u(r)]) dr

to

from which can be easily deduced that the solution (-, to, zo; u)
is bounded over R provided that ¢(¢) |u(#)| is bounded over
R and that t_lé_irflooa:(t, to, To;u) = 0, iftlizéo é(t) lu(t)] = 0.
Notice that according to Remark 3.3, 6(¢) > ¢(t) forallt > 0
away from zero, provided that # € K., hence, the Lyapunov
characterization (3.6) gives a less conservative estimation of the
amplitude of those inputs for which the corresponding solution
is bounded, or converges to zero, respectively.

Statement vii) of Proposition 3.1 shows that, under a special
type of forward completeness, nonuniform in time 0-GAS Prop-
erty for (1.1) is equivalent to nonuniform in time ISS for (1.1).
For the autonomous case (1.2) we establish below equivalence
between nonuniform in time ISS and 0-GAS property, provided
that (1.2) is forward complete. It should be pointed out here that,
as is shown in [2], the 0-GAS Property plus forward complete-
ness does not in general imply uniform in time ISS. Moreover,
since the system is autonomous, the nonuniform in time 0-GAS
property is equivalent to the uniform in time 0-GAS property.

Proposition 3.7: Consider the autonomous case (1.2), where
f R x ™ — R™ is locally Lipschitz with f(0,0) = 0.
Suppose that i) 0 € R™ is GAS for the unforced system & =
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f(z,0) (0-GAS Property) and ii) system (1.2) is forward com-
plete. Then, system (1.2) satisfies the nonuniform in time ISS
property. Particularly, the solutions of (1.2) satisfy estimates
(3.2), (3.3) as in statements iii) and iv), respectively, of Propo-
sition 3.1 with 5(¢) = 1.

Proof: Since 0 € R" is GAS for system & = f(z,0),
then a slight modification of Lemma I'V.10 in [2] asserts the ex-
istence of a smooth map V' : ®® — R+ and functions a1, as,
A, 6 of class Ko, such that for all (z,u) € R" x R™ we
have a1 (|z]) < V(z) < ax(|z]) and (OV /0z)(x) f(z,u) <
=V (z) + A(|z]) 6 (Ju|). The previous inequalities give the fol-
lowing estimate of the solution z(+) of (1.2) initiated from z( €
R™ at time tn > 0 and corresponding to some input u = u(t)
of class L2 ([to, +00)):

ay (Jz(t)]) < exp(t—(t = to))az (o)
+'/t exp(=(t = m)A(|lz(m)]) & (Ju(7)]) dr
0 (3.29)

Vit >tg.
Furthermore, since (1.2) is forward complete, [1, Cor. 2.11]
guarantees the existence of a smooth and proper map W : R —
R+, functions as, a4, o of class K, and a constant R > 0 such
that for all (z,u) € R™ x R™ it holds a3 (|z]|) < W(z) <
ay (|z|) + R and OW /0x(z) f(z,u) < W(x) + o (Jul). It then
follows that the solution z(-) of (1.2) satisfies

az (|z(?)]) < expt(t — to) (a4 (|zo|) + R)
+/t exp (t—7) o (Ju(r)]) dr ¥t > fo.
' (3.30)

Define A(s) := A (2a3" (2s)). It turns out from (3.29) and
(3.30) that the following inequality holds for all £ >, t¢:

o1 (1)) < exp (~(t = 10)) s (o)
+f A(/ exp(r—s)o (Ju(s)))
+ / Aexp(r—to) (aa(lol)+R))8 ([u(r)]) dr.

da)é (Ju(r)|) dr
to
(3.31)
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In order to analyze further estimation (3.31) we first recall Fact
II, which guarantees the existence of a function ¢ € K, such
that o (rs) + 6(rs) + A(rs) < q(r)q(s), for every ,s > 0
and let p be a function of class Kt satisfying ¢ (1/p(t)) <

exp(—t)/1 + ¢ (exp(t)), for all ¢ > 0. It then follows
/exp(7—s)a(|u(s)|)ds
)
- 1
< exp(r) sup q(p(s)|u(s /q—)ds
( )toSsST (p(s) lu(s)]) 1\ o)
< exp(r) sup q(p(s)|u(s)]) V7T >ty (3.32)
to<s<rt
and, thus, by (3.31) and (3.32), (3.33), shown
at the bottom of the page, holds. By defining
a(s) = a7 (202(5) + (4 2aa(s))’) and ((s) =

1(4q(2R)q(s)+4(q(3)+q(q(s)))2), it follows from
(3.33) that

lz()] < a(lzol) + sup C(p(7) u(T)])

to <7<t

Vi >ty (3.34)

hence, by virture of statement vi) of Proposition 3.1, we con-
clude that (1.2) satisfies the nonuniform in time ISS property.

Next we prove that (3.2) (statement (iii) of Proposition 3.1)
holds with 3(t) = 1. Let p € K., and v € K™ such that
exp(2t)6(s) < p(y(t)s), forevery (t, s) € Rt x RT whose ex-
istence is guaranteed from Fact V. Exploiting (3.29), (3.34) and
previous inequality we obtain (3.35), as shown at the bottom
of the page, where a(s) = s+ (12(2 + 1/2(X (2a(s)))%,
p(s) == (1u())*+2 (A (2¢(s)) + p(s))® and ¢ is an appropriate
function of class K+ NC>(RT). Obviously, (3.35) implies that
the solutions of (1.2) satisfy (3.2) as in statement (iii) of Propo-
sition 3.1 with 3(t) = 1 and o(s,t) := 2a7*(2exp(—t)a(s)).
It turns out by taking into account Remark 3.3 that statement iv)
of Proposition 3.1 as well with 3(¢) = 1. This completes the
proof. N

An immediate consequence of Proposition 3.7 is the fol-
lowing corollary, which provides an equivalent characterization
of the 0-GAS property plus forward completeness for au-
tonomous systems (1.2).

ar (Jz(t)]) <az (lzol) + sup g (p(7) |u(r)

) [ sup ¢ (¢ (p(7) [u(T)]) + ¢ (aa(lzol) + R)] [:q(exp(T))q <L> dr

to<r<t to<t<t p(7)
< az (|zol) + Sup_g (p(7) [u(T)]) L sup_g (¢ (p(7) [u(7)])) + q (2a4(|ol)) + q(2R)] Vi>to.  (3.33)
a1 (lz(t)]) < exp(—(t — to))az (|zol) + exp(—t)A (2a(|zol)) /t exp(—=7)u (y(7) [u(7)]) dr
+exp(=) sup ML) (D) | exp(=r () (o) dr
< exp(=(t = t0)a (jzol) + sup_exp(=(t=)a(p (4()[u(r))) V=t (3.35)

to<T<
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Corollary 3.8: Consider the autonomous case (1.2), where
f R’ x ®™ — R is locally Lipschitz with f(0,0) = 0.
Then, (1.2) satisfies the hypotheses i) and ii) of Proposition 3.7,
if and only if there exists ¢ € K+ N C>°(R*) such that (1.3),
i.e., system (1.2) with u = ¢(t)v, satisfies the uniform in time
ISS property from the input v .

