
Hopf categories as Hopf monads in enriched
matrices

Christina Vasilakopoulou

Université libre de Bruxelles

CT2017, University of British Columbia

18 July 2017



Hopf monads Enriched matrices Double categories Examples

Outline

1. Hopf monads in monoidal bicategories
2. Hopf categories in enriched matrices
3. Monoidal fibrant double context
4. Further examples



Hopf monads Enriched matrices Double categories Examples

Hopf monads in (K,⊗, I)
I A monad A : X → X in any K is a monoid in (K(X ,X ), ◦, 1X ).
I A pseudomonoid or monoidale is X ⊗ X µ−→ X η←− I associative and
unital up to coherent iso. Together with oplax 1-cells (f , φ, φ0) and
2-cells α : f ⇒ g , they form a bicategory PsMonopl(K).

For K = (Cat,×, 1), PsMonopl(Cat) = MonCatopl of monoidal
categories, opmonoidal functors and monoidal nat. transformations.

I A bimonad or opmonoidal monad is a monad in PsMonopl(K): a
monad (A,m, j) on (X , µ, η) where (A, φ, φ0) is oplax 1-cell and m, j
are oplax 2-cells.
I A Hopf monad is a bimonad for which the Hopf map is iso:

X ⊗ X X

X ⊗ X X ⊗ X X

µ

A⊗A A⇓φ1⊗A

A⊗A

⇓1⊗m
µ
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Special case: duoidal endohom-categories
[Böhm-Lack] Let X be an opmap monoidale, i.e. δ a µ, ε a η.
Then (K(X ,X ), ◦, 1X , •, J) is a duoidal category, with

S • T = X δ−→ X ⊗ X S⊗T−−−→ X ⊗ X µ−→ X

J = X ε−→ I η−→ X

? A ◦-monoid is monad on X , a •-comonoid is oplax 1-cell X → X .
? A (◦, •)-bimonoid is a bimonad on X .
? Hopf structure in duoidal context can take different expressions,
equivalent to invertibility of Hopf map under certain conditions:

• Existence of antipode σ : A⇒ A− & properties (nat. Frobenius)
• Galois map invertibility (well-pointed): for A-comodule (N, ψ)

N ◦A ψ◦1−−→ (A •N) ◦ (A • J) ξ−→ (A ◦A) • (N ◦ J) m•1−−→ A • (N ◦ J).
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V-matrices
Let V braided monoidal with coproducts such that ⊗ preserves them.

Monoidal bicategory V-Mat:
� 0-cells are sets
� 1-cells S : X Y are functors S : X × Y → V, i.e. {Sx ,y} ∈ V
� 2-cells α : S ⇒ T are natural transformations αxy : Sx ,y → Tx ,y

� Composition X S Y T Z by (S ◦ T )x ,z = ∑
y Sx ,y ⊗ Ty ,z

� Tensor (X S Y )⊗ (Z P W ) by (S ⊗ P)(x ,z),(y ,w) = Sx ,y⊗Pz,w

? Every X is canonically an opmap monoidale with

X X × X
δ

µ
by δx ,y ,z = µy ,z,x =

{
I, if x=y=z
0, otherwise

X 1
ε

η
by εx = ηx = I, δ a µ and ε a η.
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Hopf monads in V-Mat
Each V-Mat(X ,X ) has duoidal structure ([X×X ,V], ◦, 1X , •, J) with

(S • T )x ,y = Sx ,y ⊗ Tx ,y and Jx ,y = I

? a ◦-monoid is a V-category with objects X (monad in V-Mat)

mxz : ΣyAx ,y ⊗ Ay ,z → Ax ,z , jx : I → Ax ,x

? a •-comonoid is a Comon(V)-graph with objects X

dxy : Ax ,y → Ax ,y ⊗ Ax ,y , exy : Ax ,y → I

? a bimonoid is a Comon(V)-category, a.k.a. semi-Hopf category
? a Hopf monoid is a Hopf category [Batista-Caenapeel-Vercruysse]
i.e. sxy : Ax ,y→Ay ,x satisfying ‘many-object’ antipode conditions

Hopf monads in V-Mat are Hopf V-categories. (X nat. Frobenius)
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Double category of enriched matrices
? V-Mat is the horizontal bicategory of a double category V-Mat.