Proof: 1f hypotheses i) and ii) of Proposition 3.7 are ful-
filled, then statement of the previous proposition asserts that
(3.3) holds for certain ( € Ko, 6 € Kt, 0 € KL and
B(t) = 1. Letp € KT N C>°(RT) such that §(¢)¢p(t) < 1 for
all ¢ > 0. Clearly, system (1.3) satisfies the uniform in time ISS
property from the input v. The converse statement is obvious. <

IV. SMALL-GAIN THEOREM

In this section, we derive sufficient conditions for nonuni-
form in time ISS for system (1.4), where the mappings f, g,
are C°, locally Lipschitz with respect to (z,y,u) and satisfy
f(¢,0,0,0) = 0, g(¢,0,0,0) = 0, for all ¢ > 0. The next
theorem provides a generalization of the small-gain theorem of
Jiang—Teel—Praly [7] for the time-varying case (1.4) under the
presence of nonuniform in time ISS.

Theorem 4.1: For (1.4), we assume the following.

Al: Subsystem (1.4a) satisfies the nonuniform in time
ISS property from the input (y,u). Particularly, assume that
there exist o1 € KL, py € Koo, 1, /1 € KT such
that, for every (tg,z9) € Rt x R™ and for every input
(y,u) € L2 ([to,+00)), the solution z(t) of (1.4a) with
x(tg) = g exists for all ¢ > tg and (4.1), as shown at the
bottom of the page, holds.

A2: Subsystem (1.4b) satisfies the nonuniform in time ISS
property from the input (x,u). Particularly, assume that there
exist oo € KL, pp € Koo, ¢2,02 € KT and a constant
A > 0 such that, for every (tg,70) € RT x R* and for every
input (z,u) € LY. ([to, +00)), the solution y(t) of (1.4b) with
y(to) = yo exists forall ¢ > tq and (4.2), as shown at the bottom
of the page, holds.

A3: In addition to (4.1) and (4.2) we assume that the fol-
lowing properties hold for all ¢y, s > 0:

A4: Moreover, there exists a function a of class K., with

a(s) < s Vs >0 4.4)

such that the following inequalities are satisfied for all ¢, > 0:

supoy (B1(t)p1 (¢1(t)oz (B2(t0)p2 (P2(to)As) ;T — o)), 0)

t>to

<a(s) Vs>0 (4.52)
S;IPCQ (B2(t)p2 (P2(t)Aa1 (B1(to)p1 (¢1(t0)s) ;T — o)) ,0)
<a(s) Vs > 0. (4.5b)

Then, (1.4) satisfies the nonuniform in time ISS property from
the input .

Remark 4.2: Obviously, when (; and ¢; ( = 1,2) are
bounded over Rt (case of uniform in time ISS property),
then Hypothesis A3 is automatically satisfied. Furthermore,
if we define for ¢ = 1,2 r; := sup 3;(t), u; = sup ¢;(t),

t>0 >0

CGi(s) := i (ripi (is),0), then it can be easily established
that Hypothesis A4 is satisfied as well, provided that

Vs >0

Cl (Cz(/\s)) < S, (46)

which is exactly the same condition imposed in [7] for
the Small-Gain Theorem in the uniform in time case. In-
deed, if (4.6) holds, then by virtue of definitions of 7;, u;
and (; above, inequalities (4.5a), (4.5b) are satisfied with
a(s) = max{C1(G2(As), G2 (A1 (5)) + (1/2)s}.

Proof of Theorem 4.1: Let us denote by z(t) :=
(z(t),y(t)) the solution of (1.4) initiated at time ¢y > 0 from
7o = (z0,0) € R" x R* and corresponding to some input
u € L2 ([to,+o0)). The following claim is proved in the
Appendix and provides essential estimates for the solution of
(1.4).

Claim: Under hypotheses A1-A4, there exist functions B; €
KL, Bie Kt (i=1,2),( € Kwandb; € KT (i = 1,2)
such that the following estimates hold for the solution Z(t) of
(1.4) for all £ > ty; see (4.7a)—(4.8b), as shown at the bottom of
the next page, where a is defined in (4.4).

hm B1(t)p1 (p1(t)oa(s,t —t9)) =0 (4.3a) Next, we prove that under hypotheses Al-A4, system (1.4)
satisfies the nonuniform in time 0-GAS property. Without loss
t_lfleoo /32( )p2 ($2(1)A01(s, 1 —10)) =0. (4.3b)  of generality we may assume that the functions 3; ¢ = 1,2
(o) < max {or(ta) ool £ = t0). s o1 () (n(ymax (D) ) £ =) . @D
to <7<t
ly(t)] < max {Uz(ﬂz(to) [vol .t —to), sup oo (Ba(r)p2 (do(r) max{Ala(r)], [u(r)[}) £ = T)} : 4.2)
to<7<t
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[involved in (4.7a), (4.7b) and (4.8a), (4.8b)] are both nonde-
creasing. Consider the solution Z(t) = (x(t),y(t)) of (1.4) ini-
tiated at time ¢y > 0 from &g = (z9,70) € R" x R* and cor-
responding to zero input u(-) = 0. Using the estimates (4.8a),
(4.8b) we get

Vt>1o.
4.9

#(8)| < By (Bu(to) Il ,0) +Bs (Pa(to) 170l .0)

By (4.9) it follows that the origin for system (1.4) with u = 0
is (nonuniformly in time) stable. Next, we establish asymptotic
stability. Consider the following functions defined for 7 > 0,
T > 0,and s > O:

sup {[(to + 7)]; |Zo| < 5,10 € [0, T]}
sup {[y(to +7)[; [Zo| < 5,80 € [0,T]} .
(4.10)

x1(7,T,8) :=
x2(7, T, s) :

In order to establish asymptotic stability, it suffices to show that
ligx_l xi(7,T,s) = 0 fori = 1, 2. Clearly, by virtue of (4.9),
both x;(7,T,s) are bounded, thus liI_E xi(r,T,s) = 1; <

400 for ¢+ = 1, 2. It turns out that for every ¢ > 0 there exists
&€ :=¢&(e, T, s) > 0 such that for ¢ = 1, 2 it holds

I <supxi(r,T,s) <l;+e. 4.11)
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Exploiting (4.7a), (4.7b) with v = 0 we get (4.12a)—(4.12b), as
shown at the bottom of the page. By (4.10), (4.11), and (4.12a),
(4.12b), it then follows that

L<a(l;+¢), i=12. (4.13)

However, we have assumed in (4.4) that a(s) < s forall s > 0
and since ¢ > 0 is arbitrary, we conclude from (4.13) that
l; = tlizlooxi(t?ﬂ s) = 0 fori = 1, 2, thus system (1.4) sat-
isfies the nonuniform in time 0-GAS property. This fact in con-
junction with estimates (4.8a), (4.8b) asserts that statement vi)
of Proposition 3.1 is fulfilled and thus (1.4) satisfies the nonuni-
form in time ISS property. The proof is complete. N
For the case of cascade systems (1.5) we obtain the following
result, which constitutes a generalization of recent results ob-
tained in [18] and [32] concerning time-varying systems.
Corollary 4.3: For the system (1.5) we assume that Hypoth-
esis Al of Theorem 4.1 holds and subsystem (1.5b) satisfies
the nonuniform in time ISS property from the input u; partic-
ularly, there exist 0y € KL, py € Koo, 2, B2 € KT, such
that, for every (tp,7y0) € RT x R¥ and for every input v €
L2 ([to, +00)), the solution y(¢) of (1.5b) with y(to) = yo ex-
ists for all ¢ > ¢, and satisfies the equation shown bottom of the
page. Moreover, it holds t_1§+moo B1(t)p1 (P1(t)oa(s, t —tg)) =
0 for all g3, s > 0. Then, (1.5) satisfies the nonuniform in time
ISS property.
Proof: Ttis an immediate application of Theorem 4.1 with

T>E A=0. <
(1)) < max {31 (fl(to) |Fo| .t — to) a ( sup |x(7)|) , sup G (51(7) |u(T)|)} (4.7a)
to<7<t to <7<t
ly(#)] < max {Bz (Bz(to) |Fo| .t — to) a ( sup |y(7’)|> . sup Co (52(7) |u(T)|)} (4.7b)
to<t<t to <7<t
l2(t)] < max {B1 (Bl(to) o] o) sup G (51 (r) |u(T)|)} (4.82)
to <7<t
ly(t)] < max {32 (Bg(to) || o) sup (o (52(7) |u(T)|)} (4.8b)
to <7<t
()] < max {31 (Bulto +8) lito + &)1t €~ 10) 0 ( sup  |o(to + T>|> } (4.12a)
E<T<t—to
ly(t)] < max {Bz (32(t0+f) |3~7(t0+f)|;t—f—t0) ;@ <5<Sﬂ?t |y(t0+7)|>} Vi>to+§&  (4.12b)

ly(t)] < max {amz(to) ol . £ — to),

sup. o2 (Ba(r)p2 (da(7) fu(r)]) .t — r>} |

to <7<t
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V. APPLICATIONS AND NUMERICAL EXAMPLES

In this section, we provide some applications and numerical
examples by exploiting the result of the Small-Gain Theorem
4.1. The first Example 5.1 deals with the problem of output feed-
back stabilization of (1.6) and constitutes a generalization of the
corresponding result in [7].

Example 5.1: We first apply the result of Corollary 3.8
and Theorem 4.1 for the output feedback stabilization for the
autonomous case (1.6), where y is the output of the system.
We establish that, under hypotheses (1.7a)—(1.7c), there exists
a smooth time-varying output feedback v = k(t,y) with
k(-,0) = O that guarantees nonuniform in time ISS for the
resulting system (1.6) with u = k(¢,y) + v from the input
v € R. The procedure is similar to that employed in [7],
however a more careful analysis is needed here. First, by taking
into account the result of Proposition 3.7 it follows that there
exist functions p € Kt N C®(R*), p1 € K and oy € KL
such that, for every (to, o) € R+ x R™ and for every input
y € LS ([to, +00)), the corresponding solution z(t) of system
(1.6a) with x(tg) = xo, exists for all t > t; and satisfies

|x(t>|§max{ol<|xo|,t—to> sup o1(1 (J9(r)y(r >|>,H>}.

to <7<t
5.1

Without loss of generality, we may assume that ¢(¢) > 1, for
allt > 0.

Claim 1: The functions o7 € KL and p; € K., involved
in (5.1) can be selected in such a way that p;(s) := s for all
s > 0and oy(s,t) = Ksexp(—It) forall (t,s) € RT x [0,7]
for certain constants K,[,r > 0.

Proof of Claim 1: The proof is based on our hypothesis
(1.7¢), namely, that the matrix A := (9f/9z)(0,0) is Hur-
witz and can be made by standard arguments like those for
the time-invariant case (see for instance [7], [20]). Assump-
tion (1.7¢), guarantees that there exist constants K,l,7 > 0
such that, for every (tg,z9) € RT x B[0,2r], t > to and

input y € L2 ([tg, +00)) with sup ly(7T)] < 2r, the cor-
<7<t

responding solution z(t) of system (1.6a) with z(tg) = z sat-
isfies

2] < Kexp(=I(t—to)) | o] + sup (exp(ir)[y()])|,

to <7<
Vt> ty. (5.2)
We next combine (5.1) and (5.2) to reconstruct the functions
p1 € K, and 01 € KL in such a way that (5.1) holds and
simultaneously the rest desired properties of our claim are ful-
filled. Notice first, by recalling Facts III and V, that there exist
functions a1,as € Koo, G2 € Koo and ¢ € KT so that

01(5,1) < ay’ (exp(—t)az(s)) and exp(t)az (p1 ($(1)s)) <
as (¢> ) or all s,t > 0, hence, by defining 51(s,t) :=
a7 (exp(—t) max{as(s), az(s)}), inequality (5.1) implies

o0l <on (Jaol + sup (300 u(r)]) et 63

By combining (5.2) and (5.3) we can construct mappings ¢ €
K*+NC=(R+)and o € KL with ¢(t) > max {&(m exp(lt)}
forall t > 0 and o(s,t) > &1(s,t) for all (t,s) € Rt x
[27, 4+00) and in such a way that o(s,t) = K sexp(—It) for all
(t,5) € RT x [0, 7] and furthermore, for every (to,zo) € Rt x
R™ and for every input y € L2, ([to, +00)), the corresponding
solution z(t) of (1.6a) with z(to) = zo satisfies

o(0)
<o (leol+ sup (60 lu) .t~ o)

to <7<t
<a@laol.t=t0) 4 ( sw 266D~ o)

IN

max{?a (2|xol,t — to) 3 s<qu<t 20((2¢() ly@)|) ,t — to)}

IN

max{?a (2|xol,t —to),

sup 20((260) [y)]) .1 — ﬂ}.

to <7<t

The last inequality shown previously proves Claim 1. Particu-
larly, (5.1) holds with o1(s,t) := 20(2s,t), p1(s) = s and
further the rest requirement for o is fulfilled. N

By taking into account properties of o1 and p; in Claim 1 we
can determine a pair of locally Lipschitz functions (, po € K
being linear near zero such that

1,_,/s
((5) > o1 (pi(5),0) and pos)i= 3¢ (5). (54
2 2
In order to simplify the rest of the analysis, we first consider

the auxiliary one-dimensional system

I T i MZ z v
=000 (525 ) + 2024 (002 + 600

z €R,t € RT with (z,v) € R” x R as input (5.5)
and prove the following claim.