A (pseudo) double category D consists of
· a category of objects D0 (0-cells & vertical 1-cells)
· a category of arrows D1 (horizontal 1-cells & 2-morphisms)

· stucture functors D0
1−→ D1, D1

s
⇒
t
D0, D1×D0D1

◦−→ D1

· natural isomorphisms (M ◦ N) ◦ P ∼= M ◦ (N ◦ P),
1s(M) ◦M ∼= M, M ◦ 1t(M) ∼= M subject to axioms.

0-cells, horizontal 1-cells and globular 2-morphisms makes H(D).

Here V-Mat0=Set, V-Mat1 has objects V-matrices and arrows

X Y

Z W

S

f ⇓α g

T

are αxy : Sx ,y → Tfx ,gy .
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? V-Mat is fibrant double: every function f : X → Y has a
companion f̂ : X Y and a conjoint f̌ : Y X by

f̂x ,y = f̌y ,x =
{
I, if fx = y
0, otherwise

(f̂ a f̌ in V-Mat)

inducing a fibration structure on V-Mat1
(s,t)−−→ V-Mat0×V-Mat0.

? V-Mat is monoidal double: (Set,×, {∗}) & (V-Mat1,⊗, 1{∗})

(X �S //

f �� �� α

Y
g
��

, Z T� //

h �� �� β

W )
k��

� // X×Z S⊗T� //

f×h �� �� α⊗β

Y×W
g×k��

(X ′
S′
� // Y ′ , Z ′

T ′
� //W ′) X ′×Z ′

S′⊗T ′
� // Y ′×W ′

and (S ⊗ T ) ◦ (S ′ ⊗ T ′) ∼= (S ◦ T )⊗ (S ′ ◦ T ′), 1X×Y ∼= 1X ⊗ 1Y .

? Every 0-cell X is a comonoid in the cartesian V-Mat0, via the
canonical ∆: X → X×X , ! : X → {∗}.
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Abstract monoidal fibrant double context

[Shulman] Let D be monoidal fibrant double category. Its horizontal
bicategory H(D) is monoidal.

Def. A (Hopf) bimonad in D is a (Hopf) bimonad in H(D).

Where might opmap monoidales in H(D) come from?
Proposition. There is a monoidal pseudofunctor (̂−) : D0 → H(D).

• [Day-Street] (Co)monoids are mapped to pseudo(co)monoids.
• [Fibrant structure] For any f ∈ D0, f̂ a f̌ in H(D).

Monoids (A, µ, η) in (D0,⊗0, I) are mapped to map monoidales
(A, µ̂, η̂, µ̌, η̌) in H(D); comonoids are mapped to opmap monoidales.
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Bimonads and Hopf monads on vertical comonoids
A bimonad in D on a D0-comonoid (X , δ, ε) is a monad (A,m, j) with

X X

X⊗0X X⊗0X

A

δ ⇓φ δ

A⊗1A

X X

I I

A

ε ⇓φ0 ε

1I

satisfying axioms. The Galois map for N horizontal A-comodule is
X X X

X ⊗0 X X ⊗0 X X ⊗0 X

X ⊗0 X X ⊗0 X

X ⊗0 X X ⊗0 X

N

δ ⇓ψ

A

δ ⇓ δ

A⊗1N

∼=

A⊗1J

⇓m⊗11

(A◦A)⊗1(N◦J)

A⊗1(N◦J)

Hopf monad (cond)⇐⇒ double Galois corresponds to iso
? Double approach captures the ‘right’ notion of morphisms
? Most interesting examples naturally arise in this framework
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Examples in double context

V-Mat Canonical structure (X ,∆, !) – bimonad on any X is
semi-Hopf V-category, Hopf monad is a Hopf V-category

Span Canonical structure (X ,∆, !) – bimonad on any X is a
category, Hopf monad is a groupoid

BMod Monoid (A, µ, η) in AlgR ≡ commutative algebra –
bicomonad is A-bialgebroid, Hopf comonad is Hopf A-algebroid

Prof (Pseudo)monoid V in Cat ≡ monoidal category – (Hopf)
bicomonad T̂ = V(−,T−) ⇔ ordinary (Hopf) bicomonad T on
(autonomous) monoidal V�
�

�
Vertical (co)monoids in a double category determine new

examples of Hopf bi(co)monads in its horizontal bicategory.
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Thank you for your attention!
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