Claim 2: There exists a C* function h : R x R — R with
h(-,0) = 0, such that for every (tg, z9) € R* x R and for every
input (z,v) € L2 ([to, +00)), the solution z(t) of (5.5) with
z(to) = 2o exists for all t > ¢y and satisfies (5.6), as shown at
the bottom of the page, where p, is defined by (5.4).

Proof of Claim 2: We prove that there exists a C*° func-
tion h : Rt x R — R with A(-,0) = 0 such that for every

12(6)] < max{exp<—<t o)) .

to<T<t

sup exp (—(t — 7)) p2 (exp(

—7) max {|z(7)|, |v(7)|})} , Yt > to (5.6)
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(to,z0) € Rt x RN and for every input (z,v) € L2, ([to, +00))

the solution z(t) of (5.5) with z(tyg) = z¢ exists for all ¢ > g
and satisfies

pa (22D @0)l) < )

a.e fort > tg = |2(t)| < exp (—(t —to)) |20] -

(5.7)

Define j(t, @, 2,0) 1= $(t)g (, 2/$()) + d(t)/B(1)= + d(t)v
and notice, by using Fact V, that there exist functions a € K,
q € KT, such that for every (t,z) € Rt x R, it holds
that sup {|!~](t7 z,z,0)|;](z,v)| < \/ieXp(t)pZ_IOZD} <
a (q(t) |z]). Since §(t, z, z,v) is locally Lipschitz with respect
to (z,z,v) € R* x R x RN and p;*(s) is linear near zero,
we may assume that a € K., and ¢ € K are both of class
C>°(R*) and that the function a € K, can be selected
in such a way that is linear near zero. Let a R — R
be the odd extension of a. Then, a : ® — R is of class
C°(R) and satisfies |z| |g(t, 2, z,v)| < za(q(t)z) for every
|(x,v)] < V2exp(t)py*(|z]), t € Rt and z € R. By defining
h(t,z) = —a(q(t)z) — z and V(t,z) := 22/2 and taking
into account that ¢(¢) > 1 for all ¢ > 0, it follows that
the derivative V of the function V along the trajectories of
(5.5) satisfies: V' < —2V for |(z,v)| < v2exp(t)p;(|z]),
t € RT and z € R. The previous property implies, according
to equivalence of statements iii) and iv) of Proposition 2.5,
the desired (5.7). Property (5.7), according to the equivalence
between statements ii) and iii) of Proposition 3.1, implies
(5.6). Precisely, in order to derive (5.6), we invoke implication
ii) = iii) of Proposition 3.1 together with Remark 3.3 and use
the elementary inequality |(z,v)| < v/2 max {|z|, |v|}. <q

We next apply the nonuniform Small-Gain Theorem 4.1 for
the following composite system:

=ram)

2 = T Z Mz 1(t, 2 v
=000 (555 ) + S04 00002+ 600

zeERvER zER" teRT. (5.8)

Inequalities (5.1) and (5.6) assert that hypotheses Al and A2 of
Theorem 4.1 are fulfilled with 81 (¢) = 1, ¢1(¢) = 1, B2(t) = 1,
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¢a(t) := exp(—t), A = Lland o2(s,t) := sexp(—t). Moreover,
definition (5.4) of ps guarantee

Jmpy (sexp(=(t —to))) =0
tligloo p2 (exp(—t)oi(s,t —tp)) =0 (5.9)
1
sup ¢ (pz (exp(—to)s) exp(—(t —10))) < o5
t>to
sup p» (exp(—1)C (5) < =5 Vs,o >0, (5.10)
t>to 2

Inequalities (5.10) show that Hypothesis A4 of Theorem 4.1
holds with a(s) := s/2 < s and properties (5.9) show that
Hypothesis A3 of same theorem is fulfilled as well, thus, The-
orem 4.1 asserts that system (5.8) satisfies the nonuniform in
time ISS property from the input v. Therefore, according to
Proposition 3.1, there exist functions 3,¢ € K+, p € K
and p € K L such that the solution of (5.8) satisfies the estimate
shown in (5.11) at the bottom of the page. We finally apply the
reverse transformation y = z/¢(t) and system (5.8) takes the
original form: & = f (z,y),y = g (z,y) + h(t,d(t)y) + v. It
follows from (5.11) and by taking into account that ¢(¢) > 1
for all ¢ > 0 that (5.12), as shown at the bottom of the page,
holds. Hence, we conclude that (1.6) with v = k(t,y) + v,
k(t,y) := h(t, ¢(t)y) satisfies the nonuniform in time ISS prop-
erty from the input v.

We next derive sufficient conditions for nonuniform in time
ISS for composite linear systems (1.8) and provide a numerical
example.

Example 5.2: Consider the linear time-varying system (1.8).
According to the analysis made in Example 2.9, the following
statements are equivalent.

* System (1.8) satisfies the nonuniform in time ISS property.
* The origin 0 € R"** is nonuniformly in time GAS for
(1.8) with w = 0, namely, with respect to

T = Au(t)x + Alz(t)y (5.13a)
§ = Ag(t)x + Axa(t)y
reR yeRF te Rt (5.13b)

We next establish that the origin is nonuniformly in time GAS
for system (5.13) under the following assumptions:

|((t), 2(1))] < max {5 (A(ta) (o, 20}l ,t = to)

(), y(1))| < max {0 (B(to)¢(to) |(zo. o)l .t — to) ,
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H]I: There exist functlons di,piand B; € Kt (i = 1,2)
with Jo pa(t)dt = [ % 1y (t)dt = 400 such that the solu-
tion (x(t),y(t)) of (5.13) satisfies

&1(7) ly(T)] < |=(7)] a.e. for T € [to, 1]
= |z(t)] <

- Br(to) |zol
¢o(7) |z(7)| < |y(7)] a.e. for T € [ty, 1]

= y(t)] < exp (— / m(s)ds)

H2: The functions ¢;, 3; and p; satisfy
t—1to
i (0w (— [ pa(o)is) =
t—+oo 0
t—to
i (t)a() exp <— / ul(s)ds> —0, Vi > 0.
— 100 0
(5.15)
H3: In addition to (5.15), it holds that
sup 71(to)v2(to) <1 (5.16a)
to>0
t—to
(1) = sup 1w (= [ sy
t>to 0
t—to
Y2(to) := sup Ba2(t)P2(t) exp <— / ul(s)ds> .
t>to Jo

(5.16b)

Inequality (5.16a) is a generalization of the familiar small-
gain condition for autonomous linear systems (see, for instance,
[14]). Notice also that, by virtue of Example 2.8, Hypothesis H1
is equivalent to the assumption that zero is nonuniformly in time
GAS for the systems & = A11(¢)x and § = Aso(t)y. Moreover,
by invoking Remark 3.3, it follows that Assumption H1 implies
both Hypotheses Al and A2 of Small-Gain Theorem 4.1. As-
sumption H2 also guarantees that Hypothesis A3 of Theorem
4.1 holds and further, by virtue of Assumption H3, there exists
a constant L € (0, 1) such that

e (t0)¢2(t0)fu}3 Bu(t)pa(t)
exp <— /Ot—to /JQ(S)dS) <L (5.17a)

Bulta)on (10 sup Ba)t)exp (- [ ()i < L,

t>to
Vto > 0. (5.17b)
Inequalities (5.17a), (5.17b) guarantee that Hypothesis A4 of
Theorem 4.1 holds as well with a(s) := Ls. We conclude, ac-
cording to the statement of Theorem 4.1, that zero is nonuni-
formly in time GAS for (5.13); equivalently, (1.8) satisfies the
nonuniform in time ISS property.

We illustrate the nature of the previous hypotheses (5.14a),
(5.14b), (5.15) and (5.16a), (5.16b) by considering the following
numerical example. Consider the planar system

(5.182)
(5.18b)

T = —x+ ayexp(—t)y
y=ax(l1+t)zr — Ky

where a; ( = 1,2) and K > 0 are constants satisfying

| < K 3
a;as 3 exp B .

We show that hypotheses (5.14a), (5.14b), (5.15), and (5.16a),
(5.16b) hold, thus, zero is nonuniformly in time GAS with re-
spectto (5.19). Lete; € (0,1) and 6 > 0 yet to be specified and
let V(z) := (1/2)z? and $1(t) == ((6 + la1])/e1) exp(=1).
We evaluate the derivative V' of V' along the trajectories of the
subsystem (5.18a). We find V. = —z2 + aj exp(—t)zy <
—z% + (Jay + 68) exp(—t)|z|ly| and this (by virtue of Propo-
sition 2.5) implies

(5.19)

d1(8) [y(s)] < |z(s)| a.e for s € [to, 1]
= |z(t)] < exp (=(1 —e1)(t — to)) [zol-
(5.20a)

Likewise, by setting W (y) := (1/2)y? and ¢2(t) = ((6 +
laz])/e2K)(1+t) for some ey € (0, 1), we obtain as previously
that for the trajectories of the subsystem (5.18b) it holds that

d2(8) |x(s)| < |y(s)| a.e for s € [to, ]
= |y(t)| < exp (=K (1 —e2)(t —t0)) [yol -
(5.20b)

It follows from (5.20a), (5.20b) that (5.14a), (5.14b) hold with
¢; (i = 1,2) as previously defined, 3;(t) = 1 (¢« = 1,2),
p1(t) :== 1 — €1 and po(t) := K(1 — e2). Finally, by using
the elementary inequality

3—261

sup(1 +¢)exp(—(1 —e1)t) < T

t>t,

exp (—(2 —€1))

and taking into account definitions of (;, ¢;, u; (2 = 1,2), it
follows that (5.15) holds and for e; = 1/2 we have

() £2(0+]ar]) exp(); 72 (t) <

with y; (¢ = 1,2) as precisely defined by (5.16b). Moreover, by
using (5.21) and invoking our hypothesis (5.19), we can deter-
mine constants o € (0,1) and § > 0, in such a way that (5.16a)
holds as well. Therefore, all hypotheses (5.14a), (5.14b), (5.15)
and (5.16a), (5.16b) are fulfilled and Theorem 4.1 asserts that
zero is nonuniformly in time GAS for system (5.18). <
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Example 5.3: Consider the nonlinear planar system

i=—2 4+ by §=by(t)r? —y+u. (5.22)

For the case b1(t) = 1 and ba(t) = b (constant), the stability
behavior of (5.22) is studied in [6] by applying the small-gain
theorem of Jiang—Teel-Praly. It is proved that, if |bs| < 1/2,
then the origin for the composite system (5.22) is uniformly
in time GAS. Here, we consider the system (5.22) under the
following more general hypothesis.

H: by and by : RT — R are C° functions and there exist
a constant K > 0 and a positive nondecreasing function vy €
CH(R*;(0 + o)) such that

() 1, _
= i;}g Y0 <l K< 2(1 T) (5.23a)
K
bi(t)| <~(t), |b2(t)| < —, Vvt > 0. (5.23b
|1()|_7()/|2()|_7(t)/ >0. (5.23b)

To simplify the analysis, we first invoke Remark 3.4, which
asserts that nonuniform in time ISS remains invariant under
input transformations T3, thus (5.22) satisfies the nonuniform in
time ISS property from the input v, if and only if the following
planar system satisfies the same property from the input w:

= —a% 4+ by (t)ry (5.24a)

g =ba(t)z? — y + %Sgn(u)uQ (5.24b)

for arbitrary choice of ¢ > 0. Notice that subsystem (5.24a)
with y as input, satisfies the nonuniform in time ISS property
and particularly, by virtue of first inequality of (5.23b), satis-
fies (4.1) with ¢y (t) := ~v(t), B1(t) := 1, py(s) == (s/e1)"?
and o1 (s,t) := s/4/1+ 2(1 — e1)s?¢ for arbitrary choice of
e1 € (0,1). Indeed, by evaluating the time derivative V of the
Lyapunov function V(z) = x?/2 along the trajectories of the
subsystem (5.24a) with p1 (¢1(¢) |y|) < |z| and taking into ac-
count (5.23b) of our Hypothesis H and definitions of ¢; and p;
we find

V= —at+ b (t)2’y < —at + (D)2 |y < —4(1—e1)VP ()
provided that p1 (¢1(2) y|) < |z].
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Therefore, by virtue of the previous property, equivalence of
statements iii) and iv) of Proposition 2.5 and equivalence of
statements ii) and iii) of Proposition 3.1 plus Remark 3.3,
we deduce (4.1). Moreover, it may be shown that subsystem
(5.24b) with (z,w) as input satisfies the nonuniform in time
ISS property and particularly, satisfies (4.2) with A = 1,
bat) = (1/7(1)"2 Ba(t) = 1, pa(s) == (K + 0)/e2)s?
and o2(s,t) := 2sexp (— (1 — &5) t) for arbitrary g5 € (0, 1).
Indeed, the variation of constants formula for (5.24b) implies

ly(0)] < exp(=(t = o)) [yo]

+/tt exp(—(t — 7)) <|b2(T)| (1) + c“;((:))> dr.

Taking into account (5.23b) and the previous inequality, we ob-
tain the equation shown at the bottom of the page, which implies
(4.2). The definitions of A, ¢;, 3;, pi, 0; (i = 1,2) above, the fact
that v is nondecreasing and inequalities (5.23a) guarantee that
the following properties hold for appropriate selection of con-
stants 0 < €1, €2, L < 1, ¢ > 0 and for all ¢g, s < O:

lim ~(t) exp (~(1 = e2)(t — 5)) =0

t——+o0
lim Ks? =0
t——4o00 ’y(t) (1 + 2(1 — 81)82(t — to))
(5.252)
(5 + e sup T exp (1 — e2)(t — t0)) < Sereal?
C S;lt}f; ’y(to) exp €9 0 S 26162
V(to)s 1
o) S S e 2l — e ()~ f)) = 220
(5.25b)

The first pair of conditions (5.25a) is equivalent to (4.3a),
(4.3b) and the pair of inequalities (5.25b) is equivalent to
(4.5a), (4.5b) with a(s) := Ls. We conclude by Theorem 4.1
that (5.24) satisfies the nonuniform in time ISS property and
thus, according to Remark 3.4, the same property is satisfied
for system (5.22). N

APPENDIX

Proof  of  Fact V: Define
sup {|k(7,9)|;0 <7 < t,y € Un B0, 7]}.

Bt,r) =
Obviously,

w(t)| < max{2exp<—<t o)) ool 20K + ) [

< max {2exp (=(1 —e2)(t —t0)) |yo|, sup

to<T<t

Pexp(—(t—T
o (T)

<2(K +c)

) (max {|z(T)], |U(T)|})2 dT}
(07D o) o) .

£27y(T)
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[ satisfies all properties imposed in statement of Fact IV,
hence, there exist functions a € K., and ¢ € K7 such that
B(t,r) < a(¢(t)r) for all t,r > 0. The latter in conjunction
with definition of 3 implies the desired (1.9). N

Proof of Fact VI: Notice first that
sup A (B (s, 7 —tg),t—7) < u(s) := A(B(s,0),0) + s
to <7<t

and p is of class K. Define g(s) = /s + 52,
which is a K function and let
p(t) = sup{A(B(s,8),t —&)/g(u(s));s > 0,0 <& <t}

It then follows that 0 < p(-) < 1 and

sup A(B(s,7—to),t —7) <p(t—to)g(s)
to <7<t

Vs >0, Yt > to.  (Al)

Clearly, for every ¢ > 0 there exist positive numbers 0 <
a(s) < b(s) such that

[b(e), +00) = ﬁ <e.

Thus, by recalling definitions of y, g and using (A2), it follows
that for every € > 0 it holds

€ (0,a(e)]U (A2)

p(s) € (0,a(e)] U [b(e), +o00)
isup{w;ogfgt} <e. (A3)
(1(5))
For the case u(s) € (a(e),b(g)), we obtain the estimate
A(B(s,£),t — &) }
—'0< <
w{ G s es
S ELLUCR KSR e
g(a(e))
Since A,B € KL, it follows that for every ¢ > 0
there exist &(e) > 0 and t1(¢) > O such that

£ =2 &) = A(B
t>ti(c) => A(B
get

£elée), U0t —ti(e)]\ L AB((e), &) .t ¢
s Catrnen =0 ixs)

Obviously, for t > ¢1(e) + £1(e) we have [£1(g),t] U [0, —
t1(e)] = [0, t], hence, from (A3)—(A5), and taking into account
definition of p, we obtain ¢ > t1(e) + &1(e) = p(t) < e.
Since £ > 0 is arbitrary, we conclude that t_lgpoo p(t) = 0. Let

(b(e),6),0) < eglale)) and
(b(2),0),t) < eg(a(e)); consequently, we

p: RT — (0,4+00) be a C° strictly decreasing function with
lim p(t) = 0 such that p(¢) < p(t) for all ¢ > 0 and define

R(; t) := p(t)g(u(s)). Obviously, R € KL and the desired
(1.10) is a consequence of (A1). N
Proof of Fact VII: First, it can be easily shown that prop-

erty t_l}gloo da(t)p (p1(t)o(s,t —tg)) = 0 is equivalent to the
following one.

(P): “Foranye > 0,T > 0, R > 0, there exists a 7 =

7(g, T, R) > 0, such that ¢o(t)p (¢1(t)o(s,t — to)) < e for all
t—T>7,t€[0,7]and s < R.”

Next, define p(s) := o(s,0) + s and v(s) :=
Moreover, define for ¢ > 0, T >
sup{¢i(7);0 <7 <T+17(¢,T,e)}, i =
that property (P) implies

sup sup ¢a2(t)p (P1(t)o(s,t —tg)) < e

0<to<T t>to
. -1 1 -1 °
Vs <6(T,¢) := min {6’“ <7“1(T7 &)’ (rz(ﬂ e))) } '
(A6)

sup sup ¢a(t)p (p1(t)o(s,t —to))

0<to<T t>tg

and notice that a is finite-valued, since by virtue of property

(P) and definitions of r; we have the equation at the bottom

of the page. Furthermore, (A6) implies 1in1+ a(T,s) = 0 =
s—0

p(s) + s.
0 ri(T,e) :=
1,2 and notice

Also, define: a(T, s) :=

a(T,0) for all T > 0 and, according to definition of a above, it
follows that for each 7" and s the mappings a(7},-), a(-, s) are
both nondecreasing. Thus, a satisfies all requirements of Fact IV
and consequently, there exist functions A € K, and § € K+
with a(tg, s) < A ((to)s), for all £y, s > 0. It turns out that

P2(t)p (dr(t)o(s,t —to)) < A(O(to)s)

Without loss of generality we may assume that § € K7 is

nondecreasing. Let p € KT be any nondecreasing function

with tli_irfl p(t) = +oo, p(t) > 1 for all ¢ > 0. Define
— 400

A(s) := /5 + s* and
[ alto + Do (dalte + )(s.1)
w(t) = S“p{ AN A GG Zuf@

Clearly, definition (A8) in conjunction with (A7) implies that
0 < w(t) < 1forallt > 0. Furthermore, according to definition
(A8), we have

P2(t)p (P1(t)o(s,t —to)) <w (t —to) p(to)A (A (6(t0)s))
Vi 2t073 Z 07t0 Z 0. (A9)

vVt > ty. (A7)

sup ¢a(t)p (¢1(t)o(s,t — to))

t>tg

IN

max { sup (/)Z(t)p (¢1(t)0’(87t - t())) )
to<t<T+7(s,T,s)

sup
t>T+7(s,T,s)

P2(t)p (ha(t)o(s,t = to))}

< max{ sup §b2(t)p (¢1(t)0(870)>75} < 72(T75>p (7"1(T7 S)J(S7O)> +s < +o0
to<t<T+7(s,T,s)

Vs >0,T >0, and to € [0, T].
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By recalling Fact V, there exists a K, function ( and a function
B of class K such that

2
p()A (A (0(t)s)) < ((B(t)s) Y(t,s) € (§R+) . (A10)
Claim: , li_irp w(t) = 0.

Proof of Claim: Let e > 0 be arbitrary. Clearly, for every
e > 0 there exist positive numbers 0 < a(e) < b(e) such that
implication (A2) holds. Moreover, there exists some finite time
t1 :=t1(e) > O such thatt € [¢t1(e), +00) = p(t) > 1/e. The
latter, in conjunction with (A2) and (A7), implies

A(B(to)s) € (0,a(e)] U [b(e), +00)

or =
to Z tl (E)
p2(to +t)p (¢1(to + t)o(s,t))
@A) o A
We finally examine the case A (6(to)s) € [a(e),b(e)]

and ty € [0,t1(¢)]. In this case we invoke property (P),
which asserts existence of a constant 7(¢) > 0 such that
da(to + t)p (P1(to +t)o(s,t)) < er(e) for all ¢ > 7(e),
to € [0,t1(e)] and s < (1/6(0))A~'(b(e)), where
r(e) = p(0)A(A(A(0)a(e))). Thus, for t > 7(c) we
obtain

palto+)p@1(to+1)o(s, 1))

P2(to+1)p(¢1(to+t)o(s, 1))
p(to) A (A(8(t0)s))

<

This inequality, in conjunction with (A11) and definition (AS8),
implies that for all ¢ > 7(¢) we have w(t) < e and, since
e > 0 is arbitrary, we conclude that | 1121 w(t) = 0. Finally,

let@ : RT — (0,+00) be a continuous and strictly decreasing
function with rl}?oo w(t) = 0 and w(t) < w(t) forallt > 0.
The latter, in cbnjunction with (A9) and (A10) asserts that the
desired inequality (1.11) holds with S(s,t) := @w(¢){(s). <

Proof of Lemma 2.8: Since 0 € R™ is nonuniformly in
time GAS for the unforced system & = f(¢, z,0) it follows, by
the converse Lyapunov theorem in [11], that there exist func-
tions V € C®(Rt x R":;RT), ay,a2 € Koo andp € KT,
such that (2.5a) holds and

ad - a_Z(tvx)f(tvva) < - Vit2)

V(t,z) ERT x R".  (Al2)

Define:

ov

ki(t,s,u) :==  sup %(T, x) (f(T,:E,U,)—f(T,:E,O))’

|z|<s,0<7<t

sup
Ju|<s,0<7<t

kao(t, s, z) =

g(ﬂx) (f(7—>x7u)_f(7—’x’0))’ ’

€T

(A13)

Then we may use Fact V, to determine functions ( € K
and 3 € K7 such that k1 (¢,t,u) < C(B(t) |u]);ko(t, t,2) <
¢ (B(t) |x]). Without loss of generality we may assume that § €

(o) <e.

K™ is strictly increasing and satisfies 3(¢) > 1, forall £ > 0. It
then follows from (A13) and previous inequalities that

(1) (7, 0) = T (t,,0)
< min {C (B + 1o ul) € (3 + ) o)}

V(t,z,u) €RT x R" x R™. (A14)

Using the inequality 3(t 4+ s) < 3(2t) + ((2s) and defining
B(t) == B(2t), y(r,s) := min{B(2r)s+ s, 5(2s)r + r} we
obtain from (A14):

O (1,2) (L) = 1(0,2,0)) < (Bt (fal )

V(t,z,u) €RT x R™ x R™. )

By recalling Facts I and II, there exist functions 0 € K,
{ € Ko such that y(r,s) < o(r)o(s) and ¢(rs) < {(r){(s),
thus (A15) implies that the following inequality holds for all
(t,r,u) € RT x R™ x R™:

2%

o () (F(tw,u) = f(t,2,0))

<& (o(l2D) ¢ (Bt)o (Ju))

< exp(-21)p (mt) %) exp(2t)C (Ft)o(ul)) (416

where p(s) = ((o(s)). We again recall Facts II
and V to determine functions a3 € Ko, K € KT
and ay € Ko such that p(rs) < as(r)asz(s) and
exp(2t)as (u(t)) ¢ (B(t)a(s)) < a4 (k(t)s). The desired
(2.5b) is then an immediate consequence of (A16). The proof
is complete. <

Proof of Claim Made in the Proof of Theorem 4.1: We
proceed by first establishing the following properties.

Property 1: Under Hypothesis A3 of Theorem 4.1, there
exist functions B; € KL and ,[},L- € Kt (i = 1, 2) such that
forall s > 0 and ¢t > ¢y and for every nonnegative s1, so with
s1, 82 < s the following inequalities hold:

a1 (Bi(to)s1,t — to)

+osup o (Bi(T)p1 (d1(T)o2 (B2(to)s2, T — to)) st — T)

<B; (B1(t0)87t - to)
g9 (ﬂQ(to)Sht — to)
+ sup o2 (Ba2(7)p2 (P2(T)Ao1 (B1(to)s2, T — b)), t — )

to<T<t

(A17)

<B, (52(t0)37t - to) . (A18)

Proof: By using Fact VII and Hypothesis A3, there exist
functions S; € KL and §; € K+ (i = 1, 2) such that

B1(t)p1 (@1(t)o2(s, t—tg)) < S1 (61(to)s, t—to)Vt >tps >0
(A19)

B2(t)p2 (P2(t) o1 (s, t—t0)) < S2 (62(to)s, t—to)Vt >tgs > 0.
(A20)
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Furthermore, by using Fact VI, there exist functions R; €
KL (+ = 1,2) such that

sup o1 (S1(s,7—t0),t—7) < Ry(s,t—1to) Vt>t9s>0
to <7<t

(A21)

sup o9 (S2 (s,7—tg) ,t—7) < Ra(s,t—tg) Yt >1t9s>0.
to <7<t

(A22)

We define (1(t) := 61(¢)02(t) + Pi(t) and [a(t) =
82(t)B1(t) + Ba(t). Inequalities (A19)-(A22), along with
previous definitions, imply that for all s > 0 and ¢ > %, the
following inequalities hold:

sup o1(BiUT)pi(di(T)o2(Ba(t0)s, T—10)), t—T)

to <7<t
< Ry(Ba(to)s, t—to) (A23)
sup 02(B2(7)p2(p2(T)Aa1(Bi(to)s, T—t0)), t—T)

to <7<t

SRQ(BQ(tO)S,t_tO). (A24)
We define for ©+ = 1,2, the following functions of class KL :
B;(s,t) := R;(s,t)+0;(s,t). The previous definitions, in con-
junction with inequalities (A23) and (A24), imply the desired
(A17) and (A18).

A consequence of Property 1 and Hypothesis A3 of The-
orem 4.1 is the following.

Property 2: Under Hypothesis A3 of Theorem 4.1, there
exist (; € K, and Sz € K* (i = 1,2), such that for every
u € L2 ([to, +00)), the inequalities shown in (A25)-(A28) at
the bottom of the page, hold for all £ > .

Proof: Fact V guarantees existence of functions (; € K,
and 51- € Kt (i = 1,2) such that for all # > 0 and the following
inequalities hold:

201(B1(t)pi(b1(t)s), 0)+201(S1(61(t) B2(t) p2(#2(t)s), 0),0)

<G (Sl(t)s) (A29)
20 B2(t) pA p2(t)s), 0)+20 So62(t) B1(t) p1(#1(1)s), 0),0)
<6 (Sg(t)s) (A30)

where S; € KL and §; € K+ (i = 1,2) are defined in (A19)
and (A20). Moreover, by (A19) and (A20), we obtain the equa-
tion, shown at the bottom of the page. These inequalities, in con-
junction with (A29) and (A30), assert that the desired (A25),
(A26), (A27), and (A28) hold for appropriate (; € K., and
b e Kt (i=1,2).

A straightforward consequence of Hypothesis A4 of The-
orem 4.1 is the following property.

Property 3: Under Hypotheses A3 and A4 of Theorem 4.1,
for every pair of mappings z(:) : [to,+0o0) — R", y(:) :
[to, +00) — R* of class OO ([ty, +00)), the following inequal-
ities hold for all ¢ > tg; see (A31) and (A32), shown at the
bottom of the page, where a is the function involved in (4.4)
and (4.5a), (4.5b).

sup o1 (51(7)/)1 <¢1(T)

to<7<t to<E<T

to<T<t to<E<T

sup o9 ([3’2(7)/)2 (AﬁbZ(T)

to<T<t

sup 2 (Ba(€)pa (62(6) [u(€)) ,T—a) ,t—T> <5 s G (BEuml) @23
sup o1 (B1(€)pr (61(6) u(€)) ,T—a) ,t—T> <5 5w G (B u)l) (A2
sup_on (Ar(r)pr (61(7) () t=1) <5 sup G (B u(r)])  (a20)
sup_ 2 (Ba(r)o2 ($a(r) (D)) t=7) <3 swp G (Ba(r) u()]) - (A28)

to <7<t

to <7<t tg<E<T

sup o <51(7')P1 <¢>1(7’)

AN

sup
to<T<ttg<(<T

< sup
to<T<ttg<E{<T

sup o9 <ﬂ2(7')ﬂ2 <)\¢52(7')

to <7<t to<E{<T

IN

sup
to<T<ttg<EST

< sup

to<T<ttg<E{<T

sup o2 (S2 (62(€)B1(§)p1 (91(E) [w(E)]), 7 =€), 0)

sup o2 (B2(§)p2 ($2() |u(§)|),’f—§)> ,t—T>
sup a1 (B1(7)p1 (¢1(7)o2 (B2(E)p2 (92(€) [u(E)]) , 7—E)) , 0)
sup o1 (S1(61(§)B2(8)p2 (92(E) [w(&)]) ;7 =), 0);

sup a1 (B1(§)p1 ($1() [w(@)]), 7 — 5)) b= 7')
sup oz (B2(7)p2 (Ad2(T)a1 (B1(€)p1 (1(€) [w(§)]), 7 = §)),0)

Vit > to.
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Proof: Immediate consequence of inequalities (4.5a),
(4.5b).

We are now in a position to prove our Claim. Clearly, for
every u € Lo ([to,+00)), there exists a maximal interval
[to,T) with tg < T < +oo such that the corresponding so-
lution of (1.4) exists. Exploiting (4.1) and (4.2), we obtain the
following estimates for the components (-) and y(-) of the so-
lution 2(-) of (1.4) on the interval [tg,T’)

|z(t)] < max{ai,as,as};
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ly(t)| < max {by,bs,b3};
by := a2 (B2(to) |yol , t—to)

bri= sup o2 (Ba(m)p2 ($2(T)A (7)) t=7)
by:= sup o2 (Ba(m)pa (d2(7) [ulr)]) £-7).

(A34)

Combining (A33) and (A34), it follows that (A35)—(A36), as
shown at the bottom of the page, hold. Using (A17), (A18),
(A25)—(A28), and (A31)—(A36), we obtain the estimates, shown
in (A37)-(A38) at the bottom of the page, on the interval [tg, T').

a1:=01 (fu(to) [7ol . 1=to) From (A37) and (A38), (A39)-(A40), as shown at the top of the
) — , W
42:= tOSSquStal (Br(m)pr ($1(7) ly(T)]) 2= 7) next page, hold. Inequalities (A39) and (A40), in conjunction
az:= sup oy (B(T)pr ($1(7) |u(r)]),t—7) with our Hypothesis (4.4), imply that (A41)—(A42), as shown at
to<r< the top of the next page, hold.It follows from (A41), (A42) that
(A33) the solution Z(-) does not have a finite escape time, equivalently
sup_ o (ﬁa (Mo <¢1(T> sup 72 (€2 (2 ON a(©)]) 7 - 5)) . ) <af s o)) @3
to<T<t to<E<T to<T<t
sup_ o (52(T)p2 (wzm sup_o1 (B (61(6) E)) 7 — 5)) . ) < s b)) @)
to<T<t to<E<T to<T<t
|.’E(t>| S max {ah azbl, a2627 a2b3, a3}
agby = sup_ o (Br(m)p1 (91(T)o2 (B2(to) |yol . 7 — to)) st — 7)
agby == sup oy <ﬁ1(T)Pl <¢1(T) sup - a2 (B2(§)p2 (P2(§) A [z(€)]) 7T—f)> N —T>
to<7T<t to<E<T
azbs == sup o <ﬁ1(T)Pl <¢1(T) sup 02 (B2(§)p2 (¢2(8) [w(E)]) . 7 —5)> 7t—T> (A35)
to<7T<t to<E<T
ly(t)| < max {by1,bza1,bzaz,baas, bz}
beay = Sup_ 02 (B2(7)p2 (P2(7) A1 (Bi(to) |zo| , T —t0)) .t — 7)
baaz := sup o </32(T)Pz <A¢2(T) sup o1 (B1(§)p1 (#1(8) ly(OI), 7 — 5)) b= 7’)
to<7T<t to<E<T
beaz := sup o3 </32(T)Pz <)\¢2(T) sup a1 (B1(§)p1 (61(8) [u(§)]) 7 — 5)) it — 7’) : (A36)
to<7T<t to<E<T
j2(t)] < max {B1 (Bulto) 2ol £~ to) s < sup |x(7')|> ,sup G (i) |u(T)|)} (A37)
to <7<t to <7<t
ly(1)] < max {32 (Bato) 12| £~ to) < sup |y(7')|> , sup G (ba(r) |u(T>|)} . (A38)
to<7T<t to<7T<t
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to <7<t

to <7<t

sup |a(r)| < max{Bl (Bl(to) o ,o) ,a<

sup )] < mas { B (Batio) 0] 0) o

sup 1a(r)l) . sw_ i (B ucr)) | (A3

to <7<t to <7<t
s w)l). G () (o) . (A40)
to <7<t to <7<t

to<r<t

to <7<t

sup |a(r)| < max{Bl (Bl(to) |7, 0

sup |y(7)] < maX{B2 (/;’2(150) |Zo],0

)
)

s G (Bi() |u(7)|)} (A41)

to <7<t

L sup G (8a() |u(¢>|)} : (A42)

to<T<t

T = +o0. Furthermore, this implies that inequalities (A37),
(A38), (A41), and (A42) hold for all ¢ > t¢, thus (4.7a),(4.7b)
and (4.8a),(4.8b) are established. N
